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l Introduction -·, 

The application of the quantum-field theory (QFT) 'meth~d·, including 
a. renormalization g{oup technique (RG), to hydi:odynalnics has shown 
the ability of QFT to describe genercil physi~allaws of the isotropic tur-

. .. . . . . . i ·. . . 
bulence. This approach has been successfully used fori the theoretical 
explana~~<;>~ <>.f. the ~~en'ome~ological Kolmogorov power jla~ [1, 2]. Fur~ · 
thermore, the theoretical estimation [3, 4~ 5] of Kolmcigorov constant 
was ·done. The RG teehniquebas also been applied to find' th.e critical 
indexes. ~f composite operators. presented in energy-~omentu~ conserva-

. tion laws for<the tU:rbul~nt liquid [6];iD ~pasSive adimxt1ue problem [7] 
and in stochas.iic magnetic hydrodynamics (MHD) [8]: The influence of. 
the anisotropy on the turbulent current in ·above mentioned framework 

·was recently studied.[9, 10] .. · .... · · · · 

. · In . thiS paper the. RG technique 'iii the quantum fi~ld ritodel of. gy­

. rotropic MHD is, used. The results obtam~d for ordirlary. MilD [8] ar~. 
· generaliz~d· to th~ .case .of the .. gy~ot~opic •. inediu~ .. The .well known 
stochastic _lllod~l of th~ stationacy isotropic turbulence )for the incom- . 
pressible medium- Wyld:model (WM) [11] is considered as a ·starting 
po~t. It is expressed ill ter:m8 of the N a vier~ Stokes et1uation . for,. the 

. . .. ·· ' • . ... , , • .. ·' •. . .. I 

velocity field and the equation for magnetic field driven by Gaussian .. . . . . ... ...... . . .. . .. . I, . 

' random forces' with given 2 X 2. matrix D of the hydrodynamic, magnetic 
· ~ : , , ... . . , " , , • , · · , I ~ . , " 

'and mixed noise correlators .. ThEdorces simulate,the stochasticity:ofthe 
medi~m: ~heconcretefo~ ~f .IJ.:is to be chose on the'~asis.ofcertain ' 
phenomenological· conceptions <?fthe !nternal turbulence :mechanis~; ·· .. , 
. . In ref. [8]Jhe multiplicative renox:naJi.iability of the quantum field · 
MHD h~ been proyed. for. the generii! form of this. matrix. It provided · 
the possibility· to apply the whole standard RG technique: and to study. 
an asymptoti~: behaviou~ or' the theory. The existe:nce of t.wo. infrared- • 
stable fix~ points .w~ e8tablished .. Thes~. points induce the_existence of .. 

' two critical regimes:, _the trivial,magnetic regime and the)ruietic .one (the 
later is of the K~lomogorov type). .. . .· · , , . .. , . ··· 

The main problem or' stoch~tic turbulence is an ~frared one. . It 
consists in. the existence of infrared singularities in series of a perturbative 
theory for the correlation functions in the case of the physical energy 
pumping. The direct summation of this singularities is not a trivial 
problem. This situation has its counterpart in the critifal phenomena. . 

Ott'W:ihtll'IHilJi! JH!C"t1I(}1'\J ·\ 
't illl~nttt nr,r:n~nrmm.ii:i) r 
~ _jt1&ffl'I~EK~ _ _t 
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theory. It could be solved by roundabout and well· bown way usm'g RG 
technique in both cases. . . . . 

· T~ere is an additional problem in the gyrotropic MHD: the instabil­
ity of the theory, induced by the exponential increaSing of the magnetic­
fluctuations in the-large 8cales'range(see e.g. [12]). The eliminationof 
this instability leads to the formation of large-scale magnetic field; This 
type of the hydrodynamic energy' transfer to ilie, magnetic energy, by 
the. instability· mechanism, is called. a turbulent dynamo. The· remov8.1 
of the instability in quantum field gyrotropic MHD caii be: achieved by 
means of a·niC::e and __ very well known ,sp<mta.Deous symmetry breaking 
mechanism with· the following creation of homogeneous stationary m~g-. 
netic field. The special case, when only the hydrodyn8.mic noise does'not -·. 
vanish, WaS shown hi [13] arid the re8ulis of the RG anB.lySiS for the or~ 
dinary MHD [8] were used. In this particular case, only the· KohD.ogorov 
critical ~egiine is presented in ordinary. MHD, and the gyrotropic MHD . 
is not' different from the ordinary one in meaning of critical behaviour. 
·Thus; the spontaneous creation of ·magnetic field is. a property of critical. 
Kolmogorov r~gilne; · . . , .. · .. 

