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' .. 1. INTRODUCTION .
S : : , .
In thls paper we w111 1nvestlgate vacuum structure of the,

;'

f1e1d model w1th the follow1ng c1a551ca1 Lagranglan den51ty a

Lo = Lem@mdeo - g et (LD e
Ziﬁ’space—time RY for d=3"and 4. Here x=(x,t)...The ‘constants’ m"
"and g~ére4 pOSitive, The dimensionless coupling,- constant

: ' g

C(emm T
is a parameter of the theory.
~;v;Inimore»thahrfour]dimension54tﬁere;arefrigorquspprobfsyef~
:triuieiity of . ¢* theory-. either uonéinteracting;pr;elseﬂincqn;:'«

/l 2/ -

ssistent”! ‘fButtin ekactlytfdur dimensionSgthejpreofs;are ol

- incomplete’?/ :More - physical although ’aprbximatet{approach}ftd?  
“ the jprOBlem iS*»prouided? by variationalusestimations;wof;;énf

. effective. potentlal/3 8/ .Unfortunately, usefullness of a:varia-

tional approach*in'QFTfiSvrestricted:byﬂsome»problems%(see
» Feunman’ s:paper intRef;3).nThe,Hamiltonian'of¢the model (1;1)5'
‘>is not a we114defined operator in the Hilbert space :for d>2
> because ‘of the hlghest ‘order: ultraviolet d1vergences Hence;‘é*'
‘procedure of var1at10na1 estimation with the help of - the tr1a1
:ilwave functlonals is: not defined e1ther/ { ‘Another:’ problem
arises from 1mp0551b111ty of controlling the:: approx1mat10nr’

accuracy directly within the varlatlonal calculatlons/lo/

reeet 4
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We follow the way wh1ch cons1sts in apprec1at1on of pertur—‘

bathe QFT partlcularly, 1ts renormallzatlon (R) structure,

as a_ . kind lof 1n1t1a1 condltlon ;for strong Voupllng

/11-13/

problem . Here we cont1nue the - 1nvest1gatlons, undertaken-

1n Refs 12 13 where the phase structure of varlous scalar f1—

S

AN

eld models in R and R has been cons1dered by the canon1cal

sJ

transformatlon method '

B

‘The~essence of-our approach consists: in combination of two

fpowerfulUmethodsioerFT - canonical transformations:and.renorj

malization group (RG). The idea of such a 'combination origina-

tes from the fundamental properties of the. local QFT: existen—

ce of nonequivalent representations of canonical commutation

relatlons (c.c.r. ) and UV-divergences (e'g , isee Refs 14,15

and’ referencesuthereln) ‘From':a: physical" v1ewp01nt

'of'nonequiValentsrepresentatlonsvmeans that the groUnd statef

,ofvthe:QFT—system:iswnot unique. At the-same time;: vacuum

w1nstab111ty or1g1nates from the rad1at1ve correctlons to:: the«

{phy51cal parameters of :ithe: system.:

‘actually an: apprec1atlon “of leading‘ radiative - corrections.

,frHence, the R—structure ‘of. ithe. theory should contain the ma1n

'(at least qualltatlve)a1nformat1on about;lts vacuum:, stnucture

Y

(see-also-Ref.16). ~34*ai5 e gTEen Dy a5

Accord1ng to this: 1ntu1t1ve mot1vat1on, ~our.starting. points

Crare. rti b piaiial S S T forglrne eyl .

H*,«thejnphases,5appear_Aing;QFT ..as .nonequivalent, Q-C-Tf

représentations; i

Ien
g
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existence

Renormallzatlon means~"

* the renormallzatlon structure of the‘theory contalns,basic
1nformatlon about 1ts phase structure.‘“) -

It is well known how to construct an approprfate QFT lf re—;
normallzed coup11ng constant G 1s small enough. The standard
canon1cal quantlzatlon in representatlon, g1ven by the Fock:
space of scalar partlcles w1th renormallzed mass m, should be

performed Th1s 1s an "1n1t1a1" phase of the model (1 1)

Hav1ng th1s in our m1nd we want to -know what is: our, system in

'strong coup11ng reg1me,{lle.HforplargeiGZ We‘formulate@the

problem as follows

What representatlon of ;C.C.T. 1s su1table for d1fferent

values of G and what phys1ca1 picture corresponds to th1s

representatlon ? A

7R LN
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Our approach cons1sts in the follow1ng steps

