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INTRODUCTION °AND STATEMEN_T OF PROBLEMS. 
r~~ 1;' ~>, ·•,1 r,_ · 

B~und st~t~- tli~orie~;• th.~ ~~iq~e~ess t6f radiative gauge,, _co'ntT'adict_iJn's: between the 
' ' , . , ~• ,. -. i · • · ·•. · • •: • · ····: -. • _ 1 .. , · l . '! , • : • •. ·,. ' '· , ' •: : , ,J t • ; · • '. • , • - ,~, < ; • ., ••. · . i 

theory _and the pmchce m the description, of an atom, gauge dependence a11:d. gauge 
inva'riance; nla({vi;tic theory of th~ bilocal field. 'I , . · .• 

• <, i : . ' • ; ' • . • : • '. • ' . ' • Cc ! , • ' • • ' . - ~ -~ . '. •' 

I would like to begin with recalling the decade of theoretical physics from 1964 . 
to 1974, whi~h could be called the· ."gold ag~"; That time -there were suggested the 
first quark models, tlie·parfon niocl.el and scaling, the c:'uri·ent algebra and chiral La-· 
grangians, the UI).ified. theory <?! weak alld electromagnetic interactions and. quantum 
chromodynamics; there were formulated the basic notions. and methods of quantum 
ga:~ge field theory,.ideas of,the string theo~y; supersymmetry and_conformal theory. I_t· 
was the time of .aJruitful unification of theory, phenomenology. _and experiment, the 
time of ~apid inve~tion ofnew· ide~; c~nceptions, pr1nciples, notions and, te~ins of the 
moqern high en~rgy physics. , . . · . · · · , · · . · _. · . 

Begim?,ing in 1974 the. forefront of theoretical physics moved to. the problem of 
confinement .i"-n~ hadrf>nization,·-and_ hay_ing not solve{ t~is problem in the eighties 
turned out to be at "ethereal distances" of a superstring theory of all. interactions, 
which ,is sti_ll:far from reality b~t at the same time i~. very .be~utiful tobe th~light ~f 

'as a chimera. - . . . . . -· . . · .. . 

The idea of strings themselvis arnse from the phenomenology of strong interactions, · 
. . . 

and· one of the ways to overcome the difficulties in creating a unified theory consists 
the solution of hadronization and confinement at least.at the level of correctness of the 
modern quantum electr~dynamics. 1• _ . • . , . • . 

1 My lectures represent a review. of.attempts in creating .a self-consistent theory of 
.bound stat~s of quarks a~d gluons. . 

There atte~pt~ should take into ac~ount the experience of. describing. ~toi:ns as 
bound states in QED, all the more that hadrons made of heavy quai'l,s are very much 
alike ato~~- .· · · · - . . · 

Let me produced with, a few words about the general relativistic theory of bound 
·states which can be considered at three levds; relativistic classical theory [l], relativis
tic quantum mechanics [2], and quantum field theory (QFT). 

At th~ first two levels .the theory is in fact fo;~ii'lated only f~r a "dir_ect interaction" 
which is called the "action at a distance" (f<>r example, the Coulomb or the Newton 
forces).,i ... ·r· ,. ,; 

The higher the level, the less are. the contradictions .with the corresponding theory 
of bound states. For example, there is no classical relativistic theory of two-particle 

'interactions which does not contradict the notion "trajectory" [l]. Nevertheless, a 
consistent quantum mechanics of two particles can be constructed. 

There are difficulties only in generalizing this theory to marty- body systems.· 
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We h'ope tli~(th~'·n~xt level ( Q FT) will allow one 'to; solve this task too. Howe~er, 
just in the case of QFT the status of well- known direct interactions beco~es indefinite. 

On the one hand, direct int~radions,iri QFTipresent a unique example, for which 
there exist a physically consistent theory of bound states in their rest frame. Going 
beyond ~he. scope_ o~ dire~t i1:teraction~ additional. hypotheses (of the type of "instan
taneity" in'theqitasipotentional approach (5]) have to_.be introduced. 1 '. '.,: ',? :: ', 

On the other hand in all gauge theories, including gravity, direct interactions ap
r>ear only aft<!~.~ de~~ite choice of gauge. For ei<:ample, to describe atoms in QED, 
oiie choose ~he C:oulomb ( or radiativer gauge, where' the total'propagator ,for _the in
terlicti6ns between two chaiged currents :1<1> ,JC2> is given as a: sum of propagator for 
Coulomb interaction C and the propagat~r- foi-' transversal photons· T: .· 

: . . > . l 2 • . \ . ; • '
11 .•·· , <:>. 1 ·. 

C ·+ T-' 7(1)_ 7( > + JP(o .. _ q·-q··)J. --. - "o · 2 "o . , · ,, a, q2 _, ~ q2 __ q2 
' ,';I .··,' . .' ·. 0' ' 

. (1.1) 

In accordance with' the practice of the' description of bound states in QED the 
C~ulonib interaction C is ·considered rionperturbatively and the second; transversal 

. part T, ~ the radiation correction (by means of perturbation theory)'. hi other words, 
-~n: "atotn" is formed by· the static infrared singularity of the Coulomb field, q2 = 0, 
and this singularity belongs only to the Coulomb· gauge anl e~plicitly depends on ~ri 
external vector IJ~ = (1,0,0,0) (called the time-axis vector):'The expressions C,T and 

• suin (1.1) are .relativisti~-noncovariant. . . 
The main questions are how to restore tµe relativistic covariance and how to prove 

the gauge independence of physical results. 
l' There is a difference between the practical jl.nd theoretical answers to these ques-

tions. 
, The "theoretical proof" of relativistic covariance consists iri'atransition to another, 

relativistic,· gauge that' does not depends on _the time axis. and i'n. the.proof of the 
·. independence of physicalresults of.gauge due·.to the gauge invariance ·(when a gauge 

change is made.by the gal!ge traIIsformation).. . . 
,: . Really, multiplying the term:C-by the factor one (qi,.;.. q2)/(qi .:..._ q2

); we cari de
compose the sum (1.1), C + T. into the Feynman covariant propagator F and the 

"longitudinal term·L • · 

C+T = F+L= 
J{l). J{2). (J~l)qo)(J~~>qo) ~ (J1l)q;)(Jj2>q;)' 

= ,--( q--q-)-, + -.-.-, ---.. -q-2(_q _; q-)-... -. -... -=-. ,-. -. 'J 

(A· B) = A~Bri -A;B;).·'. 

: (1.2) 

The ~hole "theoreti~al proor'of the relativistic.covariance of eq: (l'.2) (see ref., [6])is 
the statement that the contribution of the longitudinalterin L equal zero. This takes 

· really place because of the current conservation law'· 
... ·. 7(1,2) _ J(l,2) . , · .. 

· "o .· qo,- ; q, ... •· 

So we get the equalit,Y_ 

2. 

,'(1.3) 

C +T = F = _J(l>: JC2)• .. 
q·q 

(1.4). 

In this explanation of the relativistic covariance the transversal phot~n T is consid
ered ~ a relativistic corr~ction, and the Coulomb field C and the potential model are 

· understood as a: nonrelativistic approximation and a nonrelativistic model respectively.· 
However the given proof which is based on gauge independence of physicafresults 

is valid only for scattering and dissociation processes but not for the task of bound 
states. 

If the omit the term L in eq. (1.2), it is easy to see that the propagator in the 
relativistic gauge (1.4) loses the static Coulomb p_ole ( q2 = 0) which forms.the "atom". 
The term L disappears only on mass-shell ~f charged elem:enta.ry partides. But the 
latter are off mass-shell in the Bethe-Salpeter equation. Here the currents (J) turn 
int~ the vertices (f) which do not satisfy the conser,vation law (1.3). 

. For the description of atoms y;e cannot use any gauge and any time-axis ,IJ,,. When 
the atom. spectrum is .calculated in a relativistic gauge, one adds the Coulomb field 
C(11)-by hand.[7]. Futhermore from one and the same expressi~n (1.4) we can get,the 
wave function for an atom at rest as well as for a inoving atom in dependence on our 
choice of the time-axis in the term C(-17). There is the series of work [7, 8] devoted 
to the proof of the gauge independence of an atom spectrum. In these. treatments, 
the Coulomb interaction is used in the rest ·frame. with the choice of the time-axis 
17,, = (I, O, 0, 0). However, the authors of those papers have not taken into account 
that the vector 17,, (contained in the CJulo111b part of the interaction) can be indeed 
arbitrary, and that a transition from one vector· 11,, to another 11: ( I]~ • I]~ ,;,· I ) is, 
realized by means of a special gauge change . 

It is easy to check that the usual Lorentz, transformation, or a special gauge change 
( 1/ .:...+ 17') break the relativistic disp~rsio~ law ( i.e. P · P = Mls. , where P,, is the 
total momentum and Ma.s. is the,mass of the boundstate [9]). The dispersion Jaw is 
invariant ·cmiy under a combined realization of the usual Lorentz and the special gauge 
transformation (P -. P', 11 -. 17') in such 'a way that the time-axis is parallel to the 
total mom~ntum ( 1/;_,.,:, Pµ, 11:. ,:.,, P:,k This paralleli;m is equivalept to the Markov
Yukawa principle concerning the choice of the bound state· bilocal relative space and 
time with respect to the bound state total momentum operator [10, 11]. The need for 
a combined transformation has first been poin_ted out byHeisenberg and Pauli [12] in 
their pioneering papers on quantization of electrodynamics . 
. Thus we have seen that there not only exists a gauge depende11ce of bou~d state 
calculations but that this dependence is necessary to provide relativistic covariance. 

. · Thus for the task of the description of bound states the following questions arise: 
, ·. . 1. H~w looks the relativisti~ co~ariance for "atoms" like if the interaction ( 1.1) 
depends on_the,,('.!xternal time-axis 171,? _ . 
. . 2. :\Yhy i~ _the Coi1lomb gauge favoured?_ . . 
· ... 3 .. How can one describe"afoms" in other gauges? 

. . 4. What is' tl{e st~tus of 
0

the poi.ei1tialn1odcl? _·· • . 
, 5 .. ', \Vliat is the time-axis for ITI~ny-p~rticlc relativistic bmind syst.c1T1s? 

,. .. ~' ' ~ , • ' ', ' • l 
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6. Does the gauge dependence of physical results mean gauge noninv~riance? 
!n t~e present. Lectures I try to give answers just to these questions and I will 

construct a relativistic gauge theory. for atoms and hadrons. · 
· Let me begin with answering the last question because the confusion of the notions 

"gauge indep~p.denc!'!".l and ~gauge inyariance", is the main obstacle for.solvingithe 
proble01s .of the relatjvistic •bound· states; ..• First ·let. us tecall- such; notions as "gauge· 
invarianct:'\ ''.choice,of ga~ge",.and "change of gauge~. ,The gauge invariance of'the 
Lagrangian • · · 

1 
L = --:4FJv ; F:µv = OµAv - OvAv '. (1.5) 

., ( 1 

m~~ns that it q~e~ no\ vary under gatige transfor~atlo~s :.?f the fields . 

·. :x . . '. ·.· .. 
A" .= A~ -t: 8µ>. '.i(A")';,; L(A) .' 

i• ., ,•·· '· •. 

' (1:6) 

.. The· "choice of th~ gauge" is a specific gauge· transformation >.I depending on the 
field A; so tha,t the new fieldA£[A]:::: A":+ a">.'[A] satisfies thii additional ~oridition 
("gauge condition") . ·. ·.· ·• · · ·· • . . · ·1 

• . • · . · • ' • · ' · · . 
;·· :,, ,,·· ':" ,, ' ." . ' ' ' 1:: .\ . ; . 

f(Al[A]) = 0. (1.7) 

The quantization of the field~ 'and, the Feynman r.ules are. always formulated in terms 

of a: c~rtaingauge: X = 0, /2 ~ 0, :jfor e;ample, ,. . . ,·, . ' 

·Ai>:::;() i :8;Af= 0 •·' (L8) 

We\~ull like td dr~w your'at_tJn.tib~ t~ ~oine not,~~lfkno~n co~se'quences
0

of ih~se 
defiriitions.' · \ ·.·· · ' '. · , · : '. . ·. · . . · ' '. · _· · . . · · · , . ' · ··. . · . · 

i). Th~ e~plicit sohition.~f gauge c,ondition (1.8) gi:...es the physic~ v~riables A1 as 
a functionaf 011' th~ infaai fields A;.' In QED this is the axial field . '. . ' . 

.• . . . ··,: . , ' .. '. ,_ •. ' ~ ! '. ; ~ • ~ ' ' . ·' ' ,· '< • • • ,, ' •• •• ', ,. • '. "' 

' • I /, 

. (3l ·. ·. l • . , · (3) · · ~ · • 
,41' [A]=(8µv-,0µ0383v)Av, (A3:[A]-::O),_ 

or the transversal field 
• 't ·, • 

' T . . 1 T 
. A;[A] = (8;; -8; a28;)A; • (o;A;[A] = 0), 

' 
(1.9) 

and, so ~11-· Th~s~ functionals are, invariallt under ga1;1g~ t~aJ1sforn{8'.tions ~f the initial 
fields)xi. t,h~ serise of eq. (1.6). So, anr ga~g~ .c~oice is ati:ansition from the initiaLfields 
t_othe ga_iige illvaria!}(physi~al variablesJi.e,. "gauge" (1.8) _is thl'l choice of variables). 

I( th~ physic,ctl r~~!ts, depen,d on,: a." gaugl'! ch,oice" 0 .8),. this _does, not. mean. that 
the gauge inva~i.;,rice pdri_ciple is bi:oken, as 0

any "choice of variables" (1.7) is g~uge 

4: . 
. r;,, 

invariant. In the last statement we cannot substitute the term "gauge"· by the ter.m 
"vciriables;', otherwise, we get' nonsense:· "a:riy choice of gauge'; is "gauge invariant". 

· To exclude that kind of nonsense, we sl{ould use the terms" choice of variables", "change 
of variables" instead ·ci "choice of gai1ge", "'chang~ of gatige": ' '.· ' . . 

ii). Different "variables" are connected with each other by a tran'sformatibi'i; ·wp.ich 
is called the "change of variables". For example, the va:riable Af is expressed in terms 
of the variables A <3l by means of tlie\ransforma.tion. · ·., ' , . . , ; . 

Af[A<3lJ = (vT[A(3l]}(A\3l - ;,_a;)(vT[A(3l])-1, •' 
ie 

"PT 
' . . . . . . 1 

= 'vT[1(3)]VJ(3) j (v~[:1(3)17'. exp,{i,~a2 O;A;,}) 

(1.10) 

This tt1a~sformation does not differ in-sense from the same tranifor~~tion of vadables 
in any nongauge theory. Any physical results including the average (the Gre~n ftincti6n) 

.' • ' . I ',' -\• •: • '•, • ". • \ J ( 

<"PT:.: ;v >=< vT[A(3)]VJ~~> ... ,j;(3l(v1:°[A(3)])":I .>; . . (Lll) 

do ~ot' depend on the change of v~rl~bles. The in~i~ problem corisis'ts'i~'thatther.h.s. 
of (1.11) c~~tairi'~ n'ot only the modification 'of the Feynma'n r~les (i:e. the "g<!,uge 
change") but also the spurious diagrams induced by the artificial factor vT[A<3l], ·which 
do not follow from the initial Lagrangian. or Hamiltonian. An example of this spurious 
diagrams is the longitudinal part L. in eq. (1.2). , · ·. . 

.. ' In term II change of gauge" differs from the term II change of variables" as it means 
only the modification of the Lagrangian Feynman rules'., :Both. terms, coincide in.the 
case, when the contribution from the spurious· diagrams is equal to zero, for example, 
for the S- matrix of scattering with the asymptotical states on·mass- shell. . 

But off mass- shell (Le. for bound state physical values) the artificial spurious dia
grams in general give a nonzero contribution, and the dependence on.the "gauge'' takes 
placc::. Nevertheless as we have seen above, this does not mean gauge _noninvariance .. 

. The problem is that, to reproduce the observed Lamb shift in atomic spectra, all 
"variables" (~xcept th_e Coulomb ones) .must consist of contributions from both.usual. 
Feynman rules diagrams and man~ made spurious ones. The latter restore just the 

· Feynm~n mies in the' Coulomb ( or radiative) 'variables. Tlie racliative vari4bles are the 
only ones which do not demand these spurious diagrams. · · · · · 
.. .. Before we discuss the problems of the favourity of the "radiative variables", we shall 

•. rec~U the main statem~ri'ts of the general ·relativistic theory of bflocal fields, as atoms 
and hadrons· are ,described by bi local fields:. · 

, .. . . , ; • . ' ' .• • ·: ·•, .• •: : ·, ·,. ,' • , ' ;. : ,, X1'- X:z . " .. 

, , :, . M(x1,:i;2) = M(zlX) ; .,zw=:" (:r1-:;- x2)i,,; Xw-=:= (-2-,. \.. (1.12) 
. ' .-.,. . . 

, W,~ s~ppose t~at z_ .and X. are· tpe rel~tivc::·~IJd totct(l;ound ~ta;te co~rdinate_s, re~pec
tively; X1, X2 are the coordinates of two particles which form.;, bound state. . , , 

, .For example, the bilocalfield of a positr.oni~m ( e;. e--: atom) has in, the rest. frame 
-the form:.'. · · · · · ·· · · · 

••• . -,• •l 

,M(zjX),= eiMAXoVJ(z)~(zo).· 

5 

. (1.13) 
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;The d~l~~-J~n~ii~~ S(;~) ;m~ii11s ~he·i~stantaneity of tw~·elementa;y -~arti.cle_~ f~rming 
an·' atom .. \ ,TJ,(z)js the wave f~ricti'on satisfying the Schrcidinger, equati~n with, the 

' Couloirib pot~nti~l. ' Th·e :instantaneity' of the ,atom reflects the: iristantaneity: of th'e 
, qqµl~~b, i~teracpon: ·; , · · · ·· ·· , · , ; .. · · .· · 

;, ' , · -•·; ''wi~t ~ .:_½ /dx1dx~ef,(i~,)~(.i1)K:,(x1x2)~(ii#(x~) -·, · (1.14) 

where JC is the Coulomb ~ei-nel ·. :i .,-

JC(:i1:i2)'= C,o)Yc(z)S(io)(,o) (1.15) 

In' 1978 S.Love (7(~ad 'pfoved' the theorem· ;ha~- the' i~diatiori' corrections, breakirig 
.. tlie•i11~farifa.rieity or' th.ehiteradion (1.15), d~ not brea~ the iristanfarieity of the a~om 
bilOc:al'~eld (1.13):; . 1 .' • _ ·•··.·. •• .. • · • , • •••. • ._ • : , ·.·,. • . • • 

The main question'. iri connection with the problems discussed here concerns the 
foriri_ of action (1:;14) frir' a; riiovirig atoiri'. ; . '' ' '' ' ' ' 
. ' It'is well1mown that the,wavefonctjon oh r,elativistkatom (used fort~e de~cription 
of' the 'creation of atoiris. and of tlieh~' destruct'ion) is const~ticted by the usual boost 
·?p~ration•. • · ·. · · · · · · · · · .. , . . · ' 

.M(~i; X2) - M'ki;x2) .= eiP'.·XJ(z~)S(z. 77') (1.16) 

where 'P' is total momentum·' 
,( ' 

· ·'P=(✓'P~ 2 +'Mf; fi\,~:o) ~·MA';iJ~• ;_ 
,11\ ·,.: : .. ·- ·' J , • ' 

. (ht) 

and 
,,,• I ' ,, 

L . ,.·( ' 't)· z,,. = z,,-:- 11,, z · 11,, ·, · (1.18) 

. is the tra.nsver~a.l pirt 6£ th~-i-~lati~e c;oi:di~~te ;,, ~ith-~es~e~t to'tb~· total,momentum . 
.. •,. This relativistic atom bilocal field 'is'd~scribed :by the ~diem (Li4}'wiHi the'~ovirig 
. Coul~mb.kernel,. , . . ... , . . , .· . . . .. 