The critical properties of the gyrotropic' MHD -are not·known in the' 
·case ofthe arbitrary noise matrix D~ To provide th~·multiplicative renor­
malizability. and conseq~ent application of RG to be n~cessary to extend 
the theory by means of the eXtra dissipative terms with;~, new gyrotropic 

· Prandtl numbers. Therefore;' also a critical behaviour of this gyrotropic 
· MHD is more complicated. Apriori, the existen~e 'of the'former stable. 

regime of the Kolmogorov type is·not 'clear.·. If.it·is eXisted, the answer 
to _the 'question about the attractive region of such regim~ is necessary. 

In one-loop approximation; the existence of the critical regimes men­
tioned· above ·for ordinary' MHD · are r also demonstrated; in gyr~tropic 
MHD. The large range·of the physic~y all6wed qua.titit~~ oftlie gy~ 

- rot~opic Prandtl numbers is from the attractive region of the Kolmogoiov ·. 
regime. It was established sol~inga Gell-Mann:Lo~ equations for the in-. 
variant charges. . 

'.• . ,\,"!j':_.:_c·,; __ -. 
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2 The formulation of the problem 

The inter actio!! of ele4:trically neutral conductive turbulent medium (with 
the unitary rnagnetic permeability ) w,ith the 'magnetic field.is described 
by. the MHD equations driven by random forces. These equations for the 
incompressible medium h1we the following fomi (see, i.e . .(8]): 

Vtcp = vl:lcp- (08)0- ap'+'EP,' _i 

"V,tO = ~'AO-:- (OO)cp+ r -. 
(1) 
(2) 

where "Yt = 8t + (~8) 'iS ~covariant derlvative. The first 'equation is the 
known Navier-Stokes equation for transverse velocity .field c,?(z) = 'Pi(x, t) 
with th~ additional n'onliDear contribution-of the Loien,tz forcE; (the Ion- . 
gitudinal contribution is ascnbed.to pressure p).The second equation for 

. magnetic field O(z) = O,(x, t) (it is connected with' ~~etic induction B 
by the relation O, = Bi/ ..;:r:;ro, where u is a medium density) follows from 
the Maxwell·equations for eontinuous medium ... The magn~tic diffuse 
coefficient v' coincides with the coefficient of molecUlar viscosity in the 
dim~'nsi~nality .. Furthe.r, the'' relation v'. < • u~· iS 'used with 'dimensioDie8s 
inverse magnetic Prandtl number (PN) u. . . : . . .· 

The random force& are !assumed to have a GaUssian. distributio~ with 
<;F >= 0 arid given 2 x 2 matrix ofthe noise conelators D =< FF >. 
Th~ matrhc. elemen~ a.re: ·the hydrooyn8.mic iJ'fXP ·noise, . th~ magne~ · 
D

88 
.one and the mixed D~ one. They simulate' the specific form of the 

energy Jnimping into system, which compensates the dissipative losses.' 
On the one hand, the. symmetries of the system restrict the form of no~, 
and, ori the other hand, these noises make the possibility: of statistical 
simulation of some sy:.hmetry breaking, for example, the reflex sy~try. 
Th~refore, the ·form of .the equations for the ordiiJ.ary and gyrotropic · 
MHn·· is the same:·; The difference is only in the ·form of the :0~ (this' 
form will be set later). ·; · · · 

The problem (2) is equivalent to quantum th~ry.with·a double n~ 
ber of the.fields ~ = cp; 0, cp'~ 0' in accordance to the general theorem of 

~ stochastic quantization [2]. The conesJX>nding action take the following · 
form: · . · 

',i·.'· 



cp' D""" cp' £J' nes £J' cp' DVJ8 £J' £J' D8"' cp' . , . . . 
2 . . + 2 . + 2 . :- . 2 + cp [ ~ Otcp + voAcp 

-(cpo)cp+ (£Jo)£J] + £J'[-ate + UQvoD.£J:... (cpo)£J +·(ea)<p] · (3) 
' ' ' ,· i - .:.: • . 

S(~) = 

Hereafter in the· Si:milarly ·expressions,·· the mtegration ove~ x, t· and the 
traces over the vector indexes are implied~ The auxiliary fields <j)',(J' have 
the same tensor structure' 8s the fields cp, £J, i~e. they are vectori8l and 
transversal~ As it is usually in .QFT, the ·action (3) is considered to be 
unrenormalized with the bare const'ants marked by the subscript "0" . 
The b8sic ·object~ of the study'_are the Green functions of the.fields·~ 
or· the _correlation· functions and response fun~tions··in the tenillnol~gy 
of the original problem (2). They can be deterlni.ned by 111eans of the 
generatirigfunctioiial G: · ... · · ! 