(1) We construct a canonlcally quantlzed theory 1n representa—

t1on ‘hav1ng .a su1table phy51cal 1nterpretat10n yfor _G«l

Renormallzat1on scheme should be f1xed It means that

* one parameter class R

e of R—schemes is., chosen,

Sy

* renormallzatlon scale L3 is flxed by the relatlon

m(u)

= C H ‘ . P "rk
Im

where m(u) 1s renormal1zed -mass and C 1s -a; constant

’

(2) We perform canon1ca1 transformatlon of the f1eld var1ab1es

'and get the representatlon w1th the new. mass of the f1eld and“

nonzero vacuum condensate The canonlcal transformatlon should

be 1ntroduced 1n such a: way that the total Hamlltonlan has a



ncorrect” ‘form in'any.representation (r) '

S roe e o roE L et t'rw el 109y

"H = Ho + Hx' + Hct,_+ VE . - (1 ) o

Here 'H" 'is the standard ‘free Hamiltonian. The -interaction
0 ‘ A

Hamiltonian-H;

than two. 'The' constant’ E” has a sense of 'vacuum energy

density.7The7counter4term opera'tor'H:t is’ deflned by H ‘and” H

and corresponds to ‘the 'same 'R-scheme 'in ‘all phases

E We con51der R-scheme being the same in two representat1ons
with dlfferent masses m and M if k
\*,thefsamekR;g)—class~is used in both'representatiOns{.
*‘drenormalization "scales p and" v ‘in the first “and second
‘representations.obey the relation

S o (1:3)

,(3) Wetperform classification‘offtheiphases andVEhoose'thé
phase su1tab1e for a g1ven value of:' GV There ‘are .two mutually
addltlonal pr1nc1p1es for th1s ch01ce
,su1tab1e, 1f {~”ﬁi:‘jf; '\j";“ ‘
(a),the,vacuum energy‘density_Er igi%maller‘i“,?hiiirepfe’

sentationfthan in others;

n(B)ﬁan~effectiveﬁcouplingTis weaker'in’this'representation“

than in: other poss1b1e representatlons

Usually energy cr1ter10n (a) isi‘used 1n phase trans1t10n theo—=

ry. But  one can’ see;that.lnkQFT»the pr1nc1p1e~(B)a

rable due to several reasons.

_‘contains ‘the field operators in degree more

A representatlon (r). is o

is prefe—

Vacuum- energy ‘has no: any signi-

i

,flcance from a phys1ca1 v1ewp01nt since 1t does not . contrlbute
to.the S- matr1x elements. We are unable to’ get an exact vacuum’
energY, hence we are forced to:compare the lowest - contrlbutlon

to thls energy . for dlfferent representatlons. "At the 'same

time, ,1t is natural to

suppose that ‘the: 1arge coupliné{

wconstant in the: Ham11ton1an (1.2) ‘means that "the" representa-

tion of c.c.r! connected w1th‘Hd,does not describe&the rea}

physicai:<states ~and- can’.not 'be ' considered . as: a:- suitable'

representation-for‘the‘totai Hamiltonian.,Incidentally;Vour;
calculationsfin~Refs.iz,i3 show-:that the principles'(a). (B)
do not contradict each:other. We Will use the criterion;(B)‘in,
this paper and om1t all vacuum energy counter terms

. ». Now .we d1scuss brlefly the. contents .of - various sections of

the- paper.

~.In 'sect.2 we consider. ,three-dimensional modeilwgand‘

show stability of‘our method under the;choiceeofeRfscheme«“v
in the initial representation:at least1inbsuperrenormaJizable‘
case,

In sect.3 we investigate the vacuum ;structure.»of »four—,

d1mens1ona1 ¢ theory. The s1mp1est cons1derat10n is prov1ded-
by mass-independent :R-schemes.. Although the exact:form. of RG—»

)

functions 7 we can. consider. all: 10g1ca1

. and B is unknown,
possibiljties and make,some conclusions.)Independently of: the.
yform offw .and B the phase w1th broken symmetry is absent in:

- four-dimensional theory. (at :1east,\for:”mass—independentﬂ,R¥‘

schemes).rThis_result‘is-completely;differentpfrom the situa-

5
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existsli%;af We . shall discuss the reasons. for -such d1fference

Simple assumptlon about . the ;form of exact 7 —functlon

masses m and M—t(g)m Interactlonfln.phase~w1th ‘mass: M is:de-

“in: symmetrlc phases with masses:m and M in weak" and:: strong

dlmenslonal model is valld for any mass- 1ndependent ‘R-scheme.
The"question about its valldlty in a ‘more general"case is

open.

astptotically free case.

