


The first of December 1992 1s the 200 th ann1versary of
) b1rth of leola.l Ivanov10h Lobachevsky. The present article 1s
devoted to this date. ' A ;
‘ N.L Lobachevsky upon ‘solving the - long-standing .problem
‘d1scovered an extraordlnary geometry. He ‘delivered a report-on it
- in 1826 at Kazan Univérsity and wrote ‘a paper (0 publlshed in
"'The Kazan’s™ Bullet1n ed1ted by -the’ Imperator’s Un1vers1ty of
- Kazan". In this paper, for the first time in - the mathematlcal :
l1terature, geometrlc - scheme was“ presented based on all
Eucl1dean postulates except for the f].fth one which ‘is’ .referred
to as the Euclldean postulate of parallels. ‘ _ ‘

It 1s useful to ]_l_lustrate the d].fference between the two
,geometr1c schemes, the Lobachevskyan and . Euclldean ones, by uslng
a sphere w1th rad1us P as an example. - -« = Ry , ;

Accordlng to the third Euclidean postulate "from any center
1t 1s poss1ble ‘to draw a circle of: arb1trary radlus" [2 p.‘ ].
ThlS means that both in Eucl1dean and Lobachevskyan geometrles
the value p-may be arbitrary. Lobachevsky has shown that -the
- 1nternal* geometry of a sphere is 1ndependent of the ﬁ_fth
‘ Euclldean postulate. Therefore, both in\: the Euclldean «a,nd
‘Lobachevskyan geometrles we' can draw on the: sphere parallels and
mer1d1ans" and we may 1ntroduce polar coordlnates 5] and 9 W
denote the length of the "equator" by~ 2 % To. The dlstance along
“the mer1d1an from ‘the ."north . pole"‘ to “the po1nt (9,) on -the
-rsphere will be put 1o be - equal to: er whlle the dlstance along
the parallel 0 = const from the zero meridian to the . same
p01nt or sm 9 “In the usual way we get the metrlc form'
r2 (d 62 + sin® 8 d gp )y . of . the ~sphere. and - surface element

T8 sm ‘e d e d- gp of the sphere. The surface of the! whole sphere

is’ ‘equal to* 4w frz‘.,,,The tdiﬁerencef;between ‘the two geometrlc
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"schemes cons1sts 1n the dependence  of - ' on. p kin the

Euclidean :geometry: r= p wh11e in the Lobachevskyan one.

r = k sh {L , JE T ||
is -some characteristic constant called the . Lobachevsky .

Here k.1

constant. For - kK -—»  ©oO. the Lobachevskyan geometry transforms

into the EBuclidean geometry. If ¥ < oo

radius . .p. for small values of p / k.

We may approximately use
 the-Euclidean geonetry. L

In both the geometr1cal schemes the - radius. is: perpendlcular K

1o the ‘sphere. Therefore the metric form of -the space is. equal to

d s? £ dp + r?(ad6°% + sin? erd'cp Y. )
The volume element is equal 10 . LEE T o
o Ca v ? sin® dp de-do. - @
e In the equator1al plane 8 R / 2 ~and the metr1c form. equals
Y “dsfmud pf o+ rfd et o s @
L andthe surface elementf1s‘g1ven by S - o
@i Zs =rr dip Ao e o e . {5)

“enters into ‘all the :formulae of the
*LobacheVskyan geometry in that part. where it :differs from the

The constant Ko

‘Buclidean -geometry.’ For ‘example, the sum ‘of. angles A, B, C - of
an arbitrary triangle in- the “Euclidean :planimetry is equal to-x,
while. in: the Lobachei/sky‘ planimetry . it is - smaller .than:. ‘7. ~As
: :.Lobachevsky has-shown,: the area:of the tr_‘iangle' is equal:to-

! F= (x-A-B-C). - @©
“Another ‘example. Let .us- draw. a perpendicular from. the origin of.-a
~straight 1line beam to a parallel straight 1line. The.rangle . 1
between:. the . beam and-:-the. perpendicular in ..the
~-x:/ 2 .In
this angle is:smaller than -x /.2

“from . which - - the

-Euclidean
planimetryis equal to the Lobachevskyan: planimetry
and depends- on "the height “p
g A:perpendicular is . drown. .. The '

2

"“then in: the sphere of -

- quantity -

S

-.cos.C + cos A cos Bl

“On’ the  basis

‘ problem may be- solved.)