.. :,G(A) = Jn~e:cp[S(~)+·A~J (4) 

Her~, D~ d~not~s the functional measure or't:h~'integratio~-over the fields 
~. with all normalization coefficients. The. Green Junctions· are the. fun c-

. · . ' ·, .· ·. . ' ' .•. · . I .· I 

tionalderivatives.withrespect·to an external sources A ::A"',A8 , A"' ;Ae I 

i.e: . they are_ the functional averaged v&lues of the c~rresponding n~mkr 
ofthe fields <Pwith a weight e:cp[S(<P)J. The equiv~ence of (2). and QFT 
(3) means, that (jreen functions deterinined by (4), are-equaled t~ corr~ 
lation ones, obtained im~ediatelyby the averagmg ofthe solutionofthe 
equations (2): with a weight exp[ -tF D--:1 F] over the external randolll 
forces . 

. The Fey~Irian diagrammatic expansion of the. Green. functions is con­
stru~ted with the.~d of the action.(3).The mat~ of propag~tors (the 
line8. in the diagrams) A . =:= · K-1· can be. obtained. {rom the squared part 
of the action !<PK<P .. The explicit form of the matrix A ~ give~ in _ap-

. pendix Ifor the extended theory. The non-squared terms in.(3) generate 
. the vertexe8 in the diagrams. After the symmetrization, we have: . 

• . • ' .., • .' ' •.' ··e ~ .• ' 

'' . 1 ; ,. ' •. ' ., ' 1 •,' :.' 
cp'(cpo)cp = -cpitJi.~cp,cp, cp'(£Jo)£J = -cpiv,"£J,£Jt 

2 ' . 2 

£J'(cpo)£J- £J'(£Jo)cp = e;u,.I£J,cpz 

4 

} 

r 
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v,~~ = i(kio,, + k,oil) , · u,,l =_i(k,oil- ktSis) (5) 

Now, we choice the concrete formofth~ noise matrix Din the momentum­
frequency (k, wf repre8enta:tion .. These noises are transversal fo~ the in­
compressible liquid. The action (3) must be a scalar in the ordinary 
(non-gyrotropic) MHD. The field cp is a veCtor,,(}- a pseudovector, there- · 
fore the noises fl'l''l' and nee are the tensors, i.e. they are proportional 
to transverse projector P&, = 8,,- k,k,fk (k I k 1), and the noise D¢ 
is a pseudotensor. There is only one transverse pseudotensor of second 
r~nk.;. the trace e.·,,,k,j k (e,,,- full antisymmetric tensar of third rank) .. 

The action for gyrotropic MH.D can p~ a sealar term8 as well as 
a p8eudoscalar ones. Hence, the tensor structure of_ all noises is a linear , 
combination of both tensor and pseudotensor .. The correlators have a. 
following form: 

I . 
D'f'"' = g' 1/.3 k~-:Zj'-2€p~ n~s = g. I 1/.3 k 4-:Zj'-24€p~ 

" oo ., u oo " 
iJ'f' = g"v3k4-:ZJ'-(l+a)€p~ (6} 
·II 00 II 

Here, P ,, = Pt., + ipe&,z k, / k with some new dimensionless real parameters 
p = Pl, p:z, P3, satisfying the condition I p 1=5 ), Pi =51 P1P2 I· Simultane­
ously, the standard scalar parts [8] of the noises are explicitly written· in 
(6). The constants g0 , uri, g~ play a role of the bare coupling ones, 2J.4 is 
the dimensimi of the space.k(we shall be interested by the case 2J.4 =·3, 
at' last), a, e are fr~ parameters· of the theory.~ The value e · = · 2 corre- . 
sponds to. the Kolmc:>gorov energy pumpmg from infra--red region of the 

. small momentums k. Notice, that the parameter e is independent on the 
mmension of the space. In dimensional regularization, which we use, it 
plays the same role as the analogical one in known ( 4- e) Wilson scheme 
~~· . . 

3 .. Renormalization 

As usu~y, we solve the hiitial infrared problem for the' physical value · 
- e = 2 by transfer to the region of such values e, where the ultraviolet di­

vergences (UD) appear. For the value e = 0 (the limited c~) the theory .. 
is becoming logarithmic one (the bare coupliilg constans are becoming 
dimensionless). In this case the power of the UD is independent on the 
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order of the diagrammatic expansion and these UD can· be eliminated 
by some of the proce(}ures of the ultraviolet renorJI1alization. After that, . 
the RG technique can be applied and the return to the former physical · 
value of the parameter E is possible. In dimensio:DB.l regularization the 
UD manifest themselves like the poles of E. They can be eliuiinated by 
the addition of the appropriated counterte:riilB to the "intermediate" ac-:- · · 
tion, which could be obtained by the replacement of the bare par~~ters 
e0 in (3) to renormalized ones e: e0 -+' eMd•o, where de<, is the scaling di­
mension e0 (see later), M is a. scale setting parameter. The counterterms:, 
are-formed of the superficial UD, which are pr~nted to one-particle· 
irreducible (1-PI) Green functions [15] .. If these counterterms have the. 
same form as the terms of action .(3), the UDcan be eliminated by re­
definition the· parameter8 of the original QFT. The theory.· is becoming·· 
multiplicatively renormalizable. . · 

The classification of the UD by power counting is possible. MHD is 
a double scaling theory. All parameters and fields have~ momentum dP, 
frequency c/11 and total d = dP +2~ scaling dimensions [8]. They are 

· shown in table. 