2. THREE-DIMENSIONAL ¢ THEORY . @~ @ =~ ‘= or il o

2.1 HAMILTONIAN (¢*) -

Here we " 1nvestlgate the ‘R-scheme’ dependence "of “the” results

k ‘/13/~5». S Y
obtalned 1n our prev1ous paper e R

~for thls 1nvestlgatlon el

The”'model

dlveraent d1agrams"contr1bute ‘to the mass 'renormalization

ticn,hin R® vand‘~Raifwhere/dthev’phase !with[ broken'. symmetry

prov1des ‘the existence of twe symmetrlc phases with dlfferent

4 ,.The d1men51onless perturbatlon coupllng constant ‘
fined by the ‘effective coupling conCtant G(g);which is: 'small: g i P : : g

'for large .g.. One . can conclude that (¢ ) field system: exists '

coupllng reglmes, respect1vely Qur cons1derat1on cof~” four- "

“In . sect.4 we consider. some: speculations concerning an.

VThlS representatlon 1s su1table for G(u)<<1

Flrst -of - all: we represent our” problem 1n a‘form conv1n1ent

' superrenormallzable A f1n1te number‘iof

- accompanied by, the scale:transformation,

(Fig.1). The renormalized Lagrangian lo0ks,likei-

Vo g

. The}bare mass has the form

nﬁ -m (u) + sm’ (u)

*
: 35S

G = )
‘is a.parameter.of the;, model. ' Lirme
The Hamiltonian density in representationawithAmass~m(u)'
looks 1like _y,wy e H . ‘
H = H0 * HI + Hct.: Ty ’ ARSI (2 1)

1 2 2 2, .2 I a
Ho= 3 [ moe (V)T e m (F)?;],zl; H=g399¢

H _ _21— amz(u)¢2

ct

The operators ¢ and 114 obey the standard canon1ca1 commutat1on

relatlons It has been stressed 1n the 1ntroductlon that R—

‘scheme should be flxed 1n the 1n1t1al representatlon (2 1)

,

2.2 CANONICAL TRANSFORMATION

To_.investigate.strong. coupling’ regime G(i)>>1, we -perform

.canonical transformation to .the variables ®,. Il . with .the, new

mass M=m(p)-t and vacuum condensate'B=const



i . -

i = vt St

to provide condition (1.3)

Transformatlon (2 2) can be wrltten 1n an exp11c1t form in
-terms of - the creatlon and annlhllatlon operators (Bogollubov

canon1ca1 transformatlon, see Refs 14 17).
‘As 'a result, we. get: the following representation» for
,HemiltonianAdensityr AR
| H = H’ + H + H  + H : RINH

- o] I ct’ 1

L H =
o]

N

['trz . (vcb)2 + Mz@z ]

‘H; g[Q +4B@],

.an»-»

- H,A"l 6m (u t)Q + 6m (u t)BQ ’ .
o ct 1f2 ‘ S

‘

_;—[ m? (u ) +3gB - M ]cb . [mz(u-fc) + gB? ]pr
’ﬁTo“provide the correct“form»(ilé)‘of‘the{totél“Hémiitonian“We

put H =0 and get tneffofiouing”equations for parameters B, t

’ m (u~t) + SgB - m (u)t = O

,?‘[ m?(ue t) + gB ]f:loi, \zﬁ(ﬁﬁé)”

"'Eqs.(2.3) describe the phase’ structure of’ the ﬁodellfTheiso;u—
“tion B#Ofcorresbondsﬁtovthe pﬁase;with\brokenﬁsyﬁmetry‘under
5. Symmetrlc phaseﬁ is ‘described by “the  solution 'B=0.

Detalls can be found  in Ref;iaf‘Here'werrestrict ourselves to

the symmetric case ‘and consider the 'R-scheme‘ dependence of

Athe symmetrlc case B O

‘Eqs (2 3) They are reduced to the f0110w1ng equatlon for t 1n

| “‘—(“ t) o . (2.4)
MBQU) ot fr e

‘The' model at -hand is superrenormalizable "and wé'are&aplextgg
calculate the‘running mass m(u-t) exactly using'different;Réd

schemes.