· x:cx~tr:2) ~- .\:(z1x)'~"'~,·v(z.L) f s(';: 11'>" 
• ,, • ,,.-- •• _.;,',;,\ .• ! • • .• , . ,,: ·· •. J - , .... 

(1.19) 

Tliis means that we choose the riew rad1a'.tive gatigld;pendi~go~'tli~' arbitriry uAit 
. time-like vector 77~: ( tliat orie · c~lls by' the. time~ axis ofqtiantizaticm) and this. vectorhas 
. been chosen"parallel to the'total mcmienti.im of an a.ton( (77~ ,v 'P~): A'ccording to. 
the Love theorem the old,'structur'e' 'of the" bifocal' field (L13) carinot be restored by' 
'the radiatfon::coirections: We·carinot' say here that· the"a:toni· wa.vefun~tioi:i does not. 
depend'ongauge/·, ', .. _· , ., .. _ . , . _. ··_.· .. ·, 

· So;'the usual boost o{the malrixelements with the'atorri.wave fonctioitcorre~ponds. 
. to'the Lorentz transformation of fielioperators a:ccompa.ni~d by tne gauge cliarige.' Just. 

1"A proton yesterda:~·'and\electron toda:/do riofm'~~lan atoni [13]. 

6-' 

I {. 

·thi~ field transformation law has fii:st b'een pointed'ou·t b,{Heisenberg and.Pauli in 1930 

'[10]. ' ' ' . . ' ',' ' ,, ' . ' ' 
· Another question is "What. is the relativistic atom for which we do not change 

gauge ?" The aris_wer to this qi1estion is given. by _the ge~eral theory of biloc_al fields 
[I0],[11] .. ' , . . . . _ .. . . . . . .. . . . _ : , . . 

!Us easy to see that the bilocal fields (1.13) and (L16) _satisfy the Markov- Yukawa. 
condition [10]. ' · 

z,, a~,. M(zlX) = 0 (1.20) 

which means that the bilocal field is an irreducible representation of the Lorentz group 
(i.e. it has the mass P 2 = Ml and a spin). Expression (1.20) is a generalized con.dition 
of irreducibility of vector; tenzor and other fields (8"A" = 0; 8,,T"., = 0; · · ·)111]. 

If we shall not change gauge, then the irreducibility condition is not fulfilled and 
the relativistic dispersion law breaks down, 'P2 -/- Ml (see for example ref. [9]). Thus, 
not only the wave function but also spectrum depend on gauge. 

We should prove the favourity of the Coulomb gauge with the time-axis 77 =(1, 0, 0, 
0) for the description of an atom at rest and find the internal mechanism of transition 
to another gauge with any time-axis 11: ( 11: · 11: = 1 ), 

We will see below that the definition (1.12) of the total and relative coordinates 
X = (xi -;I-' x2)/2 and z = x1 - x 2 respectively is universal for quarks with an arbitrary 
mass, including also constituent masses depending on momenta. 

For the description of baryons and many-quark systems in an arbitrary relativistic 
reference frame, one should generalize the Markov-Yukawa condition (1.20) for the 
bilocal field to the N -local field M(x1 , x2 , • • • ,xN ). By analogy with a bilocal system, 
we introduce for the N -local field the total and relative coordinates 

1 N . 
X,, = N L)x;),, , z£•l = (x;),, - Xµ 

i=l 

which are connected by the identity 

N 
~ z(i) = 0 /_,, ,, -
i=l 

(1.21) 

( 1.22) 

Then, the natural generalization of the Markov-Yukawa condition takes the form 

z(i) ~M(z(l) z<2> • • • zCN)IX) (i = 1 ? • • • N) (1?3) " ax,. " ' " ' ' " ' '-, ' ·-
Let 'P,, be an eigenvalue of the operator for the operator for the total 4-momentum, 

and '7µ be the unit vector in the direction P (77,, ~ P,,). Owing to the condition 
(1.23) the N- local function M(1il;>,p~2>, .• ·,p£N>IP), being the Fourier transform of 
M(zt1>, zt2>, · · •, z!t'llX) with respect to all coordinates, depends only on the transver
sal relative momenta 

N 

J>flL = P!:> - 17,,(p(i) • 1J) • LP!:)L = 0 ( 1.24) 
i=l 
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.. M (p!,1>' p!,2>'.:. 'p!t7> IP),.= M (p!,1>~' v!,21~' ... 'p!t7>1. IP) 
' ' ; . ,~. ';, . • ' ' . • . • ' ~ ' . . I • 

. (1.29) ' 

So, the main results of the first Lecture are, firstly the .introduction of the terrii 
;,choite 'or variables" .in'stead' of "choic~ of· gaiige" ;arid ·se'condly the necessary·~( the 
choic~ 'of the· time- axis 'of quantiz~tion and boun'dary condition~ in· ii.ccord~n~e''with 
the Marko~- Yukawa"condltion (i.2oj; if we want to describe bo~ri'd states as irr~dJ~ibl~; 
repre~entations;ofthePoinca~egroup. : .. , \ '· .:, ' '' ' .. · . ,· 

' . . ' . . . . 

,· 

j • ~ i • 

... ~-.-,:fo•' 
f ., 

,, 

q,1 

8,. ~~,._ 

.· -· 
·i·;_: ··2 ·_LECTURE ... , ... :; 

:t>;•; ;; tl'". 

,. 
•·· .• 

l .. -,, 
.·1·i:.- 'i· 

MINIMAL: QUANTIZATION, OF ELECTRQDYNAMICS. : 
, .. ! ~. ·:~ . 

·-·_; j n J --: ·. /'. •, 

Constraints and the Heisenbe1y relation, quantization without gauge, covar·iance of 
a "instantaneous" atom, the· time _ci;il ,i:na the Belinfante te~;or,. ,- ' 

In the first Lecture we established the contradicti~n's·betwe~J tlieJx~erieu'~~ of th~ 
description of bound states QED and the conventiona:l "theoretical proof" .of relativistic 
covariance and .gaiig~ iridepericlehce baseci'~ainly o~ the ~xp~ri~nce 

1
0( the theory of 

scattering of free particles. · . . . . : . . . . . ,, .. . , , , 
In the 'scattering theory the 'rJiativistic covari.Jice is a 'cori~~qU:erice o( th~ gauge 

independence of the physical results. On the other ha,nd, in the theory of bound states 
a.gauge dependence is manifestly present/inor;o;e; it is. even necessary to provide 
r!'!lativistic covai;iance. . . " , . , : . , :· , .. ;- ._ . . , ·. . ., .. , 

Futhermore the U:otions "gauge independence'?, ancL''.gauge invariance", are often 
confused which obstructs.rea:lization and understanding ofii.ll these·contradictions. 
•:, The first , step, to ove~cq~e, this. l~t 'obstacle :~as ti1~, introduction of the notion 
"c~oice. of varfa,bles''., ins~_eadof rchoke of gauge". We have shown,, that the choice 'of 
variables itself is a gauge-invariant. procedure leading to the establishment oL definite 
Feynman rules 'in perturbation .theory. The dependence of the.atomi~-ph:ysi~s results 
o~ the ch~i~e ~f the Feynman· ~ules (Le. i~ ti~~ old language _'on the "choice of gauge'?) 

. d?es. n9t, mea:n,a br~al<ing _of gauge invaria~ce: . '; ;. , , ,· ·:, ,,, .. 
In. the c~ntext of t}j,e bound state problen1: one .. has: to gi_ve evidenc.e in favour. of the 

Feynman rules in".the ~.Coulomb gauge'\ or,: in'the new language, in,the. "transversa:l 
v~ri~bles".·. ·. ··. · · ·: , · · , .. ·. ,· ., . · ; .. ,:, ,.· ,. :·, 

. The present Lecture.is devoted to.the·solution ofjust,this task.' ·.'. ,- ., ,,;;:.,., 
. L~t·. us consider 'the qua,ntizati~ri of ,the two simplest systems in classica:l mechanics 

with.the L~grangian~ , . . . 

'•: ',"' ·2 " : . ; 2· 
r q, · r ,_q 

.1.,1 = -, j · .1.,2 = -
·, ,2, ,, .,.2, 

\.'l.c/ 

. The Lagrangian £1 describes a nontrivia:l dynamics of a point with the momentuni 
· p = 8£if 8q = q and with the Euler.equation ij = 0;• Quantization means the transition 

to operators for the momentuin'and coorcliriate' with the conuniltation relation 
i[p,qJ = ti · · · · · 

The Lagrangian: £ 2 descri?es,a ~hys~cal,P,.oint
1
a_t•!est with, zero momentum . 

p = 8£2/8q = 0 and zero coordinate q = 8£2/8q = 0, as a solution of Euler equation: 
·, '.fhis·is the'sim.plest example of a system witli zero'iriomentum' ai1d in this s·ense it 

is analogous to gauge theoriesi 'where· the ~quality; to 'zero of the Irionientuiri :is freated 
as a constraint [14) imposed on dynamica:l variable intended for a quantization iri. the 
spirit of the first system £ 1• Thi~ ,constrain~ is. not µnique .. We should a:lso consider th~ 
sec~ddary constraint, which is obtained bj~ofax'nuty' the Hamiltonian 1i2 = -£2 with 

,9, 
~. i- ·;1 



the first constraint: -i(p, 1-£2] ::d q 7 .0,. It:is easy t_o see that both constraints contradict 
the commutation relation i(p,q] ~ /iand the Heisenberg relation< p >< q >2: Ii which 
forbids the simultaneous fixation of momentum and coordinate eigenvalues. In principle 
the seco~d system '.Vith th~ Lagi:ll.~gian •£2 ·c~nnot:· be considered as a. qua.nturi1 one/ 

An example' of such a nonquantum static system represents the Lagrangian of elec
trodynamics, in which one neglects the space components of the gauge field (A;= 0): 

. •; . ;-, 1 .. ;', ,.\ ,. ,·'· 1' '. ) :;-. .. ". ' : . 
£ = - 4F;,, + AµJplA;i=o = 2(8;Ao)2 + AoJo = Cc ,. (2.1) 

Upon the solution-of.Euler equation ,. 
'• .. ' . ·,;:, , ... ',, ;:'.' •· .. ,,.,, . , -.,, ,· 

a?A = _Jo j Ao(~)= ~4-l ·1· dy-1 · 1 ··_··1Jo(Y)'=·a12Jo(_x) 
• , • . . .. · .. 11' -·-. x-y . . . . . (2.2) 

the Lagrangian (2.1) exactly coincides ~ith the Coulomb curr~;t· inte~action (1.14) . ·. , .. · , . ', . , , ''i 1. :·.. . . , . - - .·. . . 

. Cc ~ 2f a 82 ~a (2.~) 

which is the basis of the nonperturQative calculation of theatorri spectr~m'arid ~ave. 
function in the lowl'it order in ~adi~tion: ·; I · ··· ' . ·· · - · ·· · · '.' : · 

Thus; the practice of the description of an·atoni i~ equivalent -t~'the application of 
the method of constructing" dynamical variables in gauge th.eory by mea.ns of an explicit 
solu tiori of the Euler equation' for th; time component_ Ao. (this. equation is· fa.lied the 
Gauss equation). • ,.·•·· · · · · . ·· , •, · . ' , ·. · · · 

' In the first paper on: QED Heisenberg arid Pa.tiff outHned jtis(sucli ~- quantizatio;l 
method .. Later, ori, to restore .the ma'.nifest relativistic 'covaria~c~, methods \vere sug~ 
gested of equal- footing quantization of all 'gauge field components: 'These' methods 
have been deveioped:mostly by Dirac (14], and by Facldeev (15] (see, als6 ~ef. [i6]); . 

So; all methods of gauge fields q1.1ii.ntizatio~ can'roughly be devided into two· ap
proaches. In the first approach _one tries to qull.ntize all components to conserve)he 
manifest relativistic covariance (we shall call ;ttch an· approach Dfra~ 'quantization), 
in the second.one-:orie solves explicitly all constraints arid quantizes'orily·the'rerriain
ing minimal setof physica:1 degrees of freed~m (we call such an' approach "mi~ima.( 
quantization"). The "minimal quantization" of gauge theories has been formulated in 
ref. [17]- [20]; and its main problem is'the proof of relativistic covariance. 

Let us consider the solution of this problem using as an example a free electromag-
net_icfield, (1 ~5), : ,,-., · 

'., ~-/ 'C if t: . , . 1 2 - 1-: 2;,i:-1·; 

C(x)._. ~- ,--:;4FP., =, 2F0; ::-:: 2B; , . ,;;•: . .-

' , (2.4) 
· '·"''' f~; ·_·;, · ·aaA; ~?'.~a:_;· 1}\#:.~;;,;~;,A,L'" .:<,>'·'. '' 

I~ acc~~d·a_nce,with_the pr~scription.of.th~ mfnimal quantization method at the-begin
ning, we ~hpulcl, _s<>lv~ the classical equation for. the, '?static": component '.Air having zero 
moipentu_m;, •'. i,':'.·' :,.,;1,(1-;.,: .,;,,i,;:!·:-:' -~_-:; ! ··:,:·/_'·, ''\.,-•. : "'" 

, , ·~; ~.':;: 'j ' .:;,;::,·,~~1·~:= p::a~1~·~;11~';,,;~'a;aa)i/ .. ··· ·,:. ;(2.5) 

~.;_, ~ 
IO 

/ 

' .; •I;',' ,>', • , . • • ; ... ~ • .) . :;••'It :, t,._,, ,•• 

It is easy to see that the constraint (2.5) and its solutions are invariant·under· the 
gauge transforma.tion (1.6). The substitution _of. solution (2.5) into Lagrangian (2.4) 
leads to the expression . . . •. i l ' • ; ' : ' '; ' '. 

,;,;•,;;, 
,·, 

'· ':: 

1

(2.6) 
·1 ' ! -~ ' \ .- 1 , ! 

Ca~ !(8o'Af)2:.... I:(a;1,f)2 

2 ;, ; . ·, :. 2 .. _.. , 

Ca. depends only on the transverse field, (L9): 
·; :· ' 

T ( 1 . ) ' ·' T _ 
A; =_ c;; - ai a?a; ~; iaiA; ~ ~ , . (~.1) 
. f \·, .·,, ej· l , I , ·,: '1;' :,_ ► :.'.! .,) ·1 ,1. , 

,yhich is ,a gauge~· invariant functional over the: initial'fields A;: ·, ., · • · _. 
The fact of the removal of two field components ( the time and longitudinal ones). by 

solving one gauge- invariant equation (2.5)_can be sho~vn more clearly, by an example 
of the electric tension Fa;= 8aA; -· oiAo which:explicitly depends on four components 
(A0,A;). Inserting into the_solution <>f (2.5), . · 

i : ,: -.:.• ;•,,'·· ·, ,.f c'.. • ;· ' '/• ,·-. 

, Fa;~ 8aA; ~ ajA~IA.-i~ ~,t. ·= :a~ [A;;-'-:8; ai2:a;~j ].·;,;, ~a--i'rf~] _· 
;;:; : . -~ ~- t.; ,· -.t '·,,,•' (,, ,;, 

it can be found that this tensor depends only on two transversal fields Af (2. 7). The 
longitudinal component disappears due· to gauge-invariance of the'-tensor' F

0
;:·· 

· To present the dependence on two variables explicitly, we·intro'duce twd transv~rse. ' . . 
• unit: vectors· 

. e':(8) ; '(a;e';(8) = o) j a = 1, 2 
,I.,.'· ·1 

which together with the ~ecto~ of dlffere~tiation °8; form a. co~plete set of three vectors. 
Th~ completeness condition reads . . , . · . , . ' 

1 

. ' . . : .. ' 1 , .. , , 
· L e'; e'J +· o; ~2 8; = 8;; 

a=l,2 . , , .· , , : 

J' 

or 
,, 

E,e';eJ=,(p;; 0 O,i~2ai), • ·, 
a=l,2 , 

'<' ' ~ 
. , , , (2.8) 

The last equality allows to introduce; instead of three dependent fields AT, two i~cle
pendent ones, A0

: 

''Af•=• '(Cij ;~i ;,
2
~;)-~f ,~ iE'e';.(e'JAf;.~. i e';A0 : ·' ,-,.; •. (2.9) 

· 1 a=l,2 a=l,2 '• ~ 
, , ,,,-• .'{ . i' • 0 '_1! ",; 

In terms of these independent fields the Lagrangian (2.6) has the form t .· : • , ! 

. D 1 . 
Cd= L -o,,A0 8i'A0 

2 .. 
a=l.2 

(2.10) 
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Now, quantization means to establish commutation relations for the two independent • 
. ~omponel}ts. 

i[80 A"(~,t), Ab(y,t)] = 6"b6(x..:..y) :, (2,11) 

Dynamical quantities can be constructed in. the usual way from the canonical 
. energy- momentum tensor of the system (2.i0) [21], · .. 

Ta "a A"·a·A~' ·. ·c·· ,.·· ,,,, = LJ. µ r - Oµvl.,G (2.12) 
a=l,2 

'w~ich coincides upon the soliition' ~f the ·Gauss e~uati.~n (2.5) with the gauge- invariant 
ef\ergy- momentum tensor .<>ft.~e initial theory (2A) (which: is called the Belinfante 
tensor) i ,. ' • · •: •• ,,. ·..,.,J • 

' - . - ~ . - ' . ., : . , . 