Table 

I II cp, fJ I cp', fJ' I· vo, v I M I Uo Tu6 ·. I gg . [_9, g'; g", u, tLQ,_-Po] 
dP -1 2Jl+ 1 -2 1 .2E 2ae (1 + a)E .0 '· ' 

c/11 1 ' -1 1 0 0 0 0 : ' 
0 . 

d 1 2Jl- 1 0 1 2E 2ae (1 + a)e .. 0 .·. 
'· ' 

The scaling dimensionality of N11-particles 1-PI Green function f is 

dr = 2Jl + 2- N~d., N~d~ = N,d, + N,,d,, + NBde + NB•de• 

The superficial UD are simple polynoms of the momentum and the fre­
quency. The power of these polynoms is determined by the formal ultra­
violet index of the divergence 6 (UI). In the logaritmic theory ( d90 = 0 
for all g0) it takes place 6 = dr. If 6 ~ 0 the diagrariun possesses the UD. 
In this theory the "real" Ul 6' = 6- N,,- N6' is used, too [2]. It shows, 
that. the rea.I power of the divergence of the diagrams with external fields 
cp', ()' is always less then the formal one. It should be noted, that l.:PJ 

6 

•li 

1' 

't 

GreenfunC:tions with N,; = N9 = 0 are equal to zero [2].: 
The following 1-PI Green functions can posses the superficial UD: . 

-;::.. f(J'cp > < ()'(} > < cp'~ > < ()'cp > ' ( 6 = 2,f - 1) ' 

.< cp'cpcp >. < cp'fJfJ> < cp'cpo > <:.rJ'~e > :< e'oe > 
. .,. ' -

'! 

(6 = 1,6' = 0) 
t··· 

In the ordinary MHD only the i-PI Green'functions·~ cp'cp > < (}'(} > 
and the vertex < cp'(}(} > 'possef!s the UD [8]. The· correspondingcoun.: 
terterms are: ..... vcp'Dt.cp, v0'6.cp and cp'(OoO). Other Greeri functions have, 
notth:e u:D due to Galilelian invanance (GI); reflex symmetry and 'the 
property ofthe transverse of antisymetric vertex (5) (TV): ·kiv;~z' o: ·~ · 

. In 'gyi~tropic, MHD. the reflex symmetry is broke!l; 'therefore, 'the UD 
c~n be pr~ented: in 1-PI 'Green functions with' odd su~ of the ~Xternal · 
fields 0, 9'. The vert~xes < cp'cpO >, < 0'0(} >:do D'of'po8sess' the UD 
due·to 'the'same reasons- GI and PTV .. Thus, un··rEmiain'o:hly in Green 
fun~tions'< .. So'O >, < 0'~:.->andgenetate the count~rter1Ils ~ vcp'AO, 
g0~6.cp_. The terms of suchform aren't p~esented in the fo~er acti<?n (3) .. 
For this rea8on, it is necessary to consider the extended theory with· the 
3?diti~nal C!~ dissipati~e terms ~vcp' 6,(}, w_vO' 6-cp. "'!'e 'Will call :a n~w 
totally,cllinensionless paranietersv,w as the inverse gyrotropic magnetic 
Prandtl numbers (GPN). To dete!mine the physical r~Sirin of th~ value 
~{both G,PN and PN to solve the liriearized eqU:ation,s)~HD (2) without· 
exter~&l forces .. The8e equations with cros.s disSipativ~·"tenns have·the . 
folloWing vector form: . ' ' . . ' ' ;, •'. . . ,. 

Ot</J = ii6.</J, where 4> = (.:} ii ,; ll C!' .x)·' 
The solution is (in the momentum-time representatio~):, . 

. ~ ~ ,_'· . 
~(k, t) = e:z:p(:-iip2t<jJ(k)) 

~ ... 

. :·.The pbysichl .. salutions must' be · a:tteriuated, ·thus. the· real· parts· of the 

. eigenv,alues (EV) _of the matriX ii must be pOsitive .. The physical region of 
PN and GPN can be determinedfrom this condition. The EV are equal 
to (1 + u)(l ± .J1- 4(u- vw)/(1 + u)2/2. In the general case they are 
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complex. H simultaneously, u > -1,u ~ vw,vw ~ -:-(1- u)2/4 then 
the EV are real . .;_nd positive.· The correspondfug. solutions are clean.:. 
atteriuated:·The oscillated and attenuated' solutions are.obtained for the 
case u ~ -1 and vw ~ ..:..(1- u)2 /4. 