< Ip /: k) has been called by Lobachevsky the angle of

- parallellsm. Lobachevsky has shown: that

tg AW o=eX .o m
The th1rd -example.; For .an arb1trary triangle’ Lobachevsky has

-obtained. the: follow1ng four . formulae (1n which a, b, c; are

sides of' -a~ triangle:-and:: A, .- B, -¢ -are the correspondlng”
anglesk: o o Llan ol i e o

T T - T Db o 2 ‘ b ',
,chfx?; = Chﬁ ) ‘ch el 'sh_vk«\. -sh n -€08.C.

biieas o & . af . :

sh 4-sisin A ="sh 4 sin:B- o S

AT ol Hooego b - p == _p_.
ctg Airgin C.+ i ch *  ©os C = cth n sh v

= .gin A sinB ch &+ & - |

and for a rectangular triangle ( for .which-, C . = .
obtained the following :six formulaes. . = ..o ST
, — ipap B b ith 2 = th &
ch & =ch 2. ch ‘th th, . A
a — e 3 = i in
sh. * = sh - sin A +C08 A =u.Ch - ~sin B
‘th & = sh Tt(’— tg A" o w6h Z tg AstgB = 1

of - these formulae an arb1trary tr1gonometr1c
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The volume “of pubhcation restricts our: rev1ew, but mention

, is to be" done ‘of " the’ surfaces orthogonal to a bundle of parallel
l1nes., Lobachevsky ca_'Lled them 11m1t1ng spheres (orlspheres) and,
Q:showed ‘that the 1nternal geometry. of- an or1sphere comc1des with
the - “Euclidean plan1metry. Here we should emphas1ze. re,]ectlng the
“flfth Euclidean postulate for the plane, Lobachevsky has . proved

it for the orispherel A FE - iy
' It should “also be ' Stressed " thatw ‘the : new Geometry, the ;_'Tj‘g

- foundation “of which is doné .. opensiia’ new: wide f1eld :for.. the e
1nterplay “of " Geometry “and Analytics i,. p
g himself\ reached great results in’ this' flela: s

. 2001 Lobachevsky,:

" A w1de circle of mathemat101ans, physic1sts nd engineers :
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do not know that the handbooks and - tables of definite integrals
used by th_em contain formuiae obtained - by. Lobachevsky using,’ ‘the
methods of his "imaginary geometry‘f [?,, p- 413].

We also mention that in this' field H...Poincare = created in
i882 the :theory of: automorphic functions. He. «obt\ained a;great
profit ~“from his ‘idea of using. the. conformalz map of the
Lobachevskyan plane onto’ Euc11dean semi-plane [4, D. 306]. ' i
’ A 'final mention is to be made that Lobachevsky formulated
two completely new problems: on the astronomical verification of
the geometry of our visible world and on the f' kinds of - changes
“,which will occur in Mechanics after introducing - in it the
imaéinary Geometry ‘" [1,'~p.,l 261, '

"Both these. problems are actual now. -In. paper . [5]1 published

in: 1835 - 38 in the "Scientific Notes of the Imperator Un1vers1ty,

of Kazan" Lobachevsky wrote'

™ . there should be no contradiction in our brain when we
?admit that some - forces in- Nature follow.-a" certain .Geometry wh11e
other forces follow their particular Geometry. - To. clarify this
~idea, we assume,» many others believe in, th1s .also, that the

?attractive forces weaken due 10 the propagation of - their action

on the sphere. In the ‘used Geometry ~the:: surface of the sphere 1s

4 x r ' and therefore the decrease of : “the force is- quadratic
_1n distance. In the. 1maginary Geometry I found the .area of the
“ sphere - r '. .
k T(ef-e™ME? :
B and perhaps the molecular. . forces -follow this Geometry and the1r
- manlfold should then depend on -the number : a1ways being very
'1arge. By the way let this be -a.-pure. hypothe31s which should be

proved by more convenient arguments, but- we should not doubt that

. the forces produce all by themselves the motion, ve1001ty, t1me,_

mass and ‘even distances and angles" 5, p. BIL
. : 4

: following 1ngred1ents'

,time by
 test body

It 1s possible to éet agreement“:of ‘ the formula‘ presented 1n
this part of the text w1th the previous one describing the area
of the sphere of rad1us P if we abandon notation (1) and put o '

k =1, 1 = p, e ;rvuinom—)"— A
However in the subsequent con31deration it .is more convenient to
keep notation (. ; '

We shall “come to the Newton ‘theory of grav1tation 1n the
Lobachevskyan space prOV1ded we can find 1n the quoted text the
fundamental solution of the P01sson equation o