·· .:·; n·_·-' •.:. ci '-'.'· :·· ,., .. :.' 
9 ,. ,Jµv ,,FµvF., ,--:- Cµv£ .,, (-.13) 

· ;• . f • · . . . . . . . - .. ,· ,·. ·- .. , ) '. i ''. .. : .. i .. : . ! , > ~: 1 , • : ; ; . 1,: / -:_ ,· : . • 
Thus, we quantized the gauge theory, without i.1sing the gauge constraint (1.7) as' the 

· initial assumption. In the "minimal method" the term "choice of gauge" is not needed 
at all, arid the ,,;~hoic~ of va~i~bl~s'' is fuifilled uniquely by explicitly 'solving the Gauss 
equation and. by the way of const~u.cti~g' quantities. There, for the minimal quantized 

, gaug~ theory the, ~erm },construct~on · of variables", is ~ven more ,suited.. ••, , · ' 
, . It should be not~d ~hat)n.terrns of the.Dirc\c· quantization we got the.?'Fey1:1man 
~~l~s",in<t~e fadia~ive gauge" However, one cannot say that ;the expression (2.9) 'repre

. · .. sent's:a-definite "gauge" in th~ c~nventional classical meaning. In fact, after the Lorentz 
transformation of the initial fields upon the solu,tions of the .Gauss equation (2.5), 

c2Ak(x) 
'' -,. 

Xk 

'528k 

; 1 i -:. . ·, \ ~- • . ' 1 ' • 

= t;(x:ao _:_ x~af')Ak(x') + Ao(x') 
' ', ''.· . ,:: -'. .·: . ,:·1.:;'.' <- : '. :.;, 
Xk + lkXo ; Xo = Xo +.tkXk i 

1 1 · . :- i . 
= lkao i 62Ca2) = -2fka2 akao a2 

1 1,l 
. (2:14) 

ic!''! · ' ' 

,, ·• 

the functional (2.9) of the tran;ve~sal ;aria.hies "changes" its "gauge" automatically, 

Af[A + '52A] - A[= o2A[ + OkA(x) ; (Ar= 0) . • · (2.15) 
' ' ' . 

Jlere A(x) is the special gauge t~aiisfonnation,;depending on the fields 
.-:' .,· ; -,, 

) 1 T 
. l\(7 .=:=.fk 82 aaAk •.;r, ,;;, , (2.16) 

In terms of the "mini~al method" this transformation means a" change of variables"·· 
f~o~ · (2.9) to trans:versal .ones, "'.ith .. r~spect .. to t~e. :new., tim~.axis. 77~, = 77,, + '5277,,; 
(. ',, ( )) . . . ' ., . ' ' ' . ' ' t'/µ= 1,0,0,0 ·. · ,('. , , '. ·,. · 

· These classical relati~i~tic transformatio~ (2.15) coincid~ with the quan~um ones at 
the level,of,operators;.'' .. ,,.' .' ,· ;»: ', . '"'"' " 

'' ~ ,,_, ,it;[M0;;Af]=62A({BkA ,, 

12. 

(2.17) 

where, 

Mok = j dx(xkT.g - ;oT~) .. (2.18) 
•· ., 

is the boost ~per_a.'to~. (The minimal meth~d is the unique one whe;e the classical and 
quantum transformations completely coincide). · 

In the same way we can consider the minimal quantizatio~ of electrodynamics . . . . . . ' ' ·. ' 

£=-¼F;v+t.&(i/J:-m0 )ip+A,J"; j,,=e{ry,,ip ., ,. (2.,19) 

Upon the solution of the Gauss equation, 
,·:. l ,. · ... 

Ao= a2(~;e)oA;+jo) (2.20) 

Lagrangian (2.19) has the form [17, 18] 

£ = ·!.ca.A!)2 + ! :T 2- ·T.· ..:..,.'!A,!+·· .. ,T.T( ··:11·· . .:.. 0. ),;1 •. T ' 2 µ'.' : 2Jo a2Jo . J, ' . 't' i: . 17: '_'f' ' (2.21) 
. . ., 

~here AT, ;,pT' are the trari~vers~l variables; 
".'( '. '-., ., _!_ ••• • ! ·.'. 

·.-{\! 

A[= vT[A](Ak + i!ok)(vT[A])-1 j ipT = vT[Al~ . . . , e·• .. ,. . .... ·. (2.22) 

" , ... ' }·, ··,f ';,, . 
. vT[A]=.exp{~ea28jAj} ,:, ,: · (2.23) 

with the classical Heisenberg- Pauli transformation of the type (2,15) 

ipT[A + '.s0A,J'/i<!J1-'t/JT[A,1P}='oi~T +ieA·(~;)~T' . . . . L . . L ..... . 

(2,24) 

·• ( .stv;r ~. J ,i;(x~Oo• ::- ~~Oji )1PT(x')'.t- ¼fkl,o,r~]v;T <<)) ' ~ : ·; 

Af[Ai + c2A] :-·Af[A] ~ ofAf + OkA 
J' ,' . 

('52Af = E;(x;oo·• - x~o;,)~f(x;) ~ t,;;
2
i) 

(~.25) 

with 

1 T 1 ·T 
~ = lka2(~0Ak f Oka21o) •• , 

1

(2.26) 

The classical transformation coincides with the. quantum one gi~en b/ ·.' 
' • • .. ' ' '.. 1 '-.. ' • • . J -~ ,· . ' ·.· '.· ; 

i lklMok, ir] ~ hJ,,j,T '+'i~A,J,i' i. Ma: = jdx.[xkToo ~ ~oToi (2.27) 
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if, firstly, as we have discussed above the boost operator Mok is constructed with the· 
Belinfante energy- momentum tensor 

·, 

T,..,, = F,..0 F; + -i{;(ieo,.. - eA,..),,,tjJ -:0,..11£ "!" ~8>.(-if;r>.,..,,t/J) 
.• • •• , • ,J 

1 , 
2h'>.,,,..h,, + 8,,,,,>. - C).111µ Tj,,,, = 

(~.28) 

and,· secondly, if the classical functional tpT (2.22) as a ~hole corresponds to the local 
quantum field ,J,T with the commutation relation _ _ 

{,J,T+(x;t),,J,T(y,t)} =C(x-y). (2.29) 

We call the transformations (2.24) and (2.25) Heisenberg- Pauli transformations as 
they were discussed at first in [12] with a reference to an unpublished remark J.von 
Neumann. · 
· Their explicit form was found by B.Zumino [22] (see _also ref. [6]). 

However, the real meaning ·of the i-Ieisenberg-· Pauli transformation is impossible 
to understand in terms of the Dirac quantization. The main diff!!rence _between the 
"Coulomb gauge" and the "minimal method" consists in the proof and interpretation 
of these transformations. 

· The formulation of the Coulomb gauge in the frame-work of the Dirac method leads 
to the usual canonical Hamiltonian that differs from the Belinfante one (2.28) by a total 
derivative which contributes to the first te;m of the boost operator (2.27). 

Strictly speaking, the Coulomb gauge _leads to another gauge functional A in (2.2), 
instead of (2.26), which breaks the usual"relativistic covariance ·of matrix elements of 
the type of Green functions < t/J( x) ... -if;>- . 

According to the interpretation of t,he Dirac method the term A in eqs. (2.25), 
(2.26) is treated as the ga~ge transformation which does not influence the physical 
results. But as we have discussed, this interpretation cannot be applied to off- mass
shell amplitudes and bound state physics. In the minimal method, the new type 
diagrams< tf,(x)A.(x) .•• -if; > w'ith the gauge functional A(x) defined by (2.26) restore 
the conventional relativistic properties of the Green functions in each Drder of radiation 
correction [18]- [20]. This means that the new spurious diagrams induced by the boost 
transformation (2.27) lead simultaneously to a change of the Coulomb interaction and 
of the transversal photon propagator Tin (1.1). 

C -.:+C' , T--+ T' , (2.30) 

whereas in the old gauge theory version only the sum ( C + T) = ( C' + T') is relativistic 
covariant. 

Thus, _the Coulomb interaction is really relativized by A in the lowest order of 
radiation correction T. 

. In the old gauge' theory version' T is -~onsidered as a relativistic correction, 'ancl C 
is only nontelati_vi1;tic approximation. In the minimal method the potential model cau 

'berelativistic and we· shall convince the reader in that ill the next Lecture: 

14 

The minimal method of the re,lativistic covari11;nce allows one to conserve the ·· 
· Markov~ Yukawa principle (77 ,.;;·p) for the potential picture of bound states in any 

relativistic frame of reference, and it allows us to see the dependence of bound stat_e 
physics on _the choke _ofthe time- axis under complete gauge invariance of physical 
results ( see Lecture 1 ). · · 

I , 

-I 

\, 
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3 LECTURE 

ATOMS IN QED AND PHENOMENOLOGY 
QF_HAD_RONIZATION. 

It is widely believed that the potential models are related only to the nonrelativistic 
approximation. This opinion, however, is based on the experience.of solving scattering 
and dissociation problems in QED, where the Coulomb propagator corresponding to 
transversal photon exchange, converts into the relativistic invariant Feynman prop
agator up to the longitudinal part vanishing on the mass shell. Such a "relativistic 
method" of the potential model is incorrect for the description of bound states where 
elementary particles are off their.mass shells and the longitudinal part of the propagator 
differs from zero. · : . . . . . . 

From the experience of the description of atoms in QED 'one knows that the bound 
state ( atom ) is formed by an instantaneous interaction ( Coulomb ) potential ( with 
a singularity on the time axis ) whereas the transversal photon exchange plays the role 
~fa correction which does not destroy the instantaneous property of the bound state 
wave function. However, in this case, unlike scattering and dissociation'processes; the 
sum of, the Coulomb and transversal propagators is not ·relativistic - invariant due to 
nonzero longitudinal photon contributions. It should be stressed that the propagators 
in manifestly covariant gauges ( with a singularity on the light cone ) thernselves. can 
not describe the bound states conserving their instantaneous property. 

So to treat the bouncl' states it is important to choose such transversal variables for 
which the instantaneous Coulomb potential separates. 

In practice the relativistic description of the spectrum of a moving atom is done by 
means of the Coulomb potential moving together· with the atom. This correspondens 
to the transformation to new transversal variables refering to a new time axis ( TJ~ ) 
which is parallel to atom's 4-momentum. To such a relativization there. corresponds 
the following effective action (23, 24] : · 

We11[t/J,Tfa] = J d4x[Tfa(x)(if)-m0 )t/,(x)+ 

+ !Jd4 y(t/,(y)Tfa(x))K.M(z1..· 1 X)(t/,(x)Tfa(y))]. 
2 . . 

(3.1) . 

Here fJ = 8"1µ, K.M is the kernel 

K.M(zl. IX)= 7!V(zl.)o(z. T])n; (n =·TJ",µ), (3.2) 

·where z and X are the relative and total coordinates defined, respectively, as 

z=x-y, X= x;y, · (3.3) 

. ~nd V( zl.) is the potential depending on the transversal ( with respect to the time axis 
TJ) component of the r~lative coordinate, z; = zµ -TJµ(z · TJ). 

16 
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Notice that just such a rela.'ti~istic transformation law of the ·fields ~ith ·a simulta- · 
neous rotation of the time ~ axis has been used in the historically first formulation of 
QED (12] ( a consistent construction of the gauge theories with such properties has . 
bee~ proposed recently (18] ). . . · · 

The next question is' how to choose t'he time - axis in (3.1) for describing intera,ctfog 
atoms. It has been suggested in ref. [10] to take in this case as a time - a.xis the unit 
vector which is proportional to the 'eigenvalue oftlie bound state total momentum . . 
operator, i.e. 

a , 
> :1·· ,' i---. 
Tfµ ~ 8X" 

,, (3.4f 

When· this requirerilent is satisfied the b6und state wave functions automatically belong. 
to the irreducible representation of.the Poincare'group [11]. · ·· · · · · · · · · ·. ' 

,. It should be stressed that in the r~lativistic'theory the decomposition (3.3) is inde
pend ho.th of the variation of the.quark ma.ss~s ~nd of "the bound state. 

The. expr~ssion (3.'1) with the _kernel .(3.2) and ,with the time - axis defined by (3.4) 
rei>resents a'. relativistic covariant action. It seems that 'a mosf straightforward way· 
for con~tructing a: the~ry of bo.und states is the redefinition' of action (3:1) in' term~ of 
bilocal fields by _means of the Legendre transformation.[24] - [27] '· '•; 

1 . . .. : . . . . . ' ... ' 
- J · d4 xd4!/(t/J(y)Tfa(x))K.(x,y)(~(;)Tfa(y)) = · 2 . 

._r; 

· = -~· J · d4xa'yM(x,y)K.-1(x,y)M(x;y)+ 
. 2 .... , .... , .. •, .. ., ·,· ., . .. . . 
+· f d4 xd4 y(t/J(x)t/J(y))M(:c,y) 

,,.;i;~r~-i~1 is th~'invers~ of the ke~nel (3.2). FoB~wing·;~r: [2'5],(26] we;introducetlle 
short- hand notation 

j d4 x?fa(x)(i/J ~ m0 )~(x) · ;:. j a'x~yt/J(\i)~(x)(if- m0 )o(1: ~ y) = _ 

=· (ip,fa,~G~1
), :' C 

J d43:d4
y(t/J~x),fa~~))Nt(x,~) = (t/J,fa,M) . . 

: . ; \; ~ '. ' .'' . : ' : : ; ! . . : \ '; t 

Then, f~om action (3.1) .we get 

. .:. . ·: 1 ., .·,, ; . .- -'ir ;•_., .. 1 

W.u[M]=(t/Jt/J,(-G0 +M))...'.. 2(M,K.- M). (3.6) 

After quantization ( or ·integration ) over Ne for~ion.fields and 'normal, o~de;ing,,this 
action takes the form · ., · · · 

We;1[M] = ~½Nc.(M,K.-1 M) + iNc f ~if>n. 
· ' • · , ,; n=l . 

. (3.7) 
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Her~ <I> = G0 ;\,1, <1>
2 

,. cp3
_ etc~. mean _the follmving expressions 

j . • • •. • 

··<I>(x,i~ Go.M =:=~j~zGo(~, z)M(z,y), . 

. : <I>~:= Id4xd~y<I>(x,y)<I>(;,'~), "(3.8), 

<I>3 = I d4;d~yd4~<I>(x, y)<I>(~, z)<I>(z, x) , :· ... et~.: . 
As a result of such quantization, only the 'the contributions with inner fermionic 

lines ( but no scattering and. dissociation channel ~ontribution ) are included in the 
effective action since we are interested only in the bound states. 
. T.he requiremen~ for the choice of the time axis (3.4) in bilocal dynamics is equiva-

lent' to Markov - Yukawa coriditiori [10] . ' .' ' ' . . .. · · . ' · · . · ' ·, · · 
, , 

.8M(z,X) ;, O 
,.Zµ • "· ,· 8Xµ . . '·" 

'(3.9) 

w_l:i~re ~µ =:='(~-:- y)µ and x: = (1/2)(x+ y)µ ar~ rel~ti;e aU:ltota!. ~o~~din~tes'. . . . 
.. · The first step to the quantization of.the action (3.7) is the ·geterminaqon 'of its 

miU:imum . ' . , , . , . , " , , , . ' ., . , . . 
;r. 

' N_ 1 0WQ(M) === -K:-1M +i~G (MG )n = -K:-1M +' i . · = 0 (310) 
c cM . . . . . .. LJ o o .. - . G-1 _ M . . 

o . : . . n=l .. . . 0_ 

We:denote th~ corresponding classical solution for the bilocal fi~ld by E(x - y). It 
depends only on the differrence x - y because of translation invariance of vacuum 
solutions. . ; 

, The next step is the expansion of the action (3.1) around the point of minimum 
M = E + M' , . . . ' ' . .. , . . ' . . . . . . 

Wq(E + M') . = Wq(E) + Nc[-½M'K:-,1 M' + ½( Gi:M')2] +, .. 

+ iNc f !(Gi:M't, (GE= (Gi;1 - E)-1
), (3.11) 

n=3.n 

and the representation of the small fluctuations M' as a sum over the complete set of 
classical solutions r, 

o2Wq(E + M') IM'=O·. r = ~-
. ,, . 6JVl2 . .· , (3.12) 

Using the definitions (3.8) and (3.11) it is easy to obtain the standard form of equations 
(3.10) arid (3.12) : 

E(x -y) = m06(4l(x -y) + iK(x,y)GE(x -y), (3.13) 

'f = iK(x,y)Id4z1cl.4z2GE(x - z1)f(z1,z2)GE(Z2 -y) (3.14) 
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~hichare, respectiyely, the Schwinger 7 • Dyson (SD) and, Beth~ • Sal peter (BS) equa
tions. They describe the spectrum of Dirac particles and the spectrum of the bound 
states, respectively .. • . . · 

'fa the momentum space we obtain with ,,;: 

~(k) = jcl.4xE(x)eik", 

I(qlP) = j cl.4xd4~<~,P ei(~-11>9r(x,y) 

for _the kernel .(3.2) the following eq~ation for 'the m~s operator ( i ) an:d the vertex 
function ( I ) 

! • C'. . ' 

~(k) = m0 + if ci:~4 V(k~ -l·)riQd~ht; . , (3.15) 

r(k,P) = i/(::~4 V(k.l~q.l)n[QE(q+ :)f(qlP)QI;(q·~ :)In' (3.16) 

l 

where GE(q) =:= (g.::. ~(q))-1
, V(k.L) means the Fo_lider transform of the potential, 

k; = kµ - 7]i,(k · 7J) is'_the transversal with respect to 7]µ relative momentum, Pµ is the 
total momentum. ' · ' ' · , · . .:• " , · . 

. The quantities~ _and I depend only on the transversal rriomentum· 

~(k) ~ ~(k.L),I(klP) =:= r(k.LIP), 

because of the instantaneous form of the potential V(k.l) in any frame. ;: . · · 
. The~efore,· we inay integrate in (3.15) and (3.'16) over the longifodinai m~mentum 

qo = (q · 11) usingthe'representaticm. . . ' 

¼(q) ~ gl· + Ea(q.L)S;2(1/) . (3.17) 

for the self - energy with 

s;2(q.l) = eip{-t2va(q.L)}, iJ; = q; /lq.ll (3.18) : 

where Sa is the Foldy - Wouthuysen type transformation matrix .. with .the parameter 
I ', , <' l -,,• ,. ,/ 

Va. 

.· Then, on~ has 

where, 

QE •. = [qo1}-:Ea(q.l)S;2(q.l)t 1 = 
. AM ( i). ·• . . AM .( '.L) 

, . _ [, (+)a q .. . + (-)a q . ]n 
qo - Ea(ql.) + U qo + Ea(ql.) + Zf 

Alfia(q.l) = Sa(q.l)Alfi(O)S;1(q.L), Al~i(O) = (1 ± n)/2 
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(3.19) 

(3.20) 



are the operators' separating the states_ with positive ( + Ell ) and negative (' -Ell ) 
. energies: . . ' . 

As a result, we obtain the following equations for the one - particles energy E and· 
the ~ngle v : · 

Ell(k.L) ~os 2v(k.L) = m~ + ,!_ /··(d.3,q)~ V(k.L - q.L) cos 2v( q.L) 
2 2,r . 

(3.21) 

' . . 1 J d3ql. ·, . 
Ea(k.L)sin2v(~.L) ".'.' lk.LI + 2 · (

2
,r)

3 
V(k.L - q.L)lkl. • q.Lj sin2~(q.L) (3.22) 

Let us consider the Bethe - Salpeter equation (3.16) after integration ovei- the longitu
dinal momentum q0 • The vertex function is given by 

! 