· It is necessary to emphasize a following comment. The orders of 
using dimensional regularization are only a set of some formal· rules, 
allowing to simplify strongly the' a.:Dalysis of critical behaviour' of the the­

·ocy. There aien't.the counterterms with dimensional parameters b~ause 
the parameters of ultraviolet cutoff's type A are absent. However, these 
fufrared-signifidmt couterterms can appear in· ordinary scheme with cut­
off (for exmnples, the .cC?untert~rm'A2<ft2 in the <ft4-theory). The'iJ1itial 
action must possess the corresponding "ma8s" terms. The reno~alized 

· roeffidents at these terms must turn into zero ill the critical regim(!;'The 
diiDcmsional scheiile'ignores both the terms of the initial acti~n ~and cor­
responding counte,r terms. This procedure is selfconsiste~t and provides 
.the correct. results. for the anomalous dimensions. In the gyro tropic MHD 
the G~een functions <(O'(} >, < O'rp > ( in case 2p. = 3) 8.lso poss'ess the 
divergences .~f such type. The corresponding counterterms have the forb 
xA9'rotO, i_AO'rotrp. Iri one-loop approXimation X = X1Y + X2Y1 + x3g", 

· x = x~g + X2Y' + x~g" .. The numerical coefficients depend on. the para.ill­
eter "'' v, w., The.first rotor term generates the mstability~ofthe theory. 
Therefore, its dire~t insertion into the a.Ction (3) is nof~owed. Th~ term 
can. be elimillated in another way using the mechanism of the spontaneous 
syinmetry breaking [13]. On the other hand, i~ can n~t be done for the 
arbitrary constants g, g', g", brit only in case if g' = g" = v = w = 0 and 
g, u =I 0. Later w~ will see, that it corresponds to Kolmogorov' regiine. 
That way we are interested in this reginie. It can be easily see, that . 
x = 0 in this case. It means, that the second rotor term is also absented. 
Note, that the last term doean't generate the histability. · 

4 RG ariaJ.ysis 
In this section the extended gyrotropic MHD with the cross dissipative 

· terms is considered. The corresponding action ·sa has thefollowing.form: 

SO(~) . S(~)+v0vo<P'~9+wovo9'~rp (7) 

8 

f 

!' 

) 

r 

Here, S(~) is the initial action (3). ~. UJ) .can be eliminated using 
. five independent renormalization' constants z,, i = 1 ... 5: We obtain the' 

renormalized' aetion: , . 
, , ;/'), D'" rp'. . (}' IJ8.9 (}' rp' D.,s (}' (;i Ji'."' ,/'), , . 
S~{~)' = r R + R + R + R r + ,. 

2 ' ' 2 2 2 ' 
rp'[:-8t'P +Z1v~rp + Z4vvrp' ~e·..:..(rp8)cp + Z3(0.8)0J + 
0'[:-8t(} + Z2uv~() +Z5wvO'~rp- (rp8)0,+(08)~] ~· {8) 

Here· Dit"'denotes' the re,normaliied n~iseS. · Th'e: action {8) is connected 
with un~enormaliZed one (7) by the formulae ofthe multiplicative reno­
malization: . S~(~, ef = S0(Z~, e0 ), where Z+ 'a.re· the renormalizaiion 
constants of the fields l/J. The renormalized. parameters e ~e related to 
the b&re one8.: · · · · · ·· · 

Yo ='gM2~Z9 g~ =g'M2MZg' g~=g"M(l+t~)~zg', 
' \ ~ ., 

p0·= p for all p v() = vZ" uo = uZu · .vo = vZv we)= wZw (9) ,, 

···z" · z-3 ····z Z.:.:3Z z '.··· z-3z1'
2 

g = 1 ', ' g' = l' 3 . . g'~ = 1 3 .• 

Z;, ,= Zt . Zu =.'Z}1 Z2 Zv = Z11 i<l :Zw = Z11 Z,.; 
. . . . . '"" . .·. . ' ·, 1 .. 1/2 ' 

~"' ~ z,, = 1 z(J -;,z;; .. = Z3 , ·,.: · {10) 
' -· .• , ,J ' ~ ' ' 

The RG-functions - ,8-functions and the. anomalous dimensions of the 
'fields -r~ and the parB.meters'~;.,e'can'be expr~sed)y.the i~normalisation 
constants z: ' ' : 

;.,e(~) = VMlnZe(~) {J9 = VMg g = g, g'; g", u, v, w (11) 

Here VM = M 8~ I~ denotes the derivative with respect to the parameter 
:M. at the fixed values of the bare parameters e0 ~ Later one will be used the 
similar operation '[)M .. 'M 1M I~ at the fixed v8lues of tb~)eno:nilalized 
parameters e. Using (9), {10); (11) we obtain the following expreSsion 
for the {J-functions: · ·· .· 

, , . P
9 
= g( -2e +3;.,1). · {Jg~ = g'( .:_2ae + 3~1 ...:. 'r3) 

