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1 Introduction 
l! 

Thescalar;p4 theory in two- and three-dimensions wasintensively 
investigated [1-9]: as a simple; but nontrivial example, on·wliich the ' 
problem_of spontaneou~ symmetry breaking or, in other words, the 
pbase· structure' of qtiantum fldd('models is studied: It has been 
f~und [1] that .high order. quantum corrections 'can give rise. to th~ 
instability of _classicc:il symmetric vacuum. There are two phases in 
this sy~tem and'phas~'transition 1 ~h~~oni~~~ take

1 
place' at certain 

couplirig'stre~gths. The probl(mi'i(to·d~termine whichorder phase · 
tr~nsition'occu~s here:· · .. · . '· · ' . ., . · ' · :·· 

:· __ .• ~ ~:· :~~~····,· :1•.·,,--·.,~·-:"1'" ;:: . _t~·,·_, ... ·;··,'- :•! •._; . , ~·-
This problem in two-diin.ensioris 'was studied in a series oCpub- · 

Jicati~ns':[2~9].· :Th'e;e ·~xist 'dJ.ath~maticiLl th~o-rems [2,3] :~r.oving 
that.·.;, seco'nd.;or<i~r·. phase transi'tion takes place:· . bii the other 

; (. :· ',;, ,}>;. ' •• ' ,. • " •·.• ,•.,.# •.. · - j - ' ' . 

hand, nonperturbative Gaussian approximation. [4',5) and canonical 
transformation scheme [6)_ predict the exist'ence,ofa.fir~t~~rder-one:
How"ever, post-Gaussi~n approxim~ti~~ [7)'~rid.no:ri-'Ga1lssi~n va~i- · -
ational' approach [8) reveal the'existence of <i second~order phase' 
transi,tion' at ce~tain,coU:pling consta~t. .· ',:; i . . . 

1 

• ' • 

- To ouf. mind, t:hese'results are doubtful· because first' of all, at~· 
tempts have be~n mad~ in t'hesewa'~k~to investigate theh~hav!ou~ 
of the theory in the criticf!:l :r~gion \yh~re the couplin~ stnmgth is 
considerable and any reliable methods of calculations do not exist. 
Therefore, we ~ssum~ that the question urider consideration is still 

open. , 
In this paper,- w~ study· this problem. utilizing, the method of 

Effective Potential.· The absolute minimum of the Effective Po ten-

,..--.. --•-··'' 
~ c1r" .. , . -- ,,., ;· :i' ..,,._.,.TJ,.. \ ~ ..,._.;,;.~. __ .,;.e .. ,,h'-"'d. n•••t~ ra 
~ ,~,,· •• ,,..,. I'"J.u•>'l<\.,<>ll"'A I 
· !._;;~ .~t!";.& ~~- . .,,..,· . .uvunJ"'att:3 1 i f•N&Jlk!OTEHA •. t - _..., __ 



. tial V(cpo)·at: the p-oint cp0 = cpc'determines th(drue ground state: 
(vacuum) of the theory. If a phase transition takes place atcertain 
coupling g = 9c , then for g < 9c the system is still· in the original 
symmetry unbroken phase with 'Pc = 0. At reaching g = 9c the 
origin cp0 = 0 is not more the absolute minimum "of V(cp0 ) and the 
system goes to the new lowest energetical state with 'Pc =/= 0. The 
first-order phase transition means that the point cp0 = 0 remains 
to be a local, but not absolute minimum of V(cp0 ). ln.other words, 
the first derivative of V( cp0 ) is zero and the second one is positive · 
at the origin 'Po = 0. In the case of the second-order transition, the 
point cp0 = 0 is a local maximum of Effective Potential at g = 9c.· . 
The second derivative of V( tfo) at cp0 = 0 becomes negative.• 'fhus; 
the' coefficient a(g) in the representation ofV(cpo) for sma1Lcp0 • 