. • 3 :i. . . . . . ' 

rab(kl.lP) = J ~:)3 V(kl. - ql.)nTPab(q.L)n, (3.23) 

where the bound state_wavefunction 'Pab is given by · · 

TPab(ql.) ~ n[A(+}a(q.Lfab(q.LIP)A~-)b(q~) + A(-)a(q.lfab(q.LIP)A~+}b(q.l)M . (3.24), 

• · · . · Er - ffe + u. Er + ffe - u 

Er = Ea+ Eb means the sumof one - particles energies of the two particles (a),and 
(b) defined by .(3.21, 3.22) and the notation · •. · 

Ac±J(q.L) = s-1(q.L)A1±1(0)S(q.L}= A1±">(-q.L) (3.25) . ' . : 

has been introduced. . 
Acting with the ~perators (3.20) and (3.25) on equati~n (3.23) one gets the eq,~a-

tions f~r the wavefunction t/J in an arbitrary moving referen~e frame . 

( Er(kl.) ~-✓-J52)A~~)a(kl.)1Pab(kl.)A~~}b(-kl.) = 

= A!~)a(k.L)[J~:~3 V(kl. - ql.)TPab(ql.)]Ai~)b(~k.L). (3:26) 

,All these equations (3.21, 3.22) and (3.26) have been derived witbout any assump
tion· about. the smallness of the r~lative momentum lk.L I and for an arbitrary total 

momentum P,, ~-( ✓ J1l + P2 , P-/- 0). . . 
If the atom is at rest"( P,, = (MA,0,0,0) ) equation (3.26) coincides with the 

Salpetei:- equation [28]. If one assumes that the .current mass m0 is much larger than 
, the relative momentum lq.LI then the coupled equations (3.21, 3.22) ·and (3.26) turn 
into the Schrodinger equation., In the rest frame ( Po = MA ) equations (3.21, 3.22) 

. for a large mass ( m0 /lq.L I -+ oo) describe a nonrelativistic particle 
' ' 

. 1 k2 

Ea(k) = J(m~)2 + k 2 ~ m~ + 2mo' 
• a 

. k . · . I ±,o 
tan 2v = 0 -+ O; S(k) ~ l; Ac±'i ~ .-

2
-. 

1n 
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I , 

Then, i11:equation (3.26) only the stat.e:withyositi~e energy remains···: 

, Ai-i-1t/>A1-{~ ~S~h/ A1-lT/iA(~) ~ 0~ 

and finally the Schr6dinger· equation results· in "' 

! ; 

'•,· 

[;µ k
2 +·(f!l~: m2-:'MA)]t/J~ch(k) ~ J (:~~ ~(~-~<t)t/,sch(~r. ' (3.27) 

· whereµ =ma· mb/(m. + mb)- Fo~ an arbit~~ry\~tai 'ii{ome~t~~ .:p;· eq~·ation (3.2,6) 
takes the form . 

[7"" 2~ (k;)
2 

+,(m~ + ~t--: ~)]t/Jsch(k.L.) ~/ ~:;_V(~~: 7: q.L)Y,Sch(q.L~, ,-(3,?8) 
' . 

· a~d describes a relativistic atom with nonrelativistic relative momentum lk:1-<< ·mtb'. 
Jn ·the framework of such a derivation of the Schroding~r equation itjs sufficient.to 
define the total coordinate according to (3.3), X = (x + y)/2, indep~ndently ofthe· 
magnitude of the masses of the ,iwo particles forming an atom. :, .. 

No:n we.consider the_opposit~ case of massless particles, m~ = m2-+ .0. Suppose 
that,in this case equations (3.21, 3,22) 

,• ·.: . ·. ., ' . .. . , .. , : 3''.L •. . , . '., :: , r,:' , _ J d q 
,: 2Ea(~ . .L~~os2_ v(~~) = · . (2~)3 V(k.L ~_q.L)~o~~~(q_.Lr:• 

. . . ' . 

(3.29) 

-,t.,2Ea(k.J.)sin 2v(k6 ~ lkil•~ f '~:; V(~.L', ~.L
1

)jk.L .. _ilsin2~(q1{~ ·(3.30) 
, ,, : .-, . • i . 'j ·;'' • • ,· '.. .• •, ! 

have a nontrivial solution v(k.L) :;if 0. rThis'solution describes the spontaneous break-
down of chiral symmetry (9, 23;'24], [29]- [33]. -' , , 

It can easily be seen that equations (29,30) are identical with (3.26) for the'bound 
state wavefunction- with• zero eigenvahie, P; = °''and' · · .',,: , ' : 

A<+>tkAi-r, =:::: A1.:.Jt/JAi+> = t/> 

. 2Ea(J.i)~(k~\ =: Ji~:; V(~.L,..2?)t/J(qf k , : .'.,':. :::.(~.3~) 

Therefore, 

·•• t/J = cos 2v(k.L)/ F', ;i (3.32) 
~ , ; ; . ~ ~ : '.; : " 

where,F.is a p~9por~ionality constant.,. , · t; . . . . . . , , _ ,, . _ 
In. this way, the coupled equations (3.21,. 3.22) and (3.26) describ~ the.pure re_la~ 

tivistic effect of.the appearance of the Goldstone .mode due to spontaneous breakdown 
of ~hiral ~y~m~t~y. \ Th~s.• in: the fra~ew<>rk ~f lnsta~taneous • a:~tion (3, 1) i we get ,the 
proofof the .Goldstone th~orem in ihe,bilocal ~ariant. · . . .. : · .· . , . . , , . 

Just this example represents a modelfor the constructimi,ofa low,- en!!rgy theory 
~flight mesons, in which the pion is considered in. two _different ways, as a. quark -
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antiquark bound state arid'as a Goldstone particle'. So;it turns'c~ut that our relattvisti~ 
instantaneous model for boun"d states can, in the lowest order o( radiative corrections, 

• ' .. , . ~. , . . f' 

· also describes mesons. 
Indeed, there is a ~umber of paper (cf. :(9, -23,, 24; 25], [29h[31] and references 

therein) whe~e equations (3.21; 3.22) and (3.26) are used for the calculation of the 
mass spectrum ,of light :mesons,'. 'the constituent'. quark masses and. the meson decay ·,· 
con;tants. I~ th~ p~pe~s the potenti~ls ·~re -d~t~r~i~~d fro~ the ~p~ctr~scopy of heavy 

. quil,rkonia as sums·of rising and Coulomb potentials, for instance 
":·•-. .i• t:. ~".<1. ·-·•·•, ··,,, . 'i.: :-:,:·J,· ..• ·.,,'.,:•; .',,'· .. \ _ _! ;' I,', ·1.~}: ,/,J• ;:· t '. 

as t/3 ' · · · -V(r) = 7 - V0r2
, Va ~ 250M eV,as ~ 0.3. (3.33) 

' '.Th~reby,' the he~vy qu~k~~ia'( ~i> > '25o'u e V) th;msei\les ar~ desc~ib~d by Schr6-
dinger_ equation (3.28) which, as h~ been shown, can be derived from eq. · (3.26) 

. ifa th<dimit, of large masses:' In' this limit, the 'effect of spontaneous breakdown: of 
·chiral· symmetry' also• disappeares,' and 'the· constituent· quark, masses' are identical -to 

· the:tu.treni' ones [32]., :. ' , ' _ . ',,,, ·· :'.. > ' ,, ' . 
. The advantage of ,such ·a potential app~oai:h compar'ed 'with all other on'es consists 

'in ·the first ·constructive co~mection· between' the funda~ental pararneters· for •physics 
at short distances (the parameters of rising and Coulomb· po.t'entials and the curr~nt 
quark masses) with those of hadron physics for long distances (the pion mass and its 
weak decay, consta.nt'F,;).·, . , 

. ' . ~.. • ' t. ' ' -

The shortcomings of this approach were' the following: the nonrelativistic formu-
lation (in the rest fra~e) of the bound state, the absence of an relativistic meson 

. interaction HamHtonian, and the open problem of the status ,of radiative QGD correc
'tioris. The fi~st'.two 'disadva~tages are'absent in the'iiew refativistic potexitial model -
[23, 24, 33] considered here. This model rep~eseu'ts a logical interpretation of relativistic 
atomic .physics, !.e., an. interpretation of the '.' atomizatio,n" of QED. .. · 
· From this point of view the "hadroriization~ bf QGD qualitatively differs only by 

th_e short . .::, range property of.:the quark ·~·:antiquark interaction, potential :for· light 
quarkonia. Furthermore, the effective action for: light_ mesons must be :an, action; fo~ 
a chiral Lag~angian. The proof of the f.;:d that (3.11) leads to a chiral Lagrangian 
has been performed in [33] with the,help of the separable approximation which can be 
us_ed just for short ~- range potentials.·· For low orbital momenta s_uclr potentials can be· 
; ' ' • ' - . •' . " ,· - ~ •• ' ' J ,, , .y • ' ,, •·· '"' 
represented with good accuracy as a•product of two factors '.' · · • ' 

' I • ' .' ' • 

< 1 = OIV(P - q)ll =·o >=f(p1.)f(l·). 

The underlying model (3.11) becornes·:equivalent to one,of versions of -the Nambu -
. Jona -.Lasinio model [25, 34, 35] with.explicit indication;of the formfactorf2(p) for 

the ultravi<>let. regu~arizc1;tion_; It i~ ~v~U ~nc~wri [25, ·34; '.?5];' that'thiii:modeJ' lecids'to 
•chiral'L'agrangians::,,, _,i:- ; .•.. _,:,, .. ,.:.: .•. ,.: .•. ; ···•. ,.,._, 1,:,.,_•,:•:·::::--•,;:.,,,-;,, ·. ·.,1,· .i, 

, :··; The valiqitf ofthe sepai-able'la'.pproxiriiation·fiH short:: '>i:aJige'p~te~tials ·e~pl~ins 
··the fact of the weak'deperidence·oflow ,_:·energy phy/;ics"for light\m;sorison'tne·form 
. of the potential. Therefore, thei'e; exi;ts a;iitiinbei· 'ofmoi:i~ls yielding a ~atisfadcfry 

. desc1:~~~ion·o.! ~~.~ ~~p~~~wi~~,~r d~fa:"t/;,1:,i,:' ''" .. · ·:' '.\'\:/i;:::,::: '' ;:, :· .. '.'.' 
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-1 
Here, one should mention also papers dealing with the derivation of nonlinear chiral 

Lagrangians from QC D ( cf.ref. in [35]): The essence of those proofs consists in a formal 
derivation of the determinant (3.7), (3.Ii) by means of chiral transformation which are 
parametrized by the meson field (without the derivation of the_ equation for the meson 
spectrum).The mai~ aim -◊!these paper~ is to'find.the·~oefficients in higher.order 
terms in the expansion of. chiral Lagrangians' in ~e~on momenta and to establish the 
description of baryons in the form of "skyrmions" [36]. All these papers concerning ' 
the justification of chiral Lagrangian from QGD are not devoted to the determination 
of essential parameters of the lmv - energy physics ('F.,,;-FK,m.,,, .. :) from· QGD; 

The relativistic model for atoms and hadrons' (3;1) ~ (3.26) as compared with the 
above - mentioned popular non - relativistic [9] and nonlinear (35] approaches uni~es. 
aspects of both approaches and gives a constructive generalization of chiral Lagrangians 
to heavy quarkonium physics, i.e. it allows to describe decays of heavy quarkonia into 
light ones in the framework of one unifieda.ction:of the type (3.11) 1with a mixiimal 
number of parameters/ defined in· the short - ·range ·region where •the perturbation. 
theory begins to work. ' · · . · ' : i . 

The· construction· of such a qtiantum• relativistic hadron theory on the basis of the 
action (3.11) has been given in papers [23, 24]: · · · · · · 
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•i.-. 

, ., 4 ... LECTURE 

MINIMAL QUANTIZATiON OF 
. ,NONABELIAN THEORY. 

. . ~l 

_., ·,- ';- ' 

. Con~truction ofphysiCfJ,l variables, .collective excitation of gluons, . the topological 
degeneration, anomalf es, • .. confin.ement. 

• ; ' • • I ; : ',( 

, .. We have seen al;>oye that the. description of. instantaneous .bound states demands 
the relativi.stic covariant separation of all interacti.on:i of gauge theories. into the.instan-. 

. taneous and retardation parts. The consistent way of this separation is .the minimal 
il.I~p~oachto gauge field quantization [17)-.[20), [21)., According,to.,this approach we 
should choose the time-axis of quantization (77,.) and. c9nstruct the minimal set.of phys~ 
ical variables with the help of explicit solution of the equation for the time component 
of the gauge field Ao= (17 · A). 

Let us apply this minimal approach to non-Abelian theory (following 
papers [17)- [201): . · 

where 

W = J clx£(x) . 

C(x) = -~(F;,;)2 + t/J(i "fl-::- m0 )tfa 

v' I' 

F;v 
'vfb(A) 

• • . A~ra· 
= o,, + A,, ; A,,= e -

2
. ; 

' i; 

= a Aa -a A"+ et:"bcAb Ac . 
µ JI JI µ • µ V J 

- T" 
= 6"bo;+ efabcAf ; i; = e 1P,,,21P 

We will consider SU(2)-theory with the Pauli matrices r" (a=l, 2;3). 

{4.1) 

(4.2) 

At first, we construct physical variables solving the Gauss equation for the time 
component 6W/6A0 = 0: . 

['vfb(A)'vtc(A)Ag] = 'vib(A)ooA~ + j~ (4.3) 

1:he Lagrangian ( 4.1) and equation ( 4.3) invariant under the gauge transformation 

. A!= g(A,, + a,,)g-1 
; tfa9 = g tfa . (4.4) 
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1 

l .I 

Here g(x) is a matrix with valt1es in SU(2/ The f~i-mal ·expli~ifsolution ofequ;;ti~n 
(4.3)'.mayberepi:esented·by·· <' · ::'··· ·' ·' · ·· .. , .. , ·· ,., .. ,,,, '.'.•; .,!-.,<: 

., ! ,·.. . ' . , ' · .. [ , . 1 i ] ~b . ':. , . . '•. 

·Ag(;)= ch;)'+ a~+· (v,;{~))2 '. if.,. ·i. ., : (f5) 

where ag is the functional over,' A; 

0 - . . • . a 
a
·a •~· [ · , 1 ' ·, . 

(v';(A))2v';(A)8oAl ·· .. , (4.6) 

oa is the zer6 mode of the diffeteritial or,Jrafor'(v';(A))2 ifit: e,xists/'• .i : ' ·, 'l.; .. 

' At first, 'we co~sider the case 0" ~ o.' Then, we car'i:'introduce the analogs 'of 
gauge-invariant variables in QED · > , ' '· ·.·'. J 

. t .: ~ .. )._'' 

af[A) = Vr[A](Ai + o;)(Vr[A})::1 
,, ,, ·· " 

1PT[11: tfa) • = V~[A],t, . 

which the matrix V1·[AJ satisfies the equation 
', I ,, 

ooVr[AJ = Vr[A)czo[A) , 

I 
! • ;1:.;, 

' (4.7) 
i' ·_: } •. --~ ' 

(4.8) 

The formal solution of.equati~n (4:8) ls represe~ted in the form of a time-ordered 
exponent 

Vr[A] ~-Tex~{/i-dt'~o[A(x,t)J}. (4.9) 

where f dt' J(t') = F(t) is an indefinite integral. 
It is easy to check [17, 18] that the matrix Vr[A] transforms under the gauge 

transformations ( 4A) by the rule . · 

_t I Vr[A9] = Vr[A]g-1 
. 

and th~ functionals ( 4. 7) are gauge- invariant 

t/JT[N; t/J9 ] = VT[A9]gtfa ~ Vrg-1gt/J = Vrl/J = 1/iT[A,'t/J] ,/; 

In terms of the variables (4.7) the Lagrangian (4.1) lias·the form 

CT(aT,"PT)= ~(oo(a~f)2L~¼F;~(aT) -(jff(aff+ 

+ ½u;? [(v'~(~T))2]"\j~f ~. t/J;[i~ - ~0]1PT 

{4.10) 

,The variables at identically satisfy the gauge conditions 
,;; 

v'~( ~T)f1oi ~ 0 , (·I. i l ) 
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which are a generalization of the Coulomb gauge in QED. 
The canonical quantization of a physical system of the type of ( 4.10),(4.11) (without 

spinor fields) was considered in paper [37]). The result of this quantization can be 
represented in the form of· a continual integral for the generating functional of the 
Green fun_ctions with the field sources J, T/, ij : 

Z(TJT, r?,P) = J d3a;(x)(det V;v7;)½8(V;(a)80a;) 

f #di$ exp{ i J dx[.CT(A, t/>) + i$11T + ijT t/> + af J;I} ,(4.12) 
; 

where J dA( x ), 8(!( x)) mean the continual limits of the multiple integral and 8- func
tion (see, for example [26]). Expression (4.12) was also obtained. [17] by the Faddeev
Popov method [15]. 

The quantization ( 4.12) is still to be researched on the level of the Schwinger method 
of quantization in the Coulomb gauge [38, 18]. · 

Let us consider another case when there is a nontrivial zero mode 0° of the operator 
(V(A))2 in equation (4.5). In terms of the gauge-invariant variables (4.7) the functional 
0° satisfies the.equation 

(v;<af)]°\or/ = o 

b 

e(OT/ ;i = 6T =. VT[A]O(VT[A])-1 

and the initial Lagrangian (4.1) has the additional terms 

. .c = .cT(aT, t/>T) + t::..C(aT, t/>T, OT) 

where 

t::..C l(nToT)2 (VTOT)a·(vT 1 . )a = 2 vi . + i i (VT)2Jo + 
+ (OTt(F)" .:.c (Vf OT)°oo(aT): 

(VT = V(aT)) . 

Using the transversality conditions (4.H), (4.13) and the identity 

' 
(V;A) · B + A'· (V;B) = 8;(1, · B) ; 

We can represent ( 4:15) in the form of the total derivative 

t::..C = 8;{io;((OTt)2 + (OT)a°ivf (V})2j~ - 8aafj2} 

( 4.13) 

(4.14) 

(4.15) 

(4.16) 

This means that the Lagrangian (4.14) does not iocally depend on the field OT 
and the last describes the excitation of the system as the whole. The main problem • 
consists in the definition of physical variables of this_ excitation. In the presence of the 
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I . 
. ,zer,o-111iode 07; ther_e is another1 metho_d of definin'g the physical :field variables· classically 

. equivalent to (4.7) ' 1:,"_.'t d! ,'.1;l ;,ji;'.;C '/i::•il(j,;y ·:/1 ]•j 'Jfrc:-

s•!:)} , • . .. ~ . f •. I , • , , I r • ) ,", ·; · 

Ar'° -~-~(aT + ai)~·c.i 
, .. 