/Jg'' = g"(-:-e- ae + 3-yr: 1/2;.,3) flu =u('11; I"J) 
'' , flv ~ v{;.,1 -·.;.,~ + lf2~3f Pw' = 'wbl- ~5 + ~) ..... ,, .J12) 

Replacing'u'' = a(gg')112 one can see;-that /Ja;:: 0; It me~ ihat a isn't 
a charge but only an arbitrary parameter: 'Its value isn't fixed .. It follows 
that the the,ory _is five-charged. ·· 

I'· : '•', ;i ' 
~: . ,. . . 
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5 One-loop approximation, 

In this section the constants Z and RG-funhtions ar~ calculated in one-' 
loop approximation. We use the ~inimal subtr~tion ~cheme, ~here. the 
constants Z possess only the poles ,ov~r the parcillieter €. 

The · correspondiDg . Feyiiinan. graphs·. of the 1-PI Green functions < 
cp' cp >, < cp'O >, < ()'~ >, < ()' cp :>, are ·show~ iri fig.1. Twenty four 
graphs. are corresponded to·the 1-PI vertex< cp'OO >~Six typical Feyn­
man graphs are shown in fig.2~ The. re~aining graphs can .be obtain~d 
by .all permutations of, the fields in the internal lines: · · · · · 

• .. • . . • r· 

, cp cp .~ cp e · ·· e cp 

C\ - .Q - C\ 
cp' cp cp' cp 

() () 
cp'· .'P ()' cp •. 0 () .c/; . 0 

'C\o•o ' , 'I; C?\. + 
cp' () cp' () 

0 
cp' () ()' (} 

cp e . , 
+ . . C?\ . ·+ 

()' cp cp' (} (}' . () cp' (} 
e e.. .. cp e ..... 

.Q···+··O····· 
()' cp (}' cp ()' . . () (}' cp 

cp' e cp' cp 
cp e 
~ 

cp' cp cp' () 
. (} cp 

·~ 
e' cp e' e 
. (} cp ···o .:, ,"· ,-, . - . 

()' cp cp' cp 

Figure 1.: 

() . . () 

+ 0 
cp' e 0 e'· cp 

cp cp :o. 
, cp' cp . e' e 

cp cp 

+ C\ 
()' () ()' () 

cp cp 
Q.o 

()' ·9 cp'cp 

· · The calculations of the singular parts of the graphs give the following 
expressions. for constants· Z: 

Z 
91 92 · at(9t92)1/2 . ( ) 

i = 1 - A,t-- A,2-- 2As3 ( ) ' = 1 ... 5 13 
· f. ~- 1+ac. 

where 91 = 9/B, 92 = 9"/B,·B = 2J.'(2J.'+2)(4?r)11f(J.') (f- gamma­
function) .. The coefficients A depend on .the space ~e~sion, PN u, v, w 
and are written in Appendix II. RG-functions 'Yi = VMlnZ, (i-:- 1 ... 5) · 
can be determiried from the relation: 

'Yi = (,891 891 + {3~8~ + f3v.8v. + f3u8u +f3w8w]lnZi (14) 
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L 
i1 
!II 

;] 
l 

I 
1 
! 

+ 
cp' 

cp 
cp' 

cp 

Figure 2: 

·For: onE? loop calculations of these functio~s it i8 n~essary to· set {391 !::::! 

...:.2€911 fl~ ;..,. ..:.2af:921 f3v. ~· f3u ~ {3~ ~ 0 in (14). We'obtain • ·. ·' 

'Yi = 2[Ai191 + A1292 + Aa3at(9t92)112] 

The substitutio~ (15) into (12) gives {3-functions : 

(15) 

{391 -

{3~ -

f3v. -

f3u -

.. f3w -

9ik2c + 6At~9~'+ 6At:z9:z + 6
0
At3at(9t9:z)

1
1
2
] :· 

92[-2ac + 2(3An ~ A31)91 ..... 2(3At:z- A3:z)9:z : 

+2(3Ai3- A33)at(9t9:z)112] . 
0 1/2 u[2(Au - A:zt)9t + 2(At:z- A:z:z)9:z + 2(Al3 - A23)at(9t9:z) ] · 

v[(2Au- 2Au+A3t)9i + (2At2- 2A•z +As:z)9z 

+(2At3 7 2A•3 + A33)at(9!9:z)11
2

] 

w[(2.An - 2A5t - A3t)Ut + (2Au - 2Al>z -:- A3:z)9:z 

+(2At3 - 2Al>3 - A33)at(9t9:z)112
] (16) 
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Th~ final.goal ofRG analysis,is in the ~tablishment of the asymptotic 
. behavior of the theory. The. renormaliZed. Green functions satiSfy , th'e 

basic RG equation: 

6 

[VM +LP'9.o9•- v-y"o" + 'Yrp'Nrp' +'Y6'N6']Wff ~0 (17) 
i=l . ' 

where 9i = g11 g2, u, v, w and .WJJ are the connected Green functions . 
The general solution of(17) is the arbitrary funCtion of the first integrals 
-invariant charges (IC) g, and invariant variable z, which corresponds to 
the variable z = w / v M 2 • They satisfy the following equations: 

dg,(s) 
s---

ds 
dz(s) 
s---· ds 

P'9.(g(s)) 9i(s) la=l-:9i. 