3.1. ZERO-MOMENTUM R-SCHEME WITH ARBITRARYV"MASSf u

«

In this scheme mass counter-ternms are given by diagrams

(Fig.1) with zero eXternéldmomentun,end;érbitréry ﬁm&ééwiuﬁfn

5

propagators. This is one of the poSsible in” (e )‘d"ways to -

introduce mass scale u. Let us - denote

$if P DU v

e W W e

where counter terms correspond to dlagrams (a) and '(b) Cin

i Fig.1. They can be eas11y calculated

© 8mo(u) = -3gA (u),.;,f. sm. (u) =.31g°% () oy e
a . reg N A reg .7 RS

with
. 00
,‘; - hv, “2
., = —— reg| S o
TR am P T uPep® s v e
) ,0 S
. S .(2.6)
. g T = 1 reg| I e )
ST (am®
TR S

An éppropriateMregulariZAtion“should‘be;introduced here;:h?

9
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Let the 1n1tlal representatlon (2. 1) be constructed w1th1n

v e

the usual zero momentum scheme. It corresponds to a partlcular

‘choice of u in Eq (2.5) equal to renormallzed mass m, i.e. the
cond1t10nﬂ
| m(m) = m (2.7)

‘" fixes .the standard zero-momentum scheme within R-class with

T v v
arbitrary mass u. .
Eq. (2.4) takes the form . —
'ﬁz(m-t) »
2 =t . (2.8)
m® :

Usihgithe,R—inyariancetof bare:mass and Eq.(2.7) as the initial

condition, we obtain .. o s
m? -3gA. (m?) +.6g°S  (m?) = (2.9)
. reg. » reg o
SR - A (W) + 66°E ()
LR M) = gh () g 0.
Eq}(é.9)‘can%be,rewrittenfaSVfollows
CWw) =+ 3g(a (w-a_(m] - ed?[Z._ (w-T. (m)
’ . reg . reg o reg reg

Now . we can‘remove redularizationmandiget the expression for
~runn1ng mass ‘

cmili s 2c (18] + 2 ¢ 1n( -
oo (o) 3 (8]

here,G=g/2nm. The function m°(u)-is given in Fig.2.

i
s

Using Eq.(2.10) with u:mFt in Eq.(2.8) we get the following ;

equation for t

10

AEq (2 11) has two solutlons.
ddnitial. representatlon

.second symmetrlc representatlon

Puttlng d 3 we get f1n1te result °

-1+ 3 G(t 1) - % ¢ ln(t) = d:.f .

-t
The f1rst t 1 corresponds to the
Another solutlon t—t(G) descrlbes the
In partlcular,:onedcanﬁflnd
the asymptotics:

C . 172, T
4 3 L2y :
MO TS [z ¢ 1n(6) ] il

here G (G) is the effectlve perturbatlon coupllng constant

in the phase w1th mass M—t(G)m

5.2. DIMENSIONAL REGULARIZATION, MS-SCHEME

;

“Here we use the following notation

£ = 3 - d s =‘g/2n:‘r Toimans

mz‘; m (u) + Sm +, Sm an, (2. 12)

m(u) is a runn1ng mass in the MS- scheme Standard calculatlons
glve the follow1ng result for the d1agram (a) in Flg 1
7472 [ ZHU

(2m)* m(u)

c S
L an? = -3g m(w). ] r(1-a/2)

N

" am? Sy ) (2.13) 7
a 2 bt

11



‘ Such f1n1teness 1s the usual artefact of d1mens1ona1 regularl—g;

zat1on 1f phy51ca1 d1mens1on 1s odd That 1s why we 1nc1udef

f1n1te contrlbutlon (2. 13) 1nto the mass- renorma11zat10n ‘}nf

Calculatlon of the d1agram (b) 1n Fig.1 'gives the following

‘result for&zero~externa1 momentum = cotitrs s s LIt et by

s - = % o [%+ in [4"“ ] ~ 7, + o(e) ] Y (2.14)
o e m? () :

In the MS scheme we should 1ntroduce 1nto the counter term

only the d1vergent part of this expression
: N )
2

: 3
;amﬁ =z o (2.15)

(VIS

TN

- Sy ,.._‘_....‘ N <

ey i

‘Using Eqs.(2.13) and (2.15) in Eq.(2.12) we get the following -

expression for -bare mass.

2
o

pu»
ole

m = mz(u)' + g o m(u)’

- (2‘.‘16)"1

Let ‘us go to a new scale v 1n Eq (2 16) Therfollowing change

' kshould be done (e g Ref 18)

€
o (€ _
9 T Ghew [B] [QHT—TO" ,9-] :

Using this substitution.we get’

mB =m (D) + Eranev m(v) +Z qnew € * 2 an)ew »ln[D] (2‘%7)
f'w1th the obv1ous cond1t10n
)| = m(w (2.18)

. v= u .
From Eqs (2 16) and (2. 17)) we. get the follow1ng equatlon

m,(u) +;%,“ m(u) + % o? % = .