'.~p~ ~-w~f 
,;,t_L .. 

. (4.17) 

where the matrix w satisfies the equation 
- ! 

t ';,l-} \ ,, , • • i , • t t • - • f L :il ;i. 

w-1aaw = oT ; w·= Texp{j dt'6T{t')} . 
('j . ;,l q ') , (:0 !;•:..'.::! ,, 

(4.18) 
·<'. __ ) ;·_· .. 

It is easy to check that due to eq. ( 4.13) the variables ( 4.7) and ( 4.17) satisfy ~he same 
constraint ( 4.11) · · .· : : •. · . . . ; · · ·. ' •. ; , )' . 

v-(A"h)a A"h = w [v!(a aT + v! or)] w_ - 1 = o . I , 0 , , I O ;. : I • . 

According to the initial Weyl.idea one can give the physical meaning to the phase 
factor w (4.18) _instead of the ph~e QT, and represent the definition (4.17) as a gau_ge 
covariant separation of the "large" variable ( tu) from the bare quasi particle excitations 
aT,tpT. . , . 

The quantum field theory for the variables ( 4.17) differs from the result of the first 
quantization (4.12) by the new spurious•diagrams that go out from the physical field 
sources of the type · · ' 

efJPh.T/ph + ijpht/>ph = i$(w-1,,vh) + (ijphw)t/> ( 4.19) 

and by the non-Abelian U(l) -anomaly_ terms[40] arising from the_ Dirac v,acuum of the 
physical fermions[l 7]. In just the terms of the physical fermions we should make ~he 
procedure of hadronization (see Lecture 2) . . . . ' . 

~! dxdy(jbh V2(~Ph/bh):::;, (t/>"h-¢;"\M) - ~(M,x:-1(A"h)M) (4.20) 

and should quantize the Lagrangian 

J dxdyi$"h(x){[if),, - ~o -;;Af\x)]8(x -y) - M(x,y) }t/>"h(y) ( 4.21) 

The result of this quantization, the effective action 

if ~xdytr{ log{[if),, - m0 -1:;Af\x)]o(x - y)-: M(x,y)}} (4.22) 

explicitly depends on the phase factor w under the transformation ( 4.17) due to the 
non-Abelian anomaly. In the present time this U(l) -anomaly was calculated only for 
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the local approximati<?n of hadron fields M(x,y) ~ ML(x)S(x - y). For example [40], 
one of the anomaly terms has· the form · 

where' 

~Anom. = Ne j d~[argML(x)]8oKa(x) 

1 • • • . -1 
Ka(x) = -

2 2 t:;;ktr(½V;½) ; Vi= w 8;w . 
41r 

· (4.23) 

(4.24) 

As the final result, instead of the generating func\ional (4.12) we have the expression 
. . 

Z(r?, r?, JT) = J [dw] j d3a;(x)(det v';v';)½8(v';(a)80a;) 

J dipd'efJexp{i j dx[CT(A,ip) +·~c(w-180w,a,ip) + 

+ ~Anom.+'¢J(w-117)+(17w)ip:+a1(w- 1i;w)°]}, · (4.25) 

where the measure of integration over the Weyl phase factor is defined by the explicit 
solution of eq. ·(4.13), and the operator v'2(a) under the sign of the integral in (4.25) 
is defined on the function without zero-mod{l. 

It is very important to emphasize that the Weyl interpretation of the zero-mode of 
the gauge-covariant Laplace operator (v'Ha)) leads really to nontrivial solutions of eq. 
(4.13) with the trivial boundary conditiqn OJ;l the Weyl factor 

1. ( T) · 1 I R T T lxl~Rwx,t=±2 =1 i x :5 i -2:5t:52, (4.26) 

ifwe consider the finite space-time to des~ribe the quantum properties of the zero-mode 
excitation. While the zero boundary condition,on the phase 

lim OT(x,t = ±'.!:) = 0 
lxl-R 2 · 

(4.27) 

leads only to the solution QT = 0 and to the strictly positive Laplace operator (v'2 > 0) 
[37]. The cause of this difference consists in .. the topological properties of the Weyl 
factors. To consider the example of a topologically nontrivial solution. in_ the· pure 
form, we can neglect. the local excitation of gauge field ( aT == 0). One o'r t hi i solutions 
can be the expression [17, 18] 

. . . 
( ) jLL,rn . 0 ±1 ±2 w x = e n ; n = , , , ... , (4.28) 

which is characterized by. the topological index of mapping of the space R(3)(lxl :5 R) 
into SU(2) 

n = f · dxK0 (x) 
l1x15:R 

where K0 (x) is given by eq.(4.24). 
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The existence of such a solution indicates that physical variables ( 4.17) are de
generated in the space of finite volume. However, the degeneration index n (4.28) 
does not disappear even in tlie limit of irifiriite space (R -+ oo) and represents an 
example of topological quantum anomalies of the type of the axial current divergence 
8,,.i! ~ F,,..,F'"" (4.23). Both these quantities!'t_he·index n and divergence 8,,.j!, after re
moving the regularization are not equal to zero despite the disappearance of the initial 
elements of their construction: the fields·½= w-1a;w or the Pauli-Willars p~opagators. 

Degeneration is removed by the averaging ofthe Green function- generating func-• 
tional over all degeneration paramete~s [17]. This means that irist'ead of the integr~l 
over win eq.(4.25) we have the sum over the degeneration index (n). Thus,expression 
(4.25) up to the terms disappearing in the limit of infinite space turns outinto the 
Green function generating functional 

· l n;,L • 
Z(77,77,J) = lim lim 

2
£ '"" z~;..[w-117,17w,wJ;w-1

] 
. R,T-+oo L-+oo L..J ' . . . · , · n=-L. : · · 

(4.30) 

where Zk,r is th~ us~al Faddeev-Popov integral in the,fi~ite space-tim~. Since .all• 
the computable physical quantities, in quantum field .theory such. as cross-sections, 
probabiHties of decays, etc., .a~e n(!rmalizE?d to. the finite space-time, ·the. transition to 

· the infinite space should be performed after ·removing the degeneration. 
In quantum field theory ( 4.29) we have two types. of colour. particles (like in the 

t'Hooft model of QCD2(41]): t_he "bare", internal states as the~usual elements of the 
perturbation theory. (aT, ipr), and the "dressed", external physical states (N\ t/,"h). 

The physical quarks and gluons cannot propagate 

·1· . 1 L' i%"•",rn · .. 1, lxl = 0 n=L { 
1m - · e n -

L-+oo 2L ~=-L . -:- 0, lxl =fO 
· (4.31) 

even in a space of any volume (R -+ oo) due to· the destructive interference of the 
, infinite number of phase factors of the topological degeneration. ' , · · 

At the same time, colourless correlations of electromagnetic and weak currents are 
expressed in terms of propagators of "bare" quarks and ghions, and they· coincide with 
the .usual expression ofperturbative QCD. As has been shown in refs. [41, 42, 43], 
situation does not contradict the unitarity of the S- matrix and leads just to the 
principle of quark- hadron duality•in the Minkowski space widely used in the parton 
phenomenology.· · 

. • The topological mechanism of dressing physical quarks explains the main hypothesis 
of this phenomenology from the first gauge principles in the Wey! form·: the probability 
of hadronization being unity and the independence of had!-onization of the confinement. · 
This confinement may be realized in any non-Abelian theory constructed on the semi
simple group G0 • In the mapping of the space R(3) onto a group space; it is important, 
to pick out the SU(2) subgroup from Gin minimal manner. · · 

"Minimality"· means that the fundamental representation G is simultaneously an 
irreducible representation of the SU(2) subgroup. For example, in the case of SU(3) 
the Gell-Mann matrices A2, ,\5 ; ,\7 coinciding with the adjointSU(2) representation are 
the generators of the minimal subgroup. · 
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5.1 Hadron perturbation theory in QCD. 

Nowadays one expects essentiai progi-es~ i.ii'the development of accelerators with es
sentially higher luminosity of beams, the so- called c --: r- factories. (Especially we 
h·ave in-mind a·class of·machiries with. typical·energies in the centre of mass system 
VS= 3 + 5Gev. and luminosity > 1033c,n-2 s-i :) , · ' · . 
. .The main achievement of the future factories should be the increase by two orders 

(102 times) of'the accuracy of measurement ofha:dr~ri processes ·which to a marked 
degree is in-excess of the accuracy of the modern conventional theoretical·methods of 
QCD calculations .arid estimations of hii<lroii interactio~ amplitudes. {latti'ce calcula
tions;•stiin rules, the parton~ QCD model, low- energy theorems et;al.) · 

Therefore, the problem arises to formulate the QC D perturbative theoi·y for h~drons 
as relativistic bound states. . 

One may expect that an experimental progress in this energy region will serve as a 
strong stimulation for theoretical activities in this field in the nearest future, like -the 
famous J/ip experiment very much helped to establish QCD as the theory of strong 

._ interactions. ·. . . . . . . 
The conventional QC D has. been created mainly by the parton phenomenology [44] 

and by the asymptotic freedom formula [45) 

, . [ . ; Q2 ] _:i . . 1 1 2 
a(Q2)= bln(J\.2 ) ·;:b=

4
1r(ll- 3N1) (5.1) 

where A .is the parameter of the boundary condition. This formula is a main argument 
for justification of the perturbation theory in the deep- Euclidean region of the quark 

. and gluon ,momenta, .Q2 > A.2, vrhere these colour particles are considered as ·free 
· pai:tons: But this for~ula ( 5.1) c·annot. answerup to now the question: What is the 
vacuum _and other physical states of QCD? 

The parton. QCD turns over the_ usu.al l~gic of quantum theory where at first. we 
should ,define the physical states and _then calculate the weak amplitudes.transitions 
between them. . . , 

When_ we are constructing the QCD perturbation theory for hadron, at. first we 
·should ,define the bilocal (1.12) or N- local (1.22) hadron states as irreducible repre-· 
sentations of the, Lorentz gr<;>up ( with. n:i~&_ and spin) and _then qtlantize th~ 1 chromo
dynamics according to this definition. 
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The main peculiarity of such hadron states is their covariant instantaneity {1.19),· 
(1.22) with respect to the eigen~ values of the bound state total momentum operator P ;. 
In Lectures 2 and 4 we discussed the minimal approach for the construction of physical· 
variables of gauge theory, based on the explicit solution of the classical equation for 
the "time"- component of gauge field (Ao = (11 • A) ; 11i, ~ 'Pµ ; 112 = I) where the 
gluon exchange interaction between quarks is naturally divided into two parts: the 
instantaneous and retardation contributions. · 

If we define any hadron b~und state by formulae (i.19) and (1.22) as an irred~cible 
nonlocal representation of the Poincare group, it is easy to ·understand that the covari
ant instantaneous gluon interaction (4.10) 

W1n •. (a.L) = j dxidx2~i;(xi) [ [V;/a;)]2 ]i;(x2)8(11 · z) (5.2) 

(where i; = eq~nq' z = Xi - X2 ' a; = aµ - 11µ(a. 11)) at the point of existence 
of a bound state 11 · (xi - x2 ) = 0 is greater than the remaining retardated part of 
this interaction in QC D. This ~inimal approach allows one to formulate the hadron 
perturbation theory [24), the lowest order of which is the potential model defined as 
the gluon vacuum average of . . , . 

< 0IW1n •. (a.L)I0 >~ j dxidx2~i;(xi)V.n(z.L)fi(x2)8(~ · zo) , (5.3) 

·The _calculation of. this average is· one of the main tasks of the hadron QC D. On the 
recent phenomenological level of QCD we can choose the quark- quark potential in 
the form of the sum of the rising and Coulomb ones (3.33) · using' the heavy quarkonia 
spectroscopy as the analogy of the Coulomb experiment in electrodynamics. 

5.2 The spontaneous breakdown of chiral symmetry and the 
physical vacuum. 

As result we get in the rest frame 11 = (1, 0, 0, 0) the potential model 

!. · I J . , ,\f. . ,\" 
1t = dxq(i8n; + m 0 )q + 2 dxdy(qt(x)-fq;(x))V(x - y)(qt(Y) ;'q,(y)). (5.4) 

which is widely used now for description of the spectroscopy of heavy and light quarko
nia [9, 23, 24) [29)- [33), [46)- [48). 

The instantaneous singularities, forming the bound states, cannot be reproduced 
by a relativistic gauge where all gauge field propagator~ have singularities only on the 
light cone. All modern QCD approaches, including the lattice calculations, do not take 
into account these peculiarities of the problem of bound states. 

Model (5.4) gives a good illustration of the "quantum logic". Let us consider the 
· physical vacuum and the spontaneous breakdown of chiral symmetry in this model by 

the operator approach .. · 
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: , : The,first step· for constructing ,the physical states consists in the ·definition· of the 
orie - quasi - particle creation ( a+, bt ) and annihilation ( ai b) operators with the help 
of.the Bogolubov fermion·expansion•;, : ' · 

;,,;,' 

.. ~a(~)~ }J Ic·2:~,~•ei~x(a.(q)fa} q; s) ~' b;( -2-q)va{~q; s)]: .. (5;5) 

Here µ 0 ( q, s) and v0 (-q, s) are the coefficients· determined from the Schrodinger equa
tion for,the on~ - .particles energy . . I ' • • • ' ••• 

< a.(q)IHla;(q') >=c E(q) ·~ Ola.(~)a;(q')l,O >. · 

They can be represented via· the.Foldy - Wouthuysei-/ma:trix (18} as 

·, , µa(q,s) =.S(q)0 pJtp(0,s); p0 (-q,s)·= S(-q) 0 pvp(0,s) 
• .' I ·, ' , 1 

l 
with. 
, ,,, ' 

;: S'a~;(q)[L ~a 1(0,'s)~,t,(O, ~)lS~1(q) ~· (S l ~ ' 0 S~1 )~~ ~ (J\i(q)t;, 
• 

"S,m•(-q)[L Va1(0,s)vi]i(0, s)]Si,1(::-q).~ ,(S
1 

·~ 'Y~ s-1
) aP = (.A~(-q))a/J" . . 

(5.6) · . 

\· 

.Ai· and AD_ are' pr~jectiori operators on states with positive, resp.,' neg~tive energy. 
Then, ~quatioif'(5 .. 6) 't~kes the form of the Schwinger - Dyson· equatiori (3.29,3.30) 
which' can compactly be written'a's' ' .. • ' . . . . . . 

E(p)S-2 (p) = m0 + Pi'Yi + ~jpqS-~(q), 

when; 1;q ila: ~ho;t~' h~~l nciatiori for 'the 
0

intbgral ope1:~tdr' 
:'·' ·1 . J dq 

', 'Ipq = . (2~P V(p - q) .: 

(5.7) 

(5.8) 

After inserting. (5.5) into (5.4) the Hamiltonian can be given in the following manner: 
,: I ! i• 

. 1t =c .. Eo + Hi+ : Jf4 :, 

Eo = < 0l'Jtl0 >, 
,. llf1 = L E(pi)(ata~ t btbi); 

(1) . 
2 .,· ' . . ···: .. ' . . . . . . 
- L. s<4>(p1- P2 + p3 - p4)V(p1 - p3) 

. 3 . 
•, .. ,1,2,3,4, ) 

:Jf4: 

{ +b+ +b+ • • • • ·+ +b+b- · • · • + , a1 :i a3 4 l'1 v:i µ3v.j al 2 3a1J'1 V2v3µ4 . 

+ bia2afbfviJt2Jt;v4 + bia2b3a4v1J'2!'!µ4 + · .:.} + 
·• 
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(5.9) 

In ; Jf4 ; only terms forming colourless mesons as. pair q>rrelation (49] -, : (51) hav~ )?een 
kept. The follo,.;,,ing abbreviations:have.been,µsed in.(:;i.9): . • .. : 

't~.£j ~:~!,~,·{;} ~{p;:'s~}; {]} :·:{;P·r:~~;},: J.~\,2'.;,L c' •,-

·:.I, :, s,~. ·• .. -1r.,_, ... -,'· ·:. ·:.:) .. ~- ·~·•·.!1::, ,:_·.·,-~ <; ,-.·'! -- ,:.·.~ :,.,: .,.. • ,.:.·~-· :,."•·· 

For dia~onalizing the Hamiltonian (5.9) with ~espect to pair cor~~fiti~~s;(ahf); 
(b3a4) one defines a new vacuum as the coherent state · 

-'10 >>~~ exp{ L' ri(l';2,3,:4)[(at1bt1)(b!j1~tj1 )Jj10:::; ,;, . (5j()) 
1,2,3,4 

and the c'r~ation•:ciperator·tor'the bo'i1hd st~te (of pair c~rrelatiori) U· ' :,·: ., 
• '· '!:' ~:-'!_1., ... '·. ,1.:·,,..,;· . t'/.,!'. !:'"• ' ·•.'(,"•:;~· . . :~-. ·/~<;·."1'- .,:: 

. Bt(n) ~ L 8(p1 _; P2HX+(1;2)a+i(l)b+i(2) :c:. X:.:(i,2)/J(i)ai(l)],:., ',; (5.11) 
'l . .,..- l;,•<• } 12 .1 \, .f1 1;,• • } l'•'.·:/J ·,.\ :;':;i',.rl••. ,.:.;;·•., :t," :),( ',',:,;,1,i_~'; ;· .. /'-)'•,. 

. . 
The coefficient·X+ and X: .. ar~ determiried from the Schrodinger equation.for the two 
- particle energy MB , " · · · · · · · · · · · ,,: · , · ·;: , •::; ·. · 

a'<< OIB(n)(H1 + H.j)B+(n)IO >>~~'Mi/d'<< OIB(n)B+(n)IO >>a, (5.12) 

and the parameter~ in (5.10) is given with the help'of the definition ~f the anhihil~tion 
operator B(n) for the pair correlation 

. , :, : . . :: ::: ::B(~;io ;>a~'O> . (5.13) 

Equation (5.12) ~oincides\~ith. eqii11.ti,ciii (i26) in the rest"fr~ril'e (the S~lpeter equation) 
for the meson spectrum . ' · ' . 

' 4 . . '• . . 
(E1(P) + E2(P) =f M~)TP±±(P) =;.3.A±(P)[jpq(V'++(q)+ ef, __ (q))]A.±(_;p) .(5.14) 

up to the notation · 

:•v, = V'++ + V,-'.:.j ,V'±± = .A'-±"ef,.A~; ';. 

tfa++(P )ap = L X+(P, p; s1,s2)µ!(µ·; s1)v~(p; s2), · • · ·s•·(n5) 
-'1,.s2 . 

// :. ·-:~· 'i- . '. -· 

V'--(P)a/J 1 L,X ... (p,p,s1,s;)v,;(p;s1)Jlp(p,s2). 
,, " .,. : t (,>' ( •1,•2\' ,·•'; :· el ,\'•'.; '.. . . . ' . 