V(cpo) = E(g) + a(g) · cp/_·+ O(<p!) . (1.1), 

plays an importantrole in determination 6f th~ character of ~ phase 
transition. If a(g) is zero a(certaing ~ 9c and negative fo~ g :> flc 
up to.g ·:---+. oo,' o~e ca'n say th~f.a se~O'nd-order ph~se transition.' 
app~ars he;e. On the contrary, the,positiveneJs ofa(g) for ~~y g · 

. excludes the second~o~der transition. Rigoroti~ calc~l~tion ·of a(g) 
at an a~bitrary coupling ,constant is a complicate'd-probl~m .. llow
e~er, we know that at large g, thecoefficient a(g) rem~i'ns 'to be 
negative in-case of..~ second-order phase transition and is positive 
if the transition is of ~ fir~t-order. ' 

,, ,Ou~ idea is to in~estigate a(g) as g -t 00 using the method (10) 
proposed ·for the" calcitlation of. functional integrals in the'strong 
coupling regime. This method h~s re~ently been successfully ap
pliedto s<?me, problen:s (11,12) of quantum theory. Utilizing thi~ to 
the problem under consideration we have found that ·. · 

. . . ' . . . ·~-

a(q) = 3 · G ·lri(G) + O(G) (1.2) 

in two-dimensions and 

. Q2 

a( G) = ~. G2 ·In( G) + 0( VlnG) .(1.3) 
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for three-dimensional case as the di~ensionless coupling constant 
G = gf27rm4

-n tends to infinity. These results can· be accepted 
as arguments in favour of the existence oC the first-order phase 
transitions in scalar </>~ and ¢>~ ~odels since it excludes the second
order ones. 

\-; 

2 Corrections to GEP 

We consider the g¢>4 sc'alar field model in two- and three-dimensions. 
This theory contains ultraviol~t di~ergences, but it is supe~-renorni
alizable, i.e, it has only a finite number of the 'divergent Feynman 
diagrams. In order to re~ove th~se divergences we should intro~ 
duce in the Lagrangian appropriate co~nter-terms. In' this section 
we consider the super.,-renormalized scalar field theory with the La-

• ~ r ' • .• - "j - .. 

grang1an: . . .. 
): :.1 :' · 2 . :. . 2 F : : . · ~- .. -4 ;J,·• . : -
' ·£:= -cp(xH8 •- m )·cp(~) '-·-'·Nm'{cp (?C)}1-:-'Rm·)., (2.1) 

2· ' ' , . '' · ... I 4 · ' ' ··, , ',: 

.where :. ,,-. 

Nm {cp4(x)} = cp4 (x) ::_ 6-cp~(x):Dni.'(o{·+ '3·D~(Oh · :.• 

D,n(x) =.·:]··· dk exp{ikx} 
(27rt ··m2 + k2 .. · 

'-~ (2.2) 

Here X~E n, n is a _finite volume in Rn .(ri=2,3) and m and gare 
the mass and self~coupling constant, respectively.In two-dimensions 
(~- =·2). ~li.'d.ivergenc~s are only.ofth(!·~~~ta:dpole'':typ:~i,a'n.d ~re 
readily removed by introducing in (2.1) the normal product Nm of 
fields cp(x). Jn ·this case Rm = 0. In the three-dimensional theory 
there arise ;i:(iditional divergences whicli are. cancelled' by' co~nter-
te~ms (12,l3) · ·. ··· ·-. '· · ]\' ·· r·--:·· > .·· ·· ·· 

'' ". ··1 " .,, .. ,, . '., .·.'; . ;· 
Rm . 2AmN~{(p2(x)} +'oEm,- (2.3) 
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where 

Am . 692 
• Jd3x~!(x),, 

. 0 

3 f 3 J ~k {f . ', }3,.' 
8Em = 492

• d3xD~(x) - 2,9
3

• .(
2

7i-)3 d3xe'kx·D!(x) 
0 0 ' 

. (2.4) 
The Effective Potential is defined as.J. 