= 2 3 0 3.2 1 3 2 u

SWP) +ge, M) KT X E T Yhew ! [1,]
12

.y e e s

RS ¥

Vm(vi_ ;‘m( ' 3 . 3 2 2 ne
n(v)= - mu) -z ax+ /o 2m) + 5 |+ Gadnig) -

Putting v=pst -and m(v) m(u) t

Rt

;After remov1ng regular1zat10n (c—eO) we get the equatlon

m* () + % @ m(v) - %gz ln[E] -mw -3 a m(n) =;’b. (z 19)

Solutionipf Eq.(2.19),:obeying the_conqitien'(z;ié)Vlooks-likei

(2.20)
The function m(v) is shown in Fig.3. The point v, (m(vo)=0)fis
defined: by Eq. (2. 20) as. follows ‘
m(u)[ m(u) + -« ] ‘

< u

.‘2a2'

Vo T M EXP {'

in9 Eq.(2.19) we obtain the

equatlon o k i"" P T L
3 2. S AN

-1 3 G(t 1) - 3 G 1n(t),,,,= 0 ..(2.21) = .-

Here " G= a/m(u) . One ‘can - see. “that . Eq (2. 21) cdincides,*w;th

Eq;(2:11):'Thus;‘the function® t(-)aturnS'out to’beftheisamé*in

both R-schemes, a1th0ughtthe'rnnning'masses3mcb)*ande(b)“are

‘completely different functions (compare’Figs.2,3)" ;"

3 3 DIMENSIONAL REGULARIZATION ZERO MOMENTUM R—SCHEME

Let:us change suhstractidn brescription‘for theydiagram'(b)

in F1g 1 We 1ntroduce 1nto the counter term am not only the
. e .

pole part of expres51on (2 14) but also 1ts f1n1te terms. It

is a klnd of scheme mass looks

zero momentum Bare' 11ke

PN P - LR




IR 3 T : on R-scheme very strongl The same conclus1on ist va11d for
m= "Z(u) + —am(u)+ S y aly.
E S wo the-case B#Oﬂ We  can say that the results of Ref 13 shoulc
S S B : ) ' k ?:c"ﬁlv, .T lh,}r;;w - ‘. hardl de end ‘on’ R—scheme and,--hence, “they should’ reflect the
o+ % az‘[ % - 7 + 1n[ig“ ‘] + o(c) } (2.22) . Y dep y.
! e . m(u) - ' real" phys1cal propert1es ~of - ¢ f1eld system in R®

1Going:in'Eq.(2;22) to a new Scale vtfn a"standard;way, wé'géf

-1,
the equation .= . i~ B r
. . _ ; 3. FOUR-DIMENSIONAL ¢°-THEORY
A e - . . . [ ~ . 2ot - - :
A2py = R + 2 o (B - )] -2 & nlE] v (2.29) At : :
L 2 U S 2 u - , '
l e k o " 3.1 HAMILTONIAN (¢*)
A2 2 ) : i . la
3 5 - (MW v S v { . oy
+ ZabIn|——es——r| =0.. 1. weo e T
4 2 Az(v) : : ’ ’
. : L ; The renormallzed Lagranglan looks l1ke IR Lo
The last term in Eq.(2.23) orlglnates from the last term ‘in LRI T
L (x) = 5 (x)( D - m(u) )¢(x) - (u) ¢ (x) +  (3.1)
:Eq.(2.14) ‘One can see’ that the runnlng ‘mass m(v) deflned by - Ro 7w ?;¢‘ v DT e ] g g ﬁttﬂ
,Eq.(2.23),,:d1ffers,g*from the . masses . m(v»):: -and = m(v) { L1 . SN LA e -
PR LR SNy GRETRTR, B AR | T +3(z,-1)et00000 - § emitn) 000 %[ ] o 3 (x).
_(see;iEqs,(2.10);(2;19));y;Neverthelessfx substitution rv=pet, - ° S T I Sy e e ( L
. , . : ‘ , _ . 9 . O e AR DL Eeee et wnBnEy e
A A . : y : PR - : S ' ) o ' '
: ‘m(pv)=m(u) et -in Eq.(2:23): leads to an equation, coinciding:with: = Weuomit“vacuumienergy;counterrterms:in“(3.1);;The,R—scheme;in
 Eqs.(2.11),(2.21) . P 'r~1ww; T B S & B ECYEI LR (3.1) “should be fixed. In other;wordsunRabfclass'i${éh98¢ﬁ
2 -1+ 28t - 3 e =0, ©§  and ratioim(w)/u is fixed: . - - .
' ' ‘The Hamiltonian density has the form
R é g/2nm(u) : : , , ‘
SO TR R SNLER "H o= H o+ H .+ H
‘ The dlfference 1n the d1mens1on1ess coupllng constant is not RE ) . O e e
N where ’ ‘ FESRTIER RS SR SUELE s MRS ¥ 5.
S 1mportant since th1$ constant is a free parameter of the equa- mé : SR -
A e oen Lii FR TR I A S E RSO oo i . g ; PR L R P 4.
tion. i T . SR - H= %[nz (v9)® +,m2(u)¢] , H=ge(men (3.2)
Calculatlons undertaken in. thlS sectlon do not prove the} k. ‘ 1 o . .. . ; *2i’ 57'{‘ Ha g h
: R S : ,~ H' = z[[z"‘— 1] e [z - 1;] (Vp)® + ¢ am (w) ] +
scheme 1nvar1ance ,of Eq (2 4) but they glve us enough : et 2 ~ 2, ) , .
experlence to conclude that Eq. (2. 4) is stable under the choi- | TR PR N R SV
; 7 (2, —1) 9w ¢ .
ce of R—scheme although running mass m(u -t) in (2.4) depends» '§