AD = 4%o08x Oy 6@, . ‘ (8)

“in  the space with metric (2. This- equation contains the

The grav1tation potential o acting ‘on a test body and
produced by the p01nt mass- m; - IS n
The constant o ° r m, where y 1is the Newton constant g

-The Laplace operator in the Lobachevskyan space equals

A= 12 6 r2 6 + _1_é ? o _Q__ Slnve' __a__ + .12 62 ];
ap 8p r° sin© 06 08 sin®® o¢°
"*The Dirac 6-function has arguments : E \f.?»«: L
X = rsin®cosg, y = rsinecose¢, 2z =T cos 8 (9

‘According to the remark of " Lobachevsky ' we .assume “that the

mattractive force" (a covector of the force) has the 'fOl'lowing

components: v e

Lo eb L 0 oo, 00 e Ll B0 g

Fi=-gp =~z 2=~ =0 F=- g =0- =

Consequently : v B ST S T
x® tg £ ‘ '

Let us consider “the motion of the test body. Denoting the o
t, we, obtain from ) and (10) the Lagrangian of the

L = —;— (92 + r2 0%+ r2sin?o ) -0 m

, 9



.as well as the equat1ons of motion

a4 'L _ oL . o
- s
dt api. ap T - : sy o o
4oL a g @
atad 89
d e _ oL _ 0 .
ot eg o 89 "
- We have ) ‘ -
QL_ = 0L -2 S —OL =rlsin® 8 §
- 8P L . 8
ﬂ‘—=rr(l§)2+szne(p)—<1> ,
op SR
O - P sin6cos 6 (P . LTI
o[- 0y
where .
. . _ g—- ’ _ _Q o g ;
9 ot r = Ch k 5 (13)
Substituting this- into (12) we 'get' the - follow1ng system. of
equations: .
%tb —rrlf (8% +, sin®.0 (b?g) + %:_0
r
dt(rz & - r?sin6cos 6 (p =0 )
m(r sin?28 ¢ = 0, e e N

: energy

.,where the dot ‘denotes the t1me derivative. .

S1nce the Lagrang1an e does not depend on time,. the

E = (p+r292+rzsin29 ) + & (B

~is conserved.’ Due to the spherical 'symmetry.;"of the Lagrangian all

the components of the angular momentum

'M1';"=y2—zy—-r2(sin9wsecosq)(b+sin(p b)
‘H'zr‘—'zi(—xé.:—re(smecosesm(p(p—cosw 5)
Mai‘=xy—yx= rszne(p >(16)

.are also conserved by the way, it 1s easy to check th1s dlrectly

\ hy d1fferent1ating Eqs. (15) and (16)

s

The conservat1on ‘of the angular momentum means in thls case °

6

‘The solut1on ‘of this equat1on is ~

‘attract1on center corresponds to the angle

that the -test body is mov1ng .on the Lobachevskyan plane that
passes |
generahty we - can take; th1s plane as
e 1: /2. For thls ch01ce M = 0

the equator1al “with
, u‘2=o,;ua=u,where

’and the energy integral takes the form

) E{é (p+r2(p2)+<1>.h 8)
substituting (M) into () we get the dlfferennal equation for'

the' trajectory' p =plg) 1n the form

B S R I S ®

Now, taking 1nto account the form of =@  given by (10) we

1ntroduce the notat1on

Since . . :
' du = - —?— dp w= 1 4 —1?: @
: r? ’ r Tk a
equation (19) takes the form A SRS RS S IS e )
- 2 .. .
E‘— 2 [[ ] o S ) I kz] dku,. 22

, | : N T S
u . ' + , = i COS (p (23)

The integration constant is chosen . here so that the maximal value
‘of - u corresponds to. ¢ = 0. If we denote . '

TR 2 v " ‘
the equation for .the trajectory of the. test \hody ,my be written w1n
the form (RO T T A P .

D S
k th —{:— B — . (25
; Kowi 1 g cos: cp Gaiamor

In accordance with - our cho1ce of " the 1ntegrat1on constant

“for equation (22) the: nearest point . of the orbit (25) to the'

:fi'(p = 0. The distance
B "

through the origin of attractlon. W1thout loss of, .



from the attract1on center to the nearest p01nt of the orb1t

equals p1 glven by , o
K th b P ' (26)
. ) *® - ‘1+—é' By .