1 
V(cpo) =·- lim n lnln(cpo) , .. · 

· 0-+oo ~£ · 

lo( "';) cmj6<p·6{ "'• ~ ~j d"x<p(x)} eX]> 1 if'~· ci'P(~)L 
. . . . . 0 0 . ' . 

:; ,,.; .; :r·:. . ,,_ . ·(2:5) 
/ ~ 

,>: 

All integrations are performed in. the Euclidean metrics. 
·According to the methoci'.[10] Wf? int:roduce·a ~ransformat~on of 

field variable: 
_cp(x) ~ cPo + b(x) + ~(x), .. ·(2.6) 

where the new field variable ¢(x) corresponding to the new mass J.l 
and a function: b( x) satisfy .the conditions: 

jd"x¢(x) = o,:· jJr:.~b(~r·~o; ·and 'b2(x) = b2
• (2.7) 

.o .. 0 .; . ', ~~. ·. 

Let us g~ over to the.·normal ordering in the new.fields ¢(x) using 
the well-known [I] formula.' as; ' . . . 

'· 

Nm { eXi>{;~;x;}}~N e{ ex};{p(~; +b(XJ+ol(X) ;~*"( m, Jl ;}}, , 

~(m,p) = Dm(O): Pp(O)~· (2.8) 

'4 

.... 
I 

·.l. 

·' ..... 
I 

' 
' 
-~ 

· .. _ j dk'·exp{ikx} :1 < 
Dp(x) = · .. (2 )n '2. k2 .- 21"\ •.. . ~ J.l + . J.l~' . 

Substituting (2.6) and (2.8) into (2.5).and ·perfopning integra-
. tion over d¢o we obtain. . . : ... : . . . . . . . . . . 

i . ' , ' ' -. ~ ' - ,. ' \ • ; ' : • • ' • ' l 

In(cp~) ~ e_:_OVc('Po). j:d;P. exp{jdri~N"{ L1 + L~~ 
: 

0 

t [ ¢4(x) + 4¢3(x)( cp0 + b(x)) +12;0 b(x)cp2(x)] - . 

[ ~AP~2 (~) + Apb(x)qS(x) + 8EP + ~-(b2'+ cp~fA~]} }·, 

1 d~ p = C e· 1 64>· e>p {-~ k~d>(x )Hf + ll' )d>(x)} = I , 
0 . 

(2.9) 
where the new counter-terms concentrated in the second squ.are · 
brackets in (2.9) coincide 'with (2.4) if we .substitute m ~ fl· .The 
"cactus"-type part v;,( cP~) of the effecti~e potential is: ... 

. V';,(cpo) = -~ j(2d~n [ln(1f:: ~·:: ~- ::·: ::1+ ~2 (~~ lrb2) + 

t(cp! + 6cp~b2 :+ b4
- 6~(;p~+ b2)'+3-~2 ) +: (2.10) 

cp~ + b2 . •. . ·.· . \ 1' . ;, 
(Am- Ap) + (8Em- ~Ep ""7•2,Am~). 

The linear and quadratic fiel~ configurations in (2.9) are con~ 
centrated in-

· Lt ,;, b(x)·[-m2 + 3g(~·~ cp~) -gb2
- A~+ Ap]·Np{¢(x)}, 

• .. i .. ''·:. i : • . . . . . . . . .;· · .. ; .. '• . 
L2 = 2·[p~-m~-±39(~-cp~-b2)-,Am+Ap]·N"{¢2(x)}. (2.11) 

5 



We emphasize again· that the specific cou~ter~terms A~, A", 8E.,;, 
and 8EI', defined by Eq.(2.4) ari~e only iJ?- three-'dimen~ions and 
thes~ are absent in thetwo-dirriensional theory. , - · 

7 According to our method, we require that the linear te~rri fl~' { 4>}. 
must not arise in the interaction and the quadratical'field corifigti~ 
rations be concentrated in the Gaussian measure da ,.i· The require
ment leads to the following constraint equations .for the parameters 
b(x) and ji.: - ·• .·_ · . · - · 

2 2 2. ] b(xH-:-m + 3g(ll- <p0 )- gb..;- Am+ AI' 0, 
p? . .:,.: rr? + 3g(ll:.... <p;- b2

)- A~·+'A" _ 0. (2.12) 

Thus, we finally obtain the formula for. the effective potential 
• ' oT ~r.. ' " . 

wh~re; · 

V(<po) 

'Vac(<t'o) 

- 'Vc(<t'o) +' 'Vac(<t'o)' . 
·. 1 .... 