g(u)<<1

Here ¢ ¢(x), n=nk¥);\r'

Canon1ca1 quantlzatlon means -that the fields ¢,n are opera—

tors;and,obey,thehstandard equal-time commutation relations.

RepreSentation;(a.z)vis;suitable forhweak coupling‘regime

strong coupllng limit g(u)>>1.
. 'J’

:3.2. CANONICAL TRANSFORMATION

V:Let:us'perform the following canonical transformation

’;{é,n} ____é’{z;l/z Q +‘Z;1/2‘B'} z;/z‘H }-Tf ',_'(3;3);

Here»(¢;n) are the.field operators withfmass m(u);'(§,ﬂ) are/

the f1e1d operators w1th mass H—t sm{u), B is a~constant having

-a ~sense’of ‘vacuum  condensate. Accordlng to the equ1va1ence
condltlon ‘(1.3) -this ‘canonical transformatlon should be-accom-

pan1ed by the scale: transformatlon pu—w=p-t. This-is.the ori-

-'gin of the presence of finite renormalization constantazé»in

(3.3).
The total Ham11ton1an den51ty takes the follow1ng form 1n
the new representatlon k
L M=« HI o+ B+ H

ct: 1.7

3=

T | 2.2 .
nHO‘— E[ m o+ (VQ) + hr¢ } - .o

o L e . é ; o

16

Having this in our mind we will investigate the

= N[

¢2f[ sm*(v) +3( 2z, - 1)g(»)B® ] + -
' % (z - 1)g(v) ( &* + 4B8® ) + O (3.4)

[ sm’(v) + (2, - 1)g(»)B® ]B§ -

H1v=7%‘[ mz(u) +':Y’,g('v)B2 - H?,]Q?,t:

7t[m2(v)*+4g(ﬁ)B?w] B il g
here v—u t “ M= m(u)-t '

To prov1de the correct form (1. 2) ‘of” the total Hamlltonlan

‘we put H =0, or equ1va1ent1y Chemtie e LD slsern i el s

.m (u-t) + 3g(u~t)B - m" (u)t =0 et e
-‘ R »(3.5) el L
; pi[ m (uet) + g(uet)B? ];;{9“5, R

The quantltles m(u t), g(u t) and m(u), g(u) are- connected by

the scale ‘RG= transformatlon and m(u t) and g(u t) ;an,~be

obtalned from the RG equatlons h'*f L B

ag(urt) m(pet) }’
taafff—’_ = B[g(u t).—————f‘

Hké.é);*

m(u t)>]

m® (u ot ) dt

with the‘lnlt;al‘condipien3¢ - ‘:{i -

Cm(pet) = m(w) ., for t=1

- : 17



Two poss1b1l1t1es follow from the second Eq (3 5) B=0

'(symmetr1c ‘phase) and Bz0: (broken symmetry phase)

:3.2. SYMMETRIC PHASE (B=0)

Putting B=0 we get an equatfon for t in the symmetric phase

2, i
m (u ") L g2
| o m (u)

’ We should note that Eq (3 7) ‘has the same form as Eq (2 4) for

(¢ )

;(5.7)

The renormallzat1on group shows 1tself 1n a superrenor—
.1mallzable three d1men51onal case in the 51mplest form and we

a,are able to solve (2. 4) exactly for any R scheme The s1tua—

'ﬁt1on 1s qu1te dlfferent for four d1mens1onal model and -our

‘further cons1deratlon "is' concentrated around RG equatlons

ﬂfs 6) We must choose certaln R—scheme We w1ll stress that we

mihave not any general proof of the scheme 1nvar1ance mof

:Eqs (3 5)z At the same . t1me our calculatlons w1th (¢ ) ‘in

‘sect 2 allow to assume that Eqs (3.5),.should hardly. depend ‘on

rthe cho1ce of the R—scheme.