The most remote po1nt of the orbit ex1sts only for a f1n1te

motion. In this case the follow1ng cond1t1on

k> -1—— , A e e<t- ¢ (ZT)

should be sat1sf1ed Wthh is equlvalent to the cond1t1on ,
e \ 28
‘ L E < X, (28
We shall restrict : . ourselves _to this case. We shall then get
the solution of - L the Kepler problem of motion of a planet

around .the Sun in the Lobachevsky space.

. In the case of finite motion the remote point of the orbit

oorresponds to the angle ¢ = ¢ ' while the maximal distance pz“'

'is given by
R h D T 29)
kit = T-& - o
Let us denote the size of the orb1t by 2 a . Clearly 1t .1s
equal to P+ Py - .- From (26) and (29) we find

2a _ . = - % . @
k th & 1 _ 8 + D2 / k2 TTT IR i

Now we f1nd the - per1od T “of “the ‘motion of the planet. According

to (17) we have

MT = j‘ rf @ de . R

The integrand may. be found from (1) and (25) .

2 - p? Cr D 32)
=@ = = e

- ” = (1+ecos 92 - p° /,k2 : |
. Dk ( — 1 LRI 1 )

‘ 1+sCo3(p—p/k 1+eco89+Dp/ Kk

The 1ntegral ‘is evaluated by the subst1tut1on E = 18 —fg— -
‘Then we get = '

S

- d "“M: 2 m tg
—L—m+ncosq) ﬁ_=._,d arctg[f

Cde L law
M¥NCos e .

. g R R m 2 n 2
for m.>;Inl.. Therefore - s
MT = xpk.( ____1__________ - - ! ).

' ﬂ1—p/ k)2 - Yu+p/KP-

@)
Subst1tut1ng (24) we get
. g

T R
Then " the - perlod T depends on the energy ‘E, ‘but it does ot a
depend on the angular momentum M . : s - :

7 "'Tme substitution ‘of ~(30) into - (34)° gives. the following
"expressmn for the square of the perlod : g el

"~Lobachevsky ‘him'self; on 'the bas1s ‘of obser.vatlons of “the

parallaxes’ of stars, states that the ‘Constant 'k is’larger than

- the -distance from . the. Earth 'to these stars. He explained-a that
Cthis result o RCIE B P,

(SR

e Justlﬁes the accuracy - ok all calculations of ‘the

/*’customary Geometry ‘and. admits to-. take 1ts ‘fundamentals as 1f .

proved". e 3 w", LT, b ‘
On the other hand 1t is 1mp0381b1e to dlsregard the oplnlon
by Laplace that - the v1s1ble stars and the Milky Way . belong ~only

to one set of celest1al obJects similar -,to those» which ‘we. observe '

“.as: fa1nt1y twinkhng spots in constellatlons of Orion, Andromeda,‘

~Caprlcorn, and others. Thus, even w1thout saylng that -

space may be 1ndef1n1tely ‘extended ~in:our mind, the Nature: 1tse1f

indicates such. . . distances in comparlson w1th .which -even the

" distances from-the Earth to fixed stars are ‘negligible:

After this 1t is": 1mpossib1e any . more to. state. that the
assumption that..the measure..of .1lines 1is independent of angles; -i.
e- the assumption which.'was_ considered by most geometers as a

: 9
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4' rigorous truth to be taken for granted may turn to be wrong
B before we go over the border or our v1s1b1e world" 01, p. 209)
’ It "is very 1nterest1ng that it 1s poss1ble 1o obtaln the
. solved problem in actual tensor theory f A grav1tat1on [6l
choos1ng the background connect1on in the form 4of the Kristoffel
’ ymbols for the metric o

cdt? - dpf - (ksh~°—)2(d62+smed<p2)

‘To the best of my.. bel1ef this problem is important. from the "
point of v1ew of the relat1v1st1c theory of.. grav1tat1on [7] :

By the. way, the velocity of l1ght, .C plays: the; role of the'
Lobachevsky - ~constant . in - the velocity space. In ‘the invisible
world of veloc1t1es the role of the distance p plays :the
”'rap1d1ty 8. ., and the role of the . quantity. represented by the'
';,left—hand side of (25) is taken by the velocity v .80 that .

Rt i st e
.;,The rapid1t1es wh1ch are much larger than the 11ght veloc1ty ‘are
.‘observed . in.: .the .cosmic - rays: and produced 4in. the - modern
accelerators. Therefore, in- h1gh energy phys1cs the Lobachevskyan
:'geometry is essent1al. ‘
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