- · - lim n ln'Jn(<p.,.), 
n-oo ·u · 

Jn(<p~} = e-OVc(~o). ~ Jdal': e~p{Jd~x . 
n 

(2.13) 

·.N"'{-~·[((x?+ 4<f>3 (x)( <p~ + _b(x)) ~- ~2<p0 b(x)<f>2(x)] :-
1 . ,• . . . . ,· 1 . . }} . 

[ 2A~f2(x) +'AI'b(x) <f>(x) + 8E~':+ 2(b2 .;+- <p;) A"], , (2.14) 
' . . . . 

. Eqs.(2.10) and (2.12)-(2.14) define completely the effective poten.: 
tial at p.rbitrary' coupling·g. . 

.,_ 

3 Strong C()upling Regime 

Our idea is to calculate_ the coefficient a( G) in ( 1.1) at strong self- . 
interaction constant: It will he conveD.ient ·to work in units of m 

6 

1 
-~ 

l 

J 

dealing with numerical results;· We defimi ', • ~ l. 

.•: ~· . r 

e = (p.fm)4-n, <I>0 
2 = 47l'm2-n<p~ and B 2 = 47rm2-nb2. (3.1) 

' ~ . ' .. 

A~: Two-dimensions 
:"{ 

·' !; 

In two-dimensions-the cou~ter.:.termsA~, .Aj,.8E~ and'-8E)are ''· 
zero and 

1 . p.2 1 
ll = -ln-2 + 2n· 

~7!' m. If u. 

0-+oo _1 l --~ 
-~-·~4··-_n.,. 7l' . (3.2). ; 

Let us consider the nontrivial solutions b2 and p. in (2.12), obeying: 
• • J 

e+2-3G{ Zne-<I>a 2
} = 0 ... ' 

· e -1 +~a { zn~ ~<I>/-: ~2} ~ o; , f '(3.3) 

The first of Eqs.(3.3) hasasolutioidor ·a >;Go =: 1.4397if cl> 0
2

: = 0: · ·' 
In the strong coupling regi~e the solution~ of (3:3) are· · • : 

e = 3 G lnG +. O(G lnln(J), 
· B 2 ~ • 3l~G + CJ(lnlnG); ,• '; .! : • ·) . (J.4) 

It rrie~~s that the effective coupling constant .. 

_ . g : G 1 { . . lnlnG } 
Geff = 27rp.2, 7' "[ = 3lnG, 1 + O( lnG) . (~.5) 

becomes small as G -+ oo and one can successfully develop pertur
. bation expansion in G~n ~eriesfd~ the f~~ctio~al integr~1'(2:14):" 

00 

Vac( <t'o) = I:, a:n· v:~n)( <t'o) •. . (3.6) 
n=l 

7 
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.. Taking irito acco~nt the "cactus"~ type. potential· 

V,(q,.) = ;;. {E,(G) + 3
; (Gine - e) <I>/-t; 0( q,, ~)}, (3.18) 

. '~ " 

we finally o~tain the effective pote11tial. . 

. Ov(<i>o) = Vc(<l>o) + Yac(<i>o)= ;; {~(G)+ a( G)·:/+ ?(<1> 0
4
)}, 

;J . ' ' . : .,_,,, (319) 

where the desired coefficient 

. 3G
2 

. • ·{· .. .j96C1 ··( 1 ) } 
~(G) = 2/nG· 1 + (lnG)3/2 + 0 (lnG)s/2 ' (3.20) 

is positive._ 
J", .r> 
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