The one - particle_e~ergies E1(p), E2 (p) in (5.14) are defined via the Schwinger- Dyson 
equation (5.7). .} , · · .· · 

Notice that· equations of the type (5.7), (5.14) are well - known from the nonrela
tivistic many - body theory (Landau's the~ry of fermi:liquids (49], Randon:Ph~e Ap
proximation (50]) and play an essential. role is11 the description of elementary 'excitation 
in atomic nuclei [51]. Their relativistic analogues describing :the Goldstone pion and 
the constituent i:nasses of the light quarks are equations\ (3'.21,3.22)' and (3.26) (9, 24], 
[46]- [48]. ' .. . 
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'· 
The Green function. method discussed· in sect.2, · and the· operator approach lead to 

one and the same equations a.ncl. compleinent:eacl1'other.--The first allows one to make 
easily the relativistic generalization and to construct the effective meson interaction 
Lagrangian,· whereas the second yields an. adequate interpretation :of quantum states 
and enables one to describe more complicated system, e.g. baryon~ and other many· -
quark states_ [52]. 

' "' "·: 

5.3. The relativistic equation for. many,- quark .systems. 
, \ ~ '. : . - i ' . " f 

Let us construct by means of the quasipartide operator method the relativistic equation 
for the baryon as a. thr~e - quark sy~tem. In the meson "coherent" va~uum'. (5.lO)th·~ 
_baryon creation operator consistsi"not only of creation opera~ors 'for quarks ,(a+) but . 
. also of annihilation operator for antiquarks (b) with the same quantum numbers 

,, B+ . = L 0(1>1·+i>; + p3)[X+++C1;2, 3)ai(+){l)aiC+l(2)iz1(+l(3) + :· 
1,2,3 . ' ' 

+ x7'_+(1, 2, 3 __ )~.i~+l(1}b'.(t>,e2)b:c1~(3) +intei-chcmg~ .of., {l, 2, 3)kj.k (5.16) - . . 
1,;· The baryon functions are as follows:· , , , 

V'+++(l, 2; 3)ap-y = L µ!(l)Jit(2)~~(3)X~~+(i', 2J), ' 
•1•213. 

:1,;, TP:-~+(1,~,3)ap-y .=, ,L v!{l)vJ(2)v1(3)4--+(l,2,3),, 
J., •\ '••' • > I, ' 'l I • • . • ,,,<', '. <• - • • 

- ·•1•2•3 

etc. 
: Then, the eigenvalue equation for the Hamiitonian operato1'; ; 

a<< OIBHB+IO >>a= Ms a<< OIB B+IO >>a, ,. ,' {5.17) 

is equivalent to the following system for the _baryons wave functions 
'P+++• 'P--+, 'P-+7, ti!+--· . 

( D E(l) ( ~) E(2) ( ~) E(3) n) Ms)~ ( ~ g) (1,2,3) -

21 \ ... ·,1,•·.;•· ' -·-.· "._·. '. .. ··.\: ; ,·· ., ' •· ,,;,, 

= -._3A(•·· +:)' (~)t.·(•._·-r').· (2)1( ·-t:)• '~~) 
: ,:: .· }·: . .:-.. <( ,,;;:·, ;:!',' ·_ 

+ . _._. -

'i. '. ~ \ ' 
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.; { . i1,i[t/J ( + + +·) (112., 3) + 1P (- - + ) (1, 2,, 3)] + 
--+ +++ ' 

.... _4-_:_. ·'' +-·- '• -
·+-- :...+-· . 

+ i1.~[;p(' + ;'~ ')(1;~,;!)'t efl( .. +'~ -,.,) (1.ZJ)] +, 
--+ -+-

' ~ ·+ - ,._ ' - '. . : ' - -,--' ..... + 
+·-- . .. ·· .. -+++ 

·,_(5:1~) 

-+ · -~1.~1~(- + + + _-) (~. 2'.·;!r+ ~(-~ + -=-) c1. 2,;!m 
--+ +--
-+- ' +++ . . ~ 

+-- --+ 
where 

Ii.11PU,2., 3) =. J .(?dq)3~(q)tp{p1' ;:_·q; P2 + q, 'p3) 
' -'Ir. -- . 

P1 + P2 t p3 = 0.· .. · {5.19) 

Equation (5.18) is the analogue of the Salpeter equation (5.14) for a bound state 
consisting of three partides. Iri the _same notations eq. {5.14) has the form 

' " (i ).'E1U)'(i)~2(2)'(~-)~;B]:~±±{_l,2) =; :' ' 

4 .. . ' • '. • _,. • ' .. 
= · 3A±(l){Ji.i[1P++(l,2,) + t/J __ (l,2,)]}i\±(2) 

. ~i,th the condition Pl ;,,;, P2' :: p and witl~ ti~ taking into ·accoti~t tlie ide~tities ' 
· ·. · · · · · ·. .f ii<tl2c~ .:__~)·~,(q,) .= · - , - · -... -·· - , · 

- F dCIY(q)tt,,(q + p) = 
= J dq!:.(q)1,b(p1+q,-p2--'q)lp,=p2=p 

. tf, (Pi, ~r2) = t/,(1; 2) _ 

The nonre}ativistic reduction from {3.26) to the Schrodinger equation (3.27), 

·•·· Ea{P) 
·-· '• . .. 1 p2 . 
✓ 2 · 2 • '. ' ~ .. ,~na ~-p ~ m~,;+, 21n~•,, 

1, V'+++ = tp >> tf,(:+ - - ) , 
. ' . --+-

- --+ 

Sa(P) 

, C 

leads in our case to the well - known nonrelativistic eqi.iation for the wave function of 
three particl'e' bo~nd states [53] , ·l., - . ,, _;, 

, '2 2 2 ,:;,-f-c,·· ·,L, .. :: •. ; :: ' 

._ [ .RL +: P2. + P3 .,,. (Ma - m1-:-, mz -m3)]tt,(p1,P2; p3) = 
'-· 2n11 ·:"·21n2·'' ·21nj·'· -:--:: ,, ... :-.,:,i- --•.~:,:.••. , .. :,,:,· ,,. ,· ... · 

? • . . • • ' ... - : ' 
i\I1,11P(:e.1,.e_2,p3) + l1.~t/i(P1,.e_2,&) + l1:~t/•(:e.1,p2',&)]. (5.20) 
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Here, the condition (5.19), which means the choice of the rest frame P,. = (MB, 0, 0, 0) 
, has to be fulfilled. · ',- · -

Notice that the Jacobi coordinates, which allow to write;the Hamiltonian in the, 
term of two relative momenta, have sense only iri the nonrelativistic limit. 

. For the description of baryons in an arbitrary r~la_tivistic reference frame,,one needs 
to generalize the Markov - Yuka.wa condition (3.9) for the bilocal field to the N- local 
field 4>(xi,x2, ... ,xN), 2. 

By the example of a bilocal system we have seen that the definition of the total 
and relative coordinate X = (xi + x2)/2 and z = xi - x2 respectively is universal for . 
quarks with arbitrary m~s, including also constituent masses depending on momenta. 
By analogy, we introduce for the N- local field the total and relative coordiria.tes 

'· 

• 1 N . 
X - - ~ x· z<•l - x· - X ,.-NL,,.,,.--'"· .,.. 

i=i 

which. are connected by th~ ide_ntity_ 

N 
~'<ii::..:::o Lz,. - . 
i=t¼ '.,·' 

Then, the generalizatio~ of the Markov - Yuka~a condition takes th'e for~ 

. ;<i> :a ;_•(: <~> . <21: . , iNi) - o (. - i· 2 .N) 
z,. a'l,! z,. • z,. , .... z,. _ i _ • • ... . x,.._ ·.•, . -

·.• 

(5.21) 

(5.22) 

Let P,. ht; th~ eigenvalue of the operatodor the total 4-moment~m, and T/,. be the unit 
vector i11 the di~ectiori P(TJ,.-,_, P,.). Owing to the c~~dition (5.22) 'the N- Iocal fun~tion 
~(p;<i>,p;<2> ... ,p;<N)IP), being the Fourier:transfo~m of 4>(z£1>,x,.) with respect to 
all coordinatesJdepends only on the transversal relative momenta 

N. 
Pt)l. = pt> -TJ,.(iPl; TJ),· LPt>1.: =;=:= 0. (5.23) 

i=i 

To describe the baryon in an 'arbitrary reference frame itis sufficient to substitute 
in (5.18) all relative mom~nta. Pi by the 'tra.risv~rsal ones, i,;(i), and the projection 
operators A±(P) by the opera.tors, •. 

A ( l.)=S( l.)MB±'fs( 1.)-1 
± p p : 2Mll.. P . 

In the same wa.y one ca.n generalize the equation (5.18), and.its relativiza.tion foran 
arbitrary N- quark state. 

2 See also the generalization of the Markov - Yukawa ~onditioilfor three - local and 
• N -.Jocal.(54] cases .. 

. '' ' ' _,, 
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. The ·me.thod for .. constructing· relativistic ,wave. functions· of. many· - quark system 
explai11~d a.hove uiia~blg~~usly enables .011:e to build f~om the n~mr.ela.tivistic ;bound 
state wave function · 

X , . .. eiMXo 4> (pl p2 pN) 
01,a2; •.. ~,or.N : , • . a1,02, •.• ON , : l . > 1 1 . . . ' ;,.;, -LP(i)°=.0 

i ' ' •,, 

.· relativistic wave functions for the same·bound states with total momentum 
P,. == (w = Jp2 + M2,P), . 

Xa1,02, ... ON iP x A · c' oir>A ··. c (2)1.> A . c (N)l.> e , :.· +or1or; P. · .. +or2 or; P · .· ••· "+"'N"'N P • .· '.: 
·4>',. ·, . ,'(p(l)l.·p· {2)1. ... p(N)1.)· 

a1,or2, ... oN ' ' 

( L.Pt)l. = O). 

Here Xor1 ,or2 , ••• ar, is the matrix selecting one or anothe_r representation of the ~.or~ntz 
group with a definite spin'.· ( A representation of the Poincare group that preserves the 
one ~ time dependence of wave' functions see in ref. (54] ). . . . . . . . . 

5.4 Relativistic equations for ghionic systems. 

, The quantization meth~d .considered above for fermion systems can also be_ used to 
~lculate the parameters ~f gluon states ·described"by the QCD Hamilton:ian_(l8, 38] · 
in the Schwinger opera:tor approac~ _ . · · · 

"LI J d. 1 [(·E·.· Ta)2 +· (Ba)'2·1·+ 
Hl'M ·= . x2 i i · . . . . 

+ ½/ dx J dyF1.c1d1 .e?1(x)AT;;;(x)vb1b2(AI~.:.. y)Jb-Jc2d2 EJ~•~y):Afd2(y): 

+ Schwinger terms. · .. (5:24) 

Here V(Alx) denotes the potential satisfying the eq~ation 

' . .. . · 1 . . ·.·. : . ·,' . . . . . ,\4 
(v';(A)8;) 82 (v';(A)8;)V(Alx)= -g2o(x), v'; == 8; + gA: 2 ,. 

and the Schwinger terms a.re defined from' the Lorentz_ cov'ariance condition. It is 
important to note that the field operators in the Hamiltonian (5.24) are Weyl - ordered 
(18, 38] due to the condition of relativistic invariance. 

Let us represent the gluon fields as Bogolubov expansion in creation and annihila
tion operators 

E[b(x) 

Afb(x) 

- . J· dp IJ;{p) ( . . . : . . ' .. · 
- i (2,r)3/2VT(aor~lb(p)ef- a!_-lb(p)ef]e~Px, 

= !· dp 1 (+ b · , . . ·
(2,r )3/2 J2cp(p)(aor) (p)ef +a!_-lb(p)efJe-ipx,. 

.. 
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~ ~ ,, ,. 

. , where the function, i,6(p). is ·to be' calculated from the •diagonalization coridition ~f the 
!,Hamiltonian (5,24) with resp~d'to the operators a<+>,aH .. ,1< - - • 

In the formal form, the gluon Hamiltonian reads as 

H ;,,/E~ +jd}c[, ( ~~;>(~k)a~~}(k) +at>(k)a-~~l(~k))c
01

·;•(¢) + 

.',.'.'·:•",' • +' a~;>at>wa1a2(<P) +O(a"}):' (5.26) 

Here C(¢) and w(<P) are some defined functions the dependence on :<P of which is 
· determined from. the expressioh of the Hamiltonian (5.24): 

The diagonalization condition for the Hamiltonian (5:24),means that th~ coefficients 
C(ip) vanish ·· · · · · · 

C(<P) = 0 (5.27) 

For·, the ~~luti~:ns -{ti:2?) th.~ function _w( <P) d~fine~ _ ~h~ gluon. energ)'. spectrµm ill the 
same way as the Schwinger-Dyson equation (5.7) defines the e_nergy spectrum for the 

l ,. ·. I .,,,, .• ' ,, ' . , . I ' • , ' 

quarks. The Green function for the transversal gluon AT correspondirig to equations 
(5.25) and (5.26) is given by · · 

· , '. w( q) ; · 1 , ·' • · 1 • 
·V;;(qo,q)'= ,1.() 2. 2(·)· . · (S;;-q;2q;). 

'I' q q0 -w q -u q 
(5.28) 

F~om its ni~a~ing thequantity.'1 = Z(q) c~n be called the infrared renorinalization 
· constant of the wave ·function., " · '· · ·· - > · ' ·' . --

The Green functions for the quarks, eq. (3.19) artd_ gluons, (5.28), a;e elements 
. of a new quasipartide perturbation theory in terms of which all. matrix elements are 

c~lculated including the "running" coupling constant. · ' ' ' '·' -
· The phenomenon of dimensional transmutation appearing in the "running" coupling 

constant should be investigated in.accordance with the logic of quantum theory at the 
stage a'f defi~ing the quark and gluon energy spectrum and their one-particle Green 
functions. · ' · -

Let us illustrate this scheme by calculating the one-particle energy of the gluon and 
jts bound states for the si~plest ex~ple of the theory (5.24) where the operator for 
the potential is substi_tuted by an effective potential. This means we consider the sum 
of the free Ha:~iltonian · · -- · - - · 

' ·. , Ho=:½! dx[(Ef)2+(8;Af)2], 

and the·Hamiltonian of potential interaction between colour gluon currents 

11 , . Y(P1 - P2) 
Hr = :-g dp1~Q1dP21Q2b(P1 :- P2 + q~ - ~2) (21r)3 

f°bib2 f°c1c,[a<+>(-l) ,_ a<->(-l)][a<+l(2)+ aH(-2)] · 

[a<+l(-1') ~ a<-l(l')][a<+l(2') +~<->(---,2')],. 
:·, . 
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¢(P1 )¢( Q1) 
<P(P2)¢( q2) 

Here, the short - hand notation (±p1, bi, i1) = (±1), (±q1·, ci,j1) = (±2), 
(±pz, bi, i2) = (±1'), (±q2, c2,j2) = {±2') has been used. In our case,· the coefficients 
C and w are given by the expressions 

ca1a2(¢) 

wa1a2(</i) 

k2S;; + (M
2
(k))ii _ !ii]ef1 (k)eJ'( .'....k) = 0, 

[ , 2¢ 2 . , 

k2S;; + (M
2
(k))ii ~ !ii]ef1(k)ej'(k) 

= [ '2¢ 2 . {5.29) 

with 

2 •· Ne 1 dq · · 1 
M (k))'' = T (21r)3 V(~ -q)</i(q)(S;{- q;q2q;), 

zii(p) = .· S;;:+ ~~ 1· ·(:q)
3 
V(k- q) ,1.(l )(S;; - q;-;q;). (5.30) 

. - . -11' ''I' q , q . . 
, • • I 

Since two gluons form the simplest bound state, by ·analogy• with the mesons ( cf. 
(5.11 ): ), we introduce a glueball c.reation operator . . 

o+ ;, L 1 dk ,' [ X~;.;;>(k)~l; (k)eI' ( ~k)a\t )b(k)at>b(-k) + , 
b . ·, 

. + X~;,:;>(k)e71(k)ef(-k)a\~lb(k)at>b(-k)] 

and a "coherent" vacuuni 

IO >>a= exp{L J dk1dk2a(k1,k2)(a\;lc(k1)at>c(k2)) · 

(a<+lb(k1)a<+lb(k2))}IO >. 
-YI "Y2 , 

,· 
Then, the Schrodinger equatiori for eigenvalues of the Hamiltonian operator 

, a<< 0IOHO+I0 >>a= Ma a<< 0IOO+I0 >>a, (5.31) 

is equivalent to the equation for the glueba.ll wave fundion 
. ' ' . ' 

with 

(2w(k) - , Ma)x&++1(k) 

= :c ikq{(w+(qlk))2x&++>(q)-:- (W-(qlk))2x&++>(.q)} 

(2w(k) + Ma)x&--1(k) . 

= :c jkq{(W+(qlk})2X;~--l(q) - nv-(qlk))2X;~-->(q)} 

. w±{q.lk.} = t ·~. (~-) ~- :~.(k)], - v¢(k) v~ . -- . -• ··1 dq -_- , --• 
lkq/(q) = (21r)3 V{k - q)f(q) . 
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Furthermore, one can write by analogy with the baryon (5.18) alsb the equation for the ' 
wave· function: of a antisymmetric three -· gluon· state t/1+++( t/1+.:..-, t/1.:..++• if,::.+~) with 
eigenvalues MBa · , · 

(w(l), -+ w(2) + w(3) -,MB·a]t/i++:(l, 2, 3) = 
N • :. . . . 

= -f{I1,1(wt1wf11"+++(l,2_,3) + w11w:iat/i-'-+(l,2_,3)) + ... }. (5.35) 
l ,''., 

. . . 
For an estimate of the solution to equation (62,63) we make use of the separable 

approximation for. the potential 

J (.2dq)3 V(k_· ~ 'q)¢(q)(8;i ~ q~ \_~;) •~ ~3+-.1L (:q)3¢(q)8;j, 
7r .• .•. .. . , . q .. · µQCD o. -7r , '. 

(5.36) 

with the parameters describ.ihg the physi,cs of light quarkonia ( L = L6GeV, µQcD = 
0.35GeV). Equation (5.30) take the foirri' ', ' · ' ' ··· · · · 

I · 1L I dp ~,n; ;= ;-. 2-. ,.: (? )3 ✓P2,+m;, 
l1QCD O -7r • 

. ' ' ' ,Jz '. -IL,. ,dp 1 
z = · I+ ~ }

0 
· · (2,r )3 Jp2 + m;' 

w(p) = ,\/Z_/p2 -~--~~ . ,., 

(5.37) 

and have the solutions mg ~- 0.SGeV, ,/J_ ~ 1.18:, For the.scalar glueball mass as an 
eigenvalue of equation (62,63) in the separable approximation 

,,: 

(2VZJk2 +~; ·Mall= 

N JL d . ' ' 
= 4µb~~ . '(2~3((X'- J~)W(klq) + 2(X +Y)],: 

) 

(2VZ\l'k2 +m;' + Ma]X ~ 

= ~c JL dq 
3

[(Y -;'-X)W(klq) + 2(X +Y)], 
.4µQCD (21r) , 

.. W(klq) = ·•k2 +m;+ 
2 q2 + mg 

q2+m2 
. g 

k2 +m;' 

one obtains the value Ma~ 1.6GeV. 