-[2- -:r"(g(s))]z z(s) la=i=z 
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(18) 

(19) 

I 
I 

w 
10' 

10 5 

10 2 

10 

1 

10 -l 

10 -e 

10 -a 

K 

K - kinetic regime 
W - magnetic regime 

· Figure 4: 

a= 0.70· 
gt= 0.45 
g2= 5.00 

where s = pfM. Formally, the ~y~pt~ti~ bebatiour'·of the Green func­
tions may be inferred finding the fixed p~int gz, ~hich iS' th~ solution of 
the equations .f39.(g•) = 0. From (16) we obtain five complicated alge­
braic equations with .. two arbitrary para.Jiieter8 a, a. The fixed, pomts. gz . 
are infrared~stable, if the m.~trix 8P'9J IJg~c li-=~ is positively determined. ·. 
There are two infrared~stable fixed p'oints: 'the Gaussian :ui = 0 (it is st&. 
ble if a~ 1.16) and nontrivial 91 = 2€/9, u = 1.393, 92.= u =·tJ ~ w = 0 
(it is stable if a ;?: , 0.25). Note,·. that they coincide, with fixed points 
(the magnetic a,nd kinetic) earlier fou~d in ordinary MHD. T~e,kinetic 
fixed point provides the existence of asymptotic critical 'reginie of the 
Kolmogorov type.. " · .. , . . . , , , 

Weuumerica.lly solved Gell~Mann-Low equations (18) forthe'vMious 
initial 'values of the invariant charges 'g,. It.' provides the poesibility to 
a.Dalys~ the attracting regions ofinfrared fixed points. The initial· val­
ues of g1, g2 are unknown, but initial values of u > 1 for the ·realistic 
medium,~a.nd the values ofv, ware limited by the values u. In particular 

- . :.• ' 

·' 
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case, the attracting regimes are shown in fig.3 , fig.4 in the plane GPN 
w, v f~r several ·values 911 92, u and a. The curve w = ; limits the 
region of physical values GPN from the top, K, M denote kinetic and 
magnetic attracting region, respectively. The region K is Jimited by the 
curve wv = u and dashed lines, which depend on the initial values of the 
91,- 921 u and the values of the arbitrary parameters a, a. The 1-,2-,3-
dashed lines in fig.3 correspond to th'e initial value 91 = 0.45, 92 = 5; 

' .; . 
91 = 0.1, 92 = 0.1; 91 = 0.45, 92 = 0.1, respectively. Analogously, the 
same marked dashed lines on fig.2 correspond to Ct = 1, Ct = o, Ct = -1. 
If wv ~ u or w ~ u for the small values v then the solutions of (18) (the 
phase trajectories) tend to the infinity. These pictures a.re not signifi­
cantly affected by the changes in the wide range of the ~alues_ 91 1 g2, u 
and a~ Therefore, the large part of the GPN physical region' lies in the 
attracting region of kinetic fixed point. 

On the basic of all obtained r~ults we can conclude, tha:t the Kol­
mogorov critical regime is realized in gyrotropi~ MHD for the general 
cane of the arbitrary matrix of noise corrclators. That way, the expla­
nation of the generation of homogeneous magnetic field by means of the 
spontaneous sym.metry, breaking mecha.JJism earlier accomplished in pa7' 
per [13] is sui~able to this 'c~e, -~ well. r ' 

0~~ of the .·~uthors (M.: Hna:tich) is grateful to f~of. B.K?peliovicb 
for hospitality at JINR, where this paper was finiShed. He would like 
also to express his .thank to M.Alta.iskY for the gr,eat help ill preparation 
oftbe·p~~r. . ·· . ,. ·. · .·, ·, .. , ' ., 

'' ... 

a- ·Appendix·! 
·, 

The propagators of the extended theory have the following form: 

, A"'"'' MR 6os; -.LR, :b_e"'; ·< 7'"SR A'('6' = ~V-.fi.(20) 
A"''"' · . .RT M-z: A(J'(J = RTLT: ~~'"' =·-RTSJ:'. A"''(J ·= -RTyT. (21) ' 

A"''P = RRT(D"'"' M MT.:... iJ,o MVT- D8"'V MT + d 8VVT) · 
/ A88 = RRT(D"'"'SSZ'- D'('6 LTS- D8

"' LSI'+ D68 LLT) 