‘Eqs (3 6) take a s1mp1e form in. any mass-— 1ndependent

R—scheme and can be eas1ly solved as follows

e g(lJ.‘t)
2 _ 7 (%)
smo(uet) = m 2(w) exp { J dx, —(—7— }
7 g(i)
g(ﬂ't) . - (3.8)
de Tfy = ln( t )
g ()

18
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Appreciation of the first Eq.(3.8) in Eq.(3.7) leads to 'the

equation
gﬁu't) .
J dx 'T‘T_ - ln( t ) . (3.9)
9“‘“ ! ) . o ; o

. It is conven1ent to use the second Eq (3. 8) in Eq (3 9)

a result we obta1n the follow1ng equatlons

. G
- 2 b Y (x) L =
et
. (3.10)
g .
c F
o B }
ln( t) = dx m
: i Y S S SPRE R RS L SRR LR T ST ST )
where we denote g=g(u), G=g(u-t). SRR A S
Eqs. (3. 10) define“the ‘symmetric ‘repfesentations “of the
model Slnce exact functlons 7 and B are unknown, wé haue»

onoth1ng to do as to cons1der all loglcal poss1b111t1es

Obviously, a trivial solution t=1, G=g ex1sts for any"'arm

and B. It corresponds to the initial representatlon (3 2).

The behav1our of 7 and B at small X can be calculated per—

turbatlvely Integrand 1n the flrst Eq (3 10) for x—»O behaves‘
as follows o PR i :§~=ﬂ~v
G = “2’+#7;(X) 7"’"?~?ﬂséf" w;:&vgjf{'$m£;; T
F(*) T T BRRY . x—0 0 2. (“17 .
- Byo - ' ,
here o= 3'x/(4n) ’—3/2 ‘It is known that the*B—functionfis

pos1t1ve for x€(0,g *) where UV-fixed p01nt g may ‘be’ f1n1te or

infinite. If the function F(x)  ((3.11)) doesvnot change,51gn

E
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in the fnterval (0,g"):' then. Egs.(3.10) have’ only trivial
solution G=g, t=1. . )

AnOther possibility is 1llustrated in F1g 4. The second

solutlon of Eqs (3. 10) ex1sts 1f the function F(x) changes'

sign at anyapoint gce(O,g ). Let us assume'that such situation

takes place For example,_let LR —ax, B—bx2 (g =) w1th a>o0,

b>0 Egs.(3.10) take the follow1hg form after 1ntegration

1 a . G
+ = - Ze =2 =
g 2 ln[g] 0

Q=

;:to|»-¥
Q=

‘hsymptotics of G(g) and t(g) “in a‘strong coupling limit look
like ERa ‘ |

SO ;asln(g).. . .

| , o
£l et _—’—mg o<t

';,Th{S »example 111ustrates the follow1ng general p1cture

The qualltatlve dependences G(g) and t(g) are g1ven 1n F1gs 5

‘and 6 respectlvely The effective coup11ng constant G depends

20

* on-°g only, ‘MOreover i i

o

vG’———eig"ﬁ:ff if g = 0

G=g , ifg=g " (3:12)
G——o0  ,  ifg-iod '

and‘ 51nce B(x)>0

t(g) — o, ifg—0 .
. t(g ) o f R o (3.13)
t(g) —_— 0 L if g —. g

From comparison of the coupling constants in (3 12) (see“
Introduction) we conclude that our system ex1sts 1n the sym—;
metric phase w1th mass m(u) 1n the weak coup11ng 11m1t (g—40),‘
but another symmetric phase w1th mass M«m(u) and effectlve

o

coupling constant G(g)«l turns_ out to be ,su1tab1e 1n the‘

: strong coup11ng 11m1t' g—eg A k1nd of a: phase trans1t10n

takes place at the p01nt g ga

- 3.3. DYNAMICAL‘SYMMETRY‘BREAKING;(B#Q)»r ’

i

The Ham11ton1an H" 1n (3 4) reflects the well—known factf

that the counter terms for ¢ —model w1th spontaneous symmetry‘

breaking are def1ned completely by the counter—terms of the{

symmetr1c model (e g Ref 18) Hence, the runn1ng mass m(u-t)

and coupling constant g(u-t) in Eqs (3 5) are glven by the;