(5.38) 

The appearance of constituent masses for quarks and gluons does of course·influence 
the determination of the "run~i~g" coupling constant which in the new theory cannot 
have any singularities in the wh~le Euclidean region of the· transferred momenta, among 
th_em also at q2 = 0 [24, 55]. , 
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5.5 The problem of confinement. 
, . ' , •_: r ' , ! ' , ~ - , . : . • , , , , • ' , 

5.5.1 Pheno~enology. 

The confinement of quarks in ·phenomenology means their nonobserva.tion, or the fa.ct 
that the cross-section for the creation of quarks in a free state is equal to zero . 

. When we want to prove to the nonobserva.tion· of any physical object;'we'fii~t of 
all need to describe constructively the experiments' testifying to' the existence of this 
object. In recent physics the proof of~the existe~d:" of a physica.lobjec:t'mea.ns the 
e~perimental measurement of all its'quantum number.:,, ' . . . 
, It is worth, recalling that :the qua.tk idea· follows, from the -cl~sificatiori group of 

hadron. But even· at· this step of "classification" quarks have been considered · rather 
as an auxiliary mathem~ti~a.1 construction· than as ·a.·reality.: Quarks ·became ."re~l 
object'\ only when the first experiments appeared on·the deep-inelastic measiuement 
of the'parton qua.ntu~ numbers which coincided with the ones of the Gell-Man;- Zweig 
hypothesis·quarks., . . · · · ' :• · 

The parton interpretation of the deep- inelastic experiments on the phenomenolog
ical level has been developed by Feynman and Bjorken (44] and its'essence is that the 
sum over.all hadron final states of probabilities of processes' e+e- -t h'a.droff e+ e~p 4 

hadrons etc., is de~cribed· as an ima.gina.~y part of the c6riesponding elastic a.inplitml;: · 
. . 

L •. -phy.,< 11r1h.>phy• l'~Y• < hlr'li >p~y)u~;hy;;< 11rii >ph~•,, .. (5.39) 
(had~o~~) .,,t. 

constructed from quark- gluori diagrams of the QCD perturbation theory 

( ,. 2/mphy• < flTli >phy•~ , L phya <JITlp_ >phys, 

0

ph~• < PIT*\i'>;h~• 
(parton•J 

' ' ,. I 

. :The resulting relation • 

L(hadron•) phy• < flTJh >phi•' )h11'• < .hlT*li >phy•~ ' . . . . · t phys ~;.JIT,jp >phy;. ph;, ~ PIT*li >phy• ~ - .. ·. 

(partona) 

(5.40) 

(5.41) 

is called quark- hadron duality ( Q HD), and is used in' phenomenology as tlie energy 
averaging, (global· Q HD) and without cJ.vei:aging, in the energy region' far. from reso
nances (local QHD). For example, the cross~ section of the process'•e+e:.:. -t hadr~ns 
in the nonresonan:ce energy region coincides nbt only on the average but ·also at points 
with· the imaginary part of quark loops. The local Q HD means that the perturbation 
theory really is used in Minkowski spa.c~. · · .. ' · .. .. •· · ' ·• · . . . . : 

The ordinary unita.rity for the S~ ma.ti-ix: . . .. . . - . . . ; . . . 

. S = 1 + i T ; S _- s+ = 1 _,. T • 'r = 2/i~T , (5.42) 

differs from (5.13) by the Feynman supposition that the hadrons form the complete set 
of physical states 

T. T* ~ L' Tlh >phy• phy• < hlT*. 
· ' · , '. (hadron) ' 

(5.43) 

-~I 



' - • -: • ", ' . ., • • . : ; ' ! . ' : . ; ;'. . ' ' ~ • '< ; ~ ' ./ ~ --. 

The last equation means that the·probability of hadronizatiori is eq1ial· to unity, 
and, correspondingly, the probability of creation of colour particles is equal to zero, i.e. 
equa_tion (5.43) means the confinement of colour particles (c) · 

· ph!i• < ilTlc >phya= 0 ; le >phys/ IP.>· • (5.44) 
• ~ < 

. Thus, for the measurement of quantum numbers of colour particles by QH D (5.46) 
on~ ~s~s _the confinement hypothesis (5.46) and. two different types of states: physical 
hadr~n ,states. (in the left7 hand side .of [Eq.(5.46)]. which are detected directly by 
experiments and parton states (in the left hand side) which reflect particular analytical 
pr~perties of .the/elastic" hadron ,amplitude reproducing the imaginary parts of quark 
diagrams. · . 

: In- usual field theory,.for instance in QCD, physical and "parton" states coincide 
. in the framework pf perturbation theory, thus indicating that the theoretical ." observa~ 
tion" of quarks 1¥1 their parton images in local QH D [Eq.(5.46)] and their experi~ental 
nonobservation [Eq.(5.44)] take place in one and the same energy region of Minkowski 
space. . . . . . : . 
· .: So, the v_ery physical procedure of the .measurement,of the colour pai'ticle quantum 

·. number. is contradictory, if it does, not imply . the existence of some inechanism of 
"d{·es~ing" partons as a result o(which they transform into nonobse1:vable physical . 
quarks le >p~y• not losing their quantum numbers. . . . 
. . One of the formulations of the confinement problem is as follows: . What does the co
incidence of physical and parton. states not occur in QC D? Another formulation': · Why 
is the probability of colour particle pI"oduction to zero [Eq.(5.44)] while the probability · 
of hadronizati_on i~ equal to unity? . . .. ·• .·. 

Up to now the ~nswer to these questions is the confinement hyp~thesis'. However, 
the parton QCD high- energy phenomenology [44] does not practically depend on the 
realization of this hypothesis. _The same situation is no..y observed in QCD low- energy 
phenomenology. For example, ch_iral Lagrangians are;obtained from one- loop quark 
diagrams [24] and at the same time quarks ar~ removed. from• the. ~initary condition 
corresponding to an implicit use of the hypotl1esis [Eq.(5:44)] in the absence of any dy
namics substantiating this hypothesis. The quark hadronization process in low- energy 
phenomenologyis not connected with. the. confinement. process. The same .c01iclusion 
is .~ade in the phenomenol~gy of the s~m rule 'method [56], where .c~nfinement effects 
do not in any way influence the description of experimental data .. ' .. · . . . ; 
... Thus, in the .recent quark high a11d low-energy piienomenology thexe is a tendency . 

to decouple completely the hadro~ization process from confinement, a~d the term of 
,, co·nfinemerit" mea~s th~ specific procedure of me~m:e~ent of ~olour particl~ quantum 

· numbers which. uses two sorts of colour. states: physical and p~rton ones; in one and · 
the same energy region [Eq.(5.14)] .. · " · ·. · · · ··· · · . · 

,5.5.2 ,-,Theory .. . ·. 
' ,' \ 

·· QCD arose as the substantiation of parton phenomeri~logy with t.he.help of th~-~~mp-
... totic freedom phenomenon [Eq.(5.nJ [45]. .. . . 

There is a set of peculiarities of the conventional 'parton QCD that prevent us from 
re~ognizing the phenomenological statement of confinement problem . 

·42· 

Their main peculiarities are the conviction.that the formula [Eq.(5.1)] explains the 
parton phenomenology and ordinary proof of uniiary relation in perturbative theory. 

In agreement with asymptotic freedom, perturbation theory in QCD is valid only 
in Euclidean space. The correspondence of theoretical quantities with _the relativistic 
experimentally measurable ci:oss~ se~tions in Minkmvski spaceis established with the 
help of dispersion relations. . . 

However, in this way one can explain only the global quark- hadron duality but 
cannot explain the local Q HD, i.e. the fact that the cross- section for the process e+ C 

onto hadrons in the energy region far from resonances ~oinddes with the imagi"nary 'part 
of a qu'ark loop at e~ery point. To explai~ the local Q HD and pertu~bation theory in 
the Minkowski space, we must understand why in the same energy region qua.rks play 
roles simultaneously of nonobservable physical states [the left- hand side of Eq.(5.46)] 
and of observable free partons [the right- hand side of Eq.(5,46)]. 

This fact is also difficult to understand in the potential version of confinement; 
where argumentation is based on different regimes of the quark behaviour in different 
energy regions (long and short distances). ()n the other hand, all confinement- potential. 
attempts. to explain. the nonobservabilit:y: of individual quarks by solving .the Dyson- ' 
Schwingel; equation for the quark propagator have led ·not to confinement, but rather 
to the. spontaneous breaking of chiral symmetry'. At pres'ent,' confinement potenti_als 
are succesfully used as potentials of hadronization [9, 24], [46]- [48]. · 

We see that in QCD theory is a tendency to consider the dynamics which is. tradi
tionally connected with confinement only as the dynamics of hadronization. 

The main problem of.how the Minkowski space perturbation theory (with a nonzero 
imaginary part of the quark- gluon diagrams) can be made consistent with the confine-·. 
ment hypothesis [Eq.(5.46)] remains open; its ans,ver is given neither by asymptotic 
freedom nor by the confinement potential. · · 

One of the first attempts to explain the phenomenon of confinement with two 
sorts of quarks [Eq.(5.46)] was the version of the two- dimensional chromodynamics . 
suggested by 't Hooft [57]. In this model, physical (dressed) quark arid parton (bare) 
quarks are distinguished. As a consequence of the·infrared divergences,' all physical 
quarks have infinite masses whereas colourless amplitudes are expressi:;d in terms of 
bare_quark propagators with finite masses without infrared divergences. 

The absence of the amplitude for colour particle production does not contradict the 
unitary relation. The point is that when bmmd states are-present, theunitarity relation 
should not be understood as an identity, but rather as one of the self- consistency 
conditions of the theory used for normalizing the bound states and their interaction 
constants [58]. (It is worth recalling that in quantum mechanics one and the same 
Hamiltonian allows different laws of conservation of probability which are considered 
as additional suppositions). If for some reason the probability of the colou~ _channels 
disappears, the pr0babiJity of other ~hannels inc~·eases so that the total probability .is 
equal to unity. From this point or' view, th~ pert~1rbation theory for bare q~iarks in, 
the Mink~wski space does n~t contradict the confinement ofpl;ysi~al quarks, which i~ . 
explained not by the interaction potentiai'b{1t by the process of clr~ssing bare quarks. 

. The. similar. procedure of dressing .bare quarks explaining the phenomenological 
confinement has been found in the minimal vei-sion· of quantization. of conve.ntiorial 
chromodynamic-.s [17, 18]. · · · · ·· 
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.6 ,LECTURE· 

THE UNIVERSE AS A "BOUND STATE" 
JN THE EINSTEIN THEORY. 

.. The· spectrum of ,physical excitatio~ of gauge the'ories,, the "Heaven" and "Sky" 
spaces in general ~elativity the·ory, excitation of the "Sky" space, the fojlation sce1~ario; 
the solution i>f the hidden mass z;roblem and 'the Hubble constant. . 

• • ' ~ ' - < - ' ; ' -. ' • • ' • • 

" • > 

6.1, Statement of problem. 

In Lectures 2,4 we c:cmvinced that the ~inimal apj:>rCJach 'to quantization of gauge 
. theorie's is ~onvenient for definition of the 'spectrum 6f physical excitations ~f the theory .. 

'.·In QED the m.foimal approa~llmeans that we consider the equation fortlie time 
component A~ · ·· . · · . . ·•. '. •· ·. ·· •. . . · . .. . ' 

8; Ao ='io+ 8i8oA; , 

as a:.constraint which we should solve explicitly to .construct the. independent, physical 
variables. The result of this construction,_roughly speaking, consists in the separation· 
of ,this equation in two parts: . the homogeneous ( 8;80 A; = · 0) and inhomogeneous 
( 8; Ao = j0 ). The first part is the transversality constraint for. a "radiation", v:h1ch is· 
treated as a "correction" by perturbation theory, the second- leads to the instan· a1,eous 
(Coulomb) interaction and, in.the end, to bound states .. 

. Jt is wonderful that this method of the estimation of the physical spectruni. up to 
now has not been applied to the general relativity theory (GRT) 

,. : ' , ·.. l , 

W:= f/xF9__£ ; t:. = - 2~R+t:.M, 

arid, in particular, to solve the Einstein equations 

w ~ !c''R =·'t.T"(M) 
", 2 "•,. v_. . 

(6.1) 

(~here M means ·matter fields, 'R is the curvature in the rrieti-ic of four- dimen~ionai 
space- time g,,.,).' In the' recent treatment of GRT the meti·ic g,,~ is considered ~ 
the gauge field in. the abstract mathematical space x;. We shi?-ll call this ·space~ _time 
the "Heaven"· to emphasize, its difference from the physical ·observable_ space~. time 
(",,; (r~(i): d4( =:= d4x,A, which w~ shall call the "Sky". . . . , . ,· 

· We shall construct the "Sky" · space and the physical variables of G RT by the 
minimal approach. The main differences of this· construction from others [59) is: the 
choice of invariant dyna~ical variables. . , . . 
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6.2 The the choice of variables and coordinates . 
• : ! ~ 

. ,' :,-,,, ',f_,;<,; 

We choose the ADM metric [59, 60) 

( 

0 2 _ 132 {3; ) 
' ' ' /3;: ' -.,,;; ' 

fi = ,;;13 .. 132 = f3·. f3i. FY= a✓-i. 
, ._:;' t ,, ,i ', , . ,, , ·. ,'. , · .. · ': .. ; ·:,1 ,, ,·,: •,· -·:; ·- • .: --·· '.· (6;2) 

\'.., ,• .1;, '. •;~ " , ... , .• .. \!1t .~--,.~-~ ... -•: 

In this case the Lagrangian (6.1) does rtot depend on the time derivative of the 
fields a and /3; 

.[~· £(a)3),l;;ao,;;, · :':) ,, 
and the corresponding moment~ p~·,PP; ar~ eq~~l t~ zero. Thei-e''~re t~~ way~, of 
quantization of a theory like that:- . ., . , .. , , , , • · 
i) . .to consider the equation p,; = 0,pp ~·o ·as· constraints oh the dynamical variables 
and to quantize all variables.( a, {3,-y) by, the Dirac method, 9r. .... , ... , , ... · . • , . , 
ii). to construct the minimal set of classicai'cl'yn~mic~l 'va:i-iables ·on'the.expHcit'solutions 
of the classical equati.on 

cw cw 
Ta= 0 ; ·C/3; = 0 ' , ' ! :'. ~: 

't ; ,, . • _; '.' '. :' • 1 , . ~ , '. J :• ; ; ; I'! ,•; 1 :, " ' .. '; ✓ ',' : ' ,' .~ ;·, 

and to quantize only these. vadable.s (The :p~ysical meaning of this "minimal approach'? . 
is discussed in detail in Lectures 2,4 and ref.s [17, 181). . , · 
· ,Jn the first method we are forced t.o fix: simultaneously the fields a, {3, and their 
momenta, which contradicts the Heisenberg relation in quantum theory. Therefore,.we 
use here the second way, and solve the classical equation for fields ,:-/and.i e#li~itly. 
. ·: ;In particular, we should solvy exadly the invariant.1 Ein~tein equation 
(8W/cf3i=0): . ·· . . · · . ' ·. . · 

o ,;\[i\')'"'- ·;,l[i' ~):.:_: .''~(···)'•·· 
R- = - -11'· . k - - -'Irk .. = T- MK 

' 2 a ' ' ·2 a . •~· ' 
IC ,: 

where 

11'ki= ,801ki - f3k; i - {};; k , 
• ~ -'. .• 1. • 

(6.3) 

' :,:--..,•,·,) 

(; i) is a covariant derivative in the"nietric 1;;. · T;°(M) are the matter energy- mo~enttim 
tensor components. , ., , · .. ' , . ;_: , , 

We can devide the field f3k into two parts with respect to the transitiveness ;6f a 
general covariant group transformation · 

13; =Pr+ f3t1 ;·CR?~ R?(f31T) +·R?<f3Mf·s 
i_:.'1 

It is clear that the nontransitive pa.rt {3M is <li!fin~dh/th~: mait~/; 

[~13
-Mk .

1 
. _ ![~<13,.Ai '.··+··, 

13 
.. ~1 ;k)1; '~ iic.M) 

;k ;•, 2 _ ;• ;,,·, ,;~ . , K-a ~ , ~ ., ~ a 1 • .:, • • .. . : • , , .,_ •• • . _ l 

(6.4). 
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~---.. ~:) ,; .~t f::.··::~".,:.- }\ .. t/ _/;,_~·.r·~ :. ;·:- t;::. ·_;· :. · . 

and /3Jr is defined by the fields ( Oo'Yki) according to the equation of the type of (6.3) 
without the matter tensor 

R?(131r) = 0 . 

Th~: explicit soi~tion'. oi'this ~~uation means'th~t i~stead ~(~ix fields 'Yij w~ get only 
three dynamical independent variables ,i sati~fying the identity: 

".
1

, '-,, <·;.'_;~•· :,:·.,,~ ,,-, :·~ ~,.-i "'l-; i_.;,, :·.;,.:·, :--··~" ·.,t • ~·~_,.-;: ,-,-~.,. -., :l • -~·.' ,:: 

1 . T k' T 1 T k' T f-(, ) 1(80, )it); k - [-(, ) 
1(80, );k); I= 0 

Q (· .. /1,1•-~;: .,i ·:.'.- :·:. -, 

(Like in QED the explicit solution of the same equation 
, •< '>• \ :. :;·. , .,., ;' , .d;· C ·l' .· '.':, , , , ''.,!-'. ... './, ·. 

, ... ,: ,. •: -.~;8?A;.-:-;8f~0 .~ .. o.1_;•_:(A0,'7'.'_ 8;a;o~A;)' 

leads to the gauge-invariant tr~nsversal ~a;i~bl~s: 
• •·1 ' t; _' ; ~• } ', I _:• ••. • • , ,·, • , : - • "; i · • ; '· ' \ ; ;. • 

1 
AT - (~ .. - 0·-8-)A · i - v,, _' t)2 J J 

satisfying the identity 8;AT = O ). : , .. . . . 

(6.5) 

For purposes of the definition of an observable "Sky" space and the proof of the 
Newton laii·we separate also the variable VY hy'the definitio~ of a: new metric hi,, 

:'Yi, = ~2(~~)/1k;(~~) ·. ;' V, = ~3(x") ' 

with' the ci)~dition 
,,;-, ·,.; 

'det(h).=l; (hikoh;1;=iO)'. 