14 

A<pD 

Ae"' 
- RR~(-:-::-D'PV>MSZ' +·D'('6MLT +D8'~'VSZ' --:D88VLT) 
- RRT(-D"'"'SMT +D'('8svT +D8"'LMT +D88 LVT), (22) 

where 

· R = (LM- SV)-1 V = vvk2 S = wvk2 

L = - i w + vk2 M = - i w + 1.wk2 

The superscript "T" ·denotes the operation of th~ ex~hange w ~ -w and 
k-+ -k.· The propagators (20) are retarded, .(21)- advanced, and both 
a.re proportional to the transverse projector ~ •. The propagators (22) 
a.re proportional to the mixed transverse projector P,,. The A"''"'', A"''8', 

A 8'V'', D. 8'8' a.re equaled to zero. 

7 Appendix II 

Au· = 4J.L
2

-::-2( 3 2 2 2j 2...:.2j.i( of: 
lst2 ,. u +u -::.2uvw -uw +w. + .482t2 . u + 

2u3 -·~2w2 + u2 - 2uvw.'7 4uw2 + 2v2w2 + 2vw3 -w2) 
• { ' c' ' ' ' '> 

A12 
4J.L2 - 2 . .. 2 - 2J.L 

- 2 (uv2 + u- v2 - 2vw + 1) + 
2 2 (u2v2

-
ri . ~t . 

u2 + 4uv2+ 2uvw- 2u- 2v3w:·_ 2v2w2+ v2- 1) 

A13 

2 . . ' 
4J.L -.2 2 2 2 . 2- 2J.L . 3 - · 2 (-:-u v + v w + vw - w)+ 2 2 (-u v-

2st · · 2s t 
3u2v + uv2w + uvw2 + 3uw - wv2 

- vw2 + w) · 

2J.L + 2 2 . ' . . 2 . 2 . 2 
A21 = ~ ... . [(2J.L- 2)( -u ..:... u+ vw ...;_ w ) + u. + u- vw - w ] 

2J.L+2[ ) .2 '··.'2· A22 = 282tu (2J.L-2(-u-v +vw-1)-u+~ +vw-1] 
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2p.+2[( )( . ) ,.. . ]. A23 = 2 . 2p.- 2 uv +.w -·uv+ w stu . . . 

A31 = -
1
-( u~ + 3u3 + 3u2 + u- u2v2 - 3u2vw - 2u2w2 .:... s3t2 . 

uv2 
- 4uvw- 3uw2 + v3w + 3v2 w2 + 3vw3 -:- vw + w~ - w2) 

1 . ~ 

A32 = 83t'l (-:-;-u3 ~+: u2v2
- 3u2

- 3u +u2vw + 3uv2 + 4uvw + uw2 
-

· v~ - 3v3w - Jv2 w2 + 2v2 
- vw3 + 3v~ + w2 - 1) 

A33 = } 2 ( -u3v - 2u2v + u2w + uv3 + a-t . 
2uv2 w + uvw2 

- uv + 2uw - v2w .._ 2vw2 
- w3 + w) 

A~1 = - 1
-[(4p.2 - 2)(-u2v + u2 w + 2uw- vw2

- w3
)-· 4st2v 

. . . 1 . . 
2p.(u2 v + u2w- 2uw+ vw2

- w3
)] + -

2 3 2 
(u4 v +. u~w .;_ 

. . stv c 

2u3 w + 2u2v2w + 3u2vw2 ~ u2v - u2w3 .:_ 5u2w + 4uv2w + 

8uvw2 
- 2uw- 2v3u? - 4v2w3 - 2vw~ + vw2 - w3) 

A~2 1 [( 2 )(. . 3 2 . ) - 48t 2v 4p. - 2 2uv .- v - v w + v - w -

. 1 
2p.(2uv +v3

- v2w- v- w)] + -
2 3 2 

(2u3v + u2v3 -
s t tJ . 

u2v2w + 5u2v + u2w :..:.... 8uv2w ...: 4uvw2 + 2uv + 2v4w + 
4v3w2 + v3 + 2v2w3 

- 3v2w - 2vw2 
- v - w) 

A.3 = - 1
-[( 4p.2 

- 2)( -u2 + uv2 
- u + w2

) -:-
2ri~ . . 

2 .( 2 2 2)] 1 ( ~ 3 2 p. -u - uv + u + w + -- -u - u v -
s3t2 v 

u3 + 2.u2vw + u2w2 + u2 
..:._ 2uv3w- 2uv2w'2- uv2

.-

2uvw + u + 2v2w2 + 2vw3 + w2
) 
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A
51 

= .:... (2- 2p.)(2p. + 2)u 
s2t 

A
52 

= _ (2 .:... 2p.)(2,u + 2)v . 
s2tw 

Ac;3 = . 2(2- 2,u)(2.u + 2)u .. 
s2tw 

Here, s = 1 + u, t = u- vw. 
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