'same Eqs (3 6) both for B 0 and B¢0
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©'Eqs.(3.5) for B#0 -can be easily rewrittenfas‘fQIIQWS“:

p? = Mo(uet) | :
glusty (3.14)

o . . ;
ot? =p Dt
: mo(p)
Fqs (3. 14) have not a real solutlon since nl(u t)>0 Vg(u) t

(at least within mass 1ndependent R—schemes) We conclude that

our system' (3.1) have not a“representationﬁ with B+#0; and

‘hence, dynamical symmetry‘breakinglis absent in (¢%
S 4

ThlS result d1ffers from the s1tuat1on in (¢ )y where'the

TR 2,3
c.c.r. representatlon with B#O ex1sts, although phase trans1—

G

tlon accompanled by symmetry breaklng takes place only in

(¢)/1213/ ’
. We w111 stress that th1s d1fference or1g1nates

from an essent1ally d1fferent behav1our of the runn1ng mass

’m(v) 1n (¢ ) and (¢ ) One can see from F1gs 2 3 that the—'

»3

re are such values of scale v that the runn1ng mass turns out

to‘bebnegative_for all considered‘R—schemes. Situation in R?®

is analogous At the same t1me, the running mass is positive

in the four~d1men51onal case.

Absence of symmetry breaklng in (¢ ) 1s not in contrad1c—

tlon w1th the follow1ng heurlstlc con51derat1on As B Slmon

i

has noted 1n Ref 16 1ntu1t1vely clear reason for symmetry

iy Taln

kbreaklng in (¢ ) comes from normal operator order1ng, Jln \

other words from the bubble d1agram in F1g 1 a. Its contrlbu—
tion changes a 51gn of the bare mass in the strong coupllng

limit. A contrary p1cture takes place ‘1n (¢ ) k 51nce two

DD

d1agrams contr1bute to In‘ w1th d1fferent 51gns (F1g71) 4e;‘
bare mass. turns out to be p051t1ve for large g and symmetry,n
break1ng is absent The s1tuatlon 1n (¢ ) ls,completely d1f;:
ferent since: :the bare mass’ is represented by alternating
series‘ This ser1es may be positive for any- value of g and the .
reason for appearance Jof*" the phase w1th broken symmetry may be y
absent at all. J o
We ‘can 'now*Acompare ‘the behawiour of' the ¢4¥systems in
space-time R for d 2 ‘3 and 4. The s1tuat10n 1s presented 1ny

Table 1 and reflects correlat1on between renormal1zatlon and’

phase structures.

4. SPECULATIONS L DR T P

Let us cons1der a. toy ‘theory- model‘(1‘1) with negatlve‘
coup11ng constant g—»‘-g Such model turns out to be asympto—“
t1cally free’lg/ One can see that the f1rst Eq (3 10) 1s not
sen51t1ve to the 51gn of the B functlon Hence, the relat1ons;

(3.12) are not changed and Flg 5 keeps qual1tat1ve va11d1ty

At the same t1me, the functlon t(g): 1s changed card1nally, as

1t follows from the second Eq (3. 10) ) We have a p1cture :

Oy \“' B

contrary to (3 13) (compare Flgs 6, 7)
t(g) — 0, G — g, 1f g‘——a (@]

t(g) — @ ,G——)O , 1fg——)g‘.‘ (4.1)

Such a s1tuatlon in-the ' strong coupling reglme g—eg (here g*

is an 1nfrared f1xed p01nt) has the follow1ng phys1cal 1nter—f
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A

7gpr¢t5tion.,0urtsystem‘exists in a‘bhasegwith mass M:t(g)n > m;":'
moreover, - the interaetibn between particles is -weak G(g)«i.
Asymptotical relations (4.1) suggest that two-point Green’s -

function/becomes entire in the 1limit g—ag'. In other words,‘

although an effeetive coupling is small and approaches zero in
the limit g—g", a particle cannot be created because of the
infinite value of its mass in this limit. This is a situation
of the so-—- called analytical confinement.

Thls example 111ustrates a scenario of conflnement which
may,turn out to be re11ab1e in physical asymptotically free

mbdels.

t(g)

S ’ lﬁg? '
. Ratlo of masses for asymptotlcally free case
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