Just in this case the constraint (6.5) has ay~ry'simple form 
.. 

k . · ,, '·a 
p I· k = 4 01( -) 1 , ' a 

where 

~ ' ')': ' ; ,. ' -: 

k kl .· . . , 1', '· '8 ' -' ~ · 
P; = h Pil ; Pkl = -8ohk1 = -8 hkl = hkl 

0 T, 
' ., :'; 

and dr = adx0 is the "Sky"-time differential. 
t The Einstein equations 

·Rg-½R =:=_~Tg{M)_ ;_ Jig= i~~(k()_~ Tf(M)) 
' ''i· i. • ,,. . • ' •. 

i:U terms of these variables have the forms 
./ '.; (;, , ·/ ')• > ' . ~.' ' • .' [ / T :. ; \.j 

1 . 
. 2[~ + 3n)_ ,= . t.Tg(M) _ 

, i +·~r = i<ig(M). ~:rtcM_)), 
·,• I 
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' 1 ~ ,(6.6) 

,i 

(6.7) 
.' ~ 

(6.8) 

(6.9) 

(6.10) 

(6.11) 

where 3n is the curvature for the metdc ',;; -~· a~hii · 
f ,- < ·. · . ., .. _· , .. ·.. . . , ; .· ' ,·; ·\·. 

· 
3n = n,,c- n;; . (6.12) 

·,,'., 

(The ~xplicit expression of 3n(,) is given in ref. [61],see also Appendix A, where we 
give also the complete· expressions for X:, E ). . . . .. 
K, is the kinetic part · 

·'. ;~: .. 6,( i,.)2 · i(' k I)' ·• 
I\, = ~ - 4 P1 Pk • . 

E becomes the total derivative under tl1e signor the integral( J d4xFg) 

1, ; k 1 {)2 3 
E = -,-a . k ~ -3 -8 2 ( a ) . 

a ' a T 

We introduce also the coordi11atcs of_ the "Sky''. space 

. ' (6.13) 

(6.14) 

·d o - d . d ; ~ dti. ti• - ( ti).- J z·• . -r-:: -· 1 d4t . . ·(6 15) n.x .. -:-. r.,.a X,-:,- ~-·"<'~,r, .. , , . . < x_v.-Y.- '_, .. ,,._· ';'< • 

·• ' ,·. ·' : ! - . . -' : . '., ,, . . . . : ' 

where we can make the synchronization of oi:;r watches [62] a1id define the' protedure 
of measuring the intervals of physical time and space 

2 - - 2 
(r1-T2)j (6:-:-6) • 

, . . . ' 

So, the explicit solutic,m of equation for /3; (6.3) leads to the natural separation of. 
va1:iables · ' . . .. . . . . . . . . . 

· ·w(a,/3,7·,Mjlt1~/li~.<-r>_+/lA.~ ~ wC:a;~;h;J,M),, 
I'. 

'., (6,,16) 

~nd to· the.definition of -the .Pliysi~al ''Sky"~'·spacc- ·time. (6.15); ii1• the tei'1i1sof ,viii cl; 
the action (6.l)depends on only the variables · ' ·· 

.· log (a).= JK11 -;· h;;· (6;17) 

(or 1:nore correctly; on its derivatives 1i,8e';11). :.'.·. .·• . . .. . , 
The equation for a (6.10) ow Joa=' 0 i1i'ten11s or'tht"! "Sky":' spacc 1turns out ii1t~ . 

the. constraint for the dynamical fields.(µ, h;;, M) . . ,Equation (6.11) ·is the difference of 
equations for a and a (6W/6a - 6W/6a) = o;' Ti1e Newton law b..¢, ~ {i./2)M6(x) 
is the joint solution of equations for a and a in the. approximation a-= 1 -. ¢, , a- =-' 
1 + ¢, , h;; = 6;; , 7'8(~) = M6(x). .. ·. . . .. 

6.3 Vacuum cosmological solutions. · 
' ,, ' ' 

, l, · '. "r ,' ·' ~ ,:,._ : ' ' '_' ' '. ' .. , < [ 

The fundamental questions of mode'i'n ·cosinology are: ' ·' ·. 
i). Why is the Universe expanding? · 
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ii). How could we compensate in the Einstein equation the energy density of the 
Hubble expansion (the Hidden m~,s_problem)? . , , : . . , . , _ 

Conventional answers to these questions are based on the hypotheses of the ho
moge~eous space (Fridman) and the existence of unobservable and unknown form of 
matter the density of which is greater more than an order of magnitude than the den
sity of the observable forms of m~tter (baryons, ;leptons;·a:nd 'gravifons' i:e. ·a:u particle 
excitations with positive energy). . · : . 

On the· other hand, according to the observable data we can rieglect:fo eqs: (6.8), 
(6.11), (6;12) all p_hysicalexcitations with positive energy (T; = 0; hi!, = Oik) and try to. 
solve exactly (without the hypothesis ofhomogeneity) the vacuum Einstein equations. 

. ' ··( 0) . : o' ,ll3(~)2 _,!L~(a3f2)J = o, , ·· (6.1s) 
,.;, a 3 a3/ 2 

(!)-(~) 
(~) 

ii·, 1 , . • 
-_:...3- +-[~a+ 2,e;olt(log(a))] = 0, · (6.19) 

a·• a .. : . 

!l,(~) = o ','w, ~·a~,·;-~ =!l,!l') · · .: (6.20) 

-This approximatio·n in GRT c~rresporids to the de~cription of bound states in 'QED 
in lowest order in radiation. To g~t eq.s.(6.18)-(6.20) we also neglected by gravity 
radiation, and consider the Unive,:se in bound state approximation. . 

The general solution of the last eq.(6.20)' 

a(r,{) == e'.rHn<t~(e}; (~·= Hn) 
• - - (l 

'j ' -'. ' ' ,; . ' ~ • ,~ ; ., '· '.. :· '\ • ' ~ • . •, •. _" . ·. ' • \ I • ' •• •: ,• '. : ,'\ ' 

describes the "inflation" Hubble expansion of the "Sky"- space with the constant Hn. 
The density of the kinetic energy of this expansion in eq.(6.18) can be compensated 
not only by the density of the obser.vable matter (which we neglected) but also by the 
weak nonhomogeneity of the "Sky" which c·a:n play the role of the "hidden matter". 

This nonhomogeneity is described by the class ofeigen- functions of the Laplace : 
operator~ 

Mn= H;Jn(HneJ·, fn(O) = 1' , 

characterized by the "quantum number"; Hn and, unit vector n, (n2, =J) (or an orbital'. 
momentum / and its· projectors m ); for example 

f~(Hnd.=)~n("!-()i .; {6.21). 

We'can represent thegeneralsolution of eq:(6.18) 'i0: th,e f~~:m 
. ,, ' . 

a(r,O = eHnT a~(O ; a~= [/n(Fin0] 213 (6.22) 

. Eq.(6.19) r~duces to an equation of the Schroclinge1; type; .. .n·r 

(~ + V(0)1 = ;H~1/J 1P ,=, ( a~o(l)) 
1 

,, V =,2(_e;loga~f:- ·. '··· (6:23) 
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l_n par~icula.r, for (6:21) w~ ge~ two solutions 
' ' ; \' 

a - C eHn((U) + C e:-:'Jlln((u) ' C + G -v •. -;- . 1. · , , :' ", 2. .. ,, ,· 1. 2 77 · • (6.24) 

If lfn !~ ~qu~l tp zero, _we liay~ ~n~y t~e ~~ink~-»'s~j~ spac~ solution.a=. a':;=: l. (There 
is ~ ppi~~~r ~h,~U,his spa,c~ !S u~st~h!~ [~3). ). , , , · .. : , , , · . , , . ; . ·.· . 

So, the vacuum excitations of "Sky"~. Illetric can explain the "inflation scenario", 
without ~ny ~~tt~~fi~lds 

1~d c~'iid~nsates a:nd also .the Hubble scale as,the,parameter' 
of th~ b~~ndary' conditi~n 'oi th~-~~;~ti~~ of the· "Sky\ ~pa~~. ' . . ' 

' We should lik; t~ ~~t~ th~t .t1{c{ d~~ic~ ofthe ;'Sky'; - metl'ic ' .. 
' : ,·. (, - .'· ; -•~.-,. f, i ,- •i·:. \ ·.· • ·.• J··•, 1 ,.,., ',:• ! :, ,. "•.•· : '. , • , " , ,,· e •. 

- (4x)2 '==,: ~~(di~)2 ""7 a~(ilx? i (dr)2 ~ '(d{)2i 
does·not mean that ~he field ~··~n~ a are· equ:l·u~it:e· and'd;s~ppe.;_r from the int~rac
ticm:: for'~~~ple,,th~ f~~k ~ag~angiaA [7ri~ t~e·;,Sky"-' space h8:5 the,Corrri (in t,he 
approxjmation hi; =:= fo) · · · 

l •. ' <' • ·, - ~. • • ; ~·• • 

~ = J d4{~[~i,~(o; --=-'½9,;l~~3f + i,k(i!.,,~ ½d klnga2))tj, ,• 
. . 

(6.25) 

· W!: sei! ~hc1;i th_e ze_roe~ oft~~ soJµ.tion, ~( {) ( t24), whi'c~ corre;p_~hd to the b_egiµ~i~g. 
?f phy~bic1·a,l tiIIl~,. lt!ads·tp the:p?iiit,s.~f-~in#ida~iti~s ~~ere,the'creation ?f the ~atter_ 
1s poss1. e. · ·. . · '. · .· .'. . . . .. . . · . · . . . · . . 

\ Nex,~' step is t,h.e, definitio1i°oflocal d,e,viaW>ns_ of U1e ~~t~ic fiel~~ (a,o) i~duced ,by, 
the matter. and graviton energy- momentum tensors ·.. . . . . . . . 

• --:- ..•. ": !.".': .. , , • , , ·-' . ., , , , ;,: .; .·.• • , '. , ' • ~ ,"-~, ·:.:. : .. t : • \·>. ':l . . 

'0;({) =:=a,;({). ~Loca,11¥, M ; a(e) =="an({) ·'aLoc41[M,' h] 
' : ~• ';. I ; ',• ... '.; ,·.; ' ' _,' ,•: : '• ;, • ,'.' • •• :• ':_ •:,, •. <.'• •'; :, ; •\ ,•; ,,. , '" ' 1 

,(6.26) 

'; If the observable density. of ma.tier. now is imich less than, the critical·one PCTiti~~, = 
3,1!2 

/ 1' th~r~ is~.;; possihiiity to ~aj'~u_l~~trth~ l.~~~1 de'viatio~ of me.tries by the pertur~ 
bation theory wi~h re,~pec::t to, tl1e Ne'Yton c::011st_a11.t. 11:, · 

' ._,-_.•, •• , • 0 ·,_,,_' •• '. • • • - ( 

aLoca_l = l-,-- ,c4> + o{i.2) 0L,oc'!,_l;= 1 + ~4> ·. + o(,.;,2) 
-~ ,~ , ·:·, ,,;.~- " - . ',,! . -·- .. ·: .o.... ' 

Tht!Se loca,l deviatio,ns_ Ie,~~. to. t~e N.~wton "pote,ntial" gravita_tional interactions of the 
matte( fiel~s • and . of. gi:ay~t9ps. (like. th,e · cud:ent~ · current · ~o~ential interaction in the 
"m,inin1at QEp: [17)). . ' .. . . ' 

,'. > •· ,,.- ., '". •.,,:. 

6.4 ·conclusion.·· 
,. . ·•, ,,. · .. 1 ·---, ', -~ -;· ·" .... -· -·· :.~ ~ 

Th~re · is iii. lo(o( 'Yet Yr o[. qu,aIJ,tj~a\i<>~,'o(; a_,gallge th~9ry1. ·In.these, Le~tµ1:es.' I ~ould . 
lik~ to, d!:n1011i;t!a~~. that the; be,.~.t wa;:. fen:; findillg 'the SP;ec,trmp of. el~lllen~ary physical 
ex<;i t<1.t~on,~ a~t: b~~x:tfstat~~.:o(_a,g,~ge,' th~<>cy,i~ tµ~, apwoa,~h,;5µg~~~ted_by lleis~nberg_ 
a11d P,a~li · ill_ tl,i_e]i: pctp~i~Jl ?J. dt!:,:qt~~ ,t()<' th!!_, first; q~an~i~'.'-tiq11,of,el~~trodyna1I1ics.: T.!Je 
m~,i!l,i~~~ of;th,!;:S.~. ~~~~~s, [1~]~ is,t~.,.q~~tiz~,?~l); th,~ p~ysi~al;_degre_es o~/f~eedoID:•(two 
trrui,~,v,~r~<:Ltfi~W~) t~ct~,:d~,11qt, c<>.r,i:~~J><;lll~\ t<> ru,tY: ga,µg~ (~n ~erins, of, t~e ;D1ra.c,apJ;>roach), 

• ', :: ' : ' . ;' : . ,. ,·'I ' " ··: • ' . ., . . : "! ~. ·: • ' - . • -." ' • ' ,' • ' ' ' •" •, ,' • ' ' / l , 
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as the conventional relativistic properties or'physical ob_se·r;ables in the quantization 
. are achieved only by change of ga1.1ge (more: exactly, by change of the time-axis of 
· quantization). . . . . 

·According to the.Heisenberg-Pauli approach, the Coulom_b_potential C in QED or 
the J/tp potential in QCD are relativistic co~ariant and depend on the tiine~axis (77") 
par~llel · to the bound· state. total' momentum operator (in• other.-wo~ds the Coulomb 
field is-always movirig with:the atom which isformed•by this field). . .... ·. . . . · 

In this case, it is very easy to pr~ve that bilocal fi~lds of atoms and l~~drons are the· 
irreducible representations 'of-the Poincare °group lnd to tlescribe the ve1:y 'subtle effect 
of the chiral symmetry breaking accompanied by the bilocal Goldstone field (pion): We 
have shown that to construct on the classlc~l level the·physi~al transverse variables with 

. the Heise_nbe~g:Pauli):efativistk tra11sformati011al properties, _it is enough to consider 
th~ g~uge fi.e;d_action <>Il (:?'plicit ,soluti.on ofth~ Oa,\lsS equa~ioil for f~e_time component. 
of the gauge field Ao= (77 • A): · · ... ·.. . . . ... .- ·· • . 

WQEv(A,1/i)I = W(C,AT[A],tt,T[A,tj,]) 
•'.; . <;. , Wo=O " : ; :·;;:. ··: _· .>,;; ~ 

(6.27) 

· This is the main formula of the minimal approach. fo~ finding the spectrum of 
elem'entary excitati~ri of ~lassi~al an'd q~anth'm ga~ge theories a'.nd for c~~st'n.idion 
of physical variables AT[A], it,T[A, 1/i] as a gauge invari~nt 'ftinctioh~ from initiaJfields. 
A;, tt,. In this approach the gauge fic-:ld becomes many-faced a°iid is. divided into the 
Coulorrib field C and radiation AT[Aj, '. '· · . . . · '. • · . , , -' , 

Non- Abelian fields in the minimal approach co'ntain als~ th~ WeylphMe factors of 
the topological generation of the physical variables, which can explain the phenomenon 
ofco~finement as the complete destructive interference ofthese ph~e factors. · 

In the Einstein General.Relativistic Theory (GRT) we should construct not only 
invadant field : variables; but. also• invariant , physical. co,ordinates: (" Sky'.' - · spa~e , (;), 
inste~d of the initial ones ("Heaven"-. space :t;.): · . . 

W(gµ,,,tp; ... lxµ)I,, i=W("Sky",N,,&,1PT,, .. I(µ) 
-1£=0 . ' 

(6.28) 

. We ·ha~e consl_clered. the mod~(<>£ physicaic~~~di~ates ✓-=9d4x .==· ( a~lxo)( a3
~

3x r~ 
drd.3( and have shown that in the spectrum of elementai·y excitation of'GRT there 
is vacuum excitation of "Sky"- space which describes the very slow ·expansion· of the 
Universe a(r() = eTH a0((). The kinetic density of this expansion is completely com
pensated by the large- scale nonhomogeneity of the "Sky"- space a0 ((), which plays 
the role of "hidden mass". ' · ' ·· ·' •. · '· ·· 

In the light of'minimal approach the next step of definition of the modified Newton 
potential N and of the invariant field variables in eq.(6.28) is similar to the realization_ 
of th~ Bibbie scenari~.: · . ' . ., ': ; .' - ; .. '.. : . ' ., . - ·. . - · .. '. 

' l ';; J' ~ • . • • J t " ''. -

,·· -Ack~?wledgine~t. }··:,, 
.,,•, ;' ·1 

l ·•' ·-
. I. would lik~- to thaJk Dr's Yu.Kalinovsky; W .I<ailies, :t:.Rooefts. ai1(f N.~iaiil{oV fo'r 

disctissioris a.nd 'fo1: ti1e lielp iri,preparation of the~e'teCt~tr~t 'I tha~'k Profs J.Ilj~1lcn'; 
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I ~ • , 

J.S.Hagelin,' V.G.I<adyshevsky, H.l(leinert, L.Munchow, J.Sucher for discussions of ' 
some problei'ns. · . • . · · · : ' ... 

A
··-:'.c-') ':d,.::, .. A .. \ 
ppen IX • 

We get the folloiring cc,:imponents of the, curvature R = R.g + R: i~ the metric (6.2) 
with taking into account eq:s (6.3) and (6.5}' . · . '. , 

'ii'-:. · ·" .. · 3 · -·· · ~=A:+ E ; Rk = - n + E , (A.I) 

where 3 7?, = 'Ra - nh 1 

'Ra = -4[tka,a) _ !(8ka)(a,a) + (8ka)8,W''., • 
a3 2 a2 · a2 · a3 

.(A.2) 

'R,h = . \[uk81fi1) +' ~(iJ;hmn){8;l;ab)h,/,a(~~ii/~';i, - 2/i6;h"i)] ', (A.3) 

~ 1 ·, i., 4 1; · •_· · ·•· k 3 ' 1 · a· · · , k · : 
E = ~a38k[ah a,a]- a38T(8T-"v_ kJ )a, +,a3 'vk[(3;- 'v ,J )J ],(A.4) 

6(~>2- -
4
1 (pf~k') - 4(~)(.'v ";~r+ (V ;J">2 

- •• · K, = a a . 

-~[('vkJ,)('v kJ')+(V;,J,)(V1J~)] , 

'v',.J' 

J1 = ' (Il-l )f 71 i IIf = 2'v1'v k :_ 'y k 'QI ..:_ 'y ;''ilior 
- ,I·· 1-I .·.· · i•l· ·i = : OkJ + fkiJ , 'y kJ = -'vk[aJ] 

a 

TL= 
I r . : .. . . . , . . . . . . . . 
2, ' ( ak,ij + 8/m ..:.. a;,ki) = 
1· r· , . . ·.· ... ,·. 

= .. 2h'(akhi; + a;h;r- a;fiki)_+. 
I ·. I · In .. · 

+ ( okai + O;Ok - h hkiUn) log a . 

(A.si 
•• (A'.6) 

(A.7) 

(A:8) 

It is easy to be convinced that tl~e~~ expressi~ns hi'the "Sky" space. depe1id ~1ily 

onµ(() (6:17). . ·.· .. , .. , _ .,, . , . . 
For example, the Lagrangian for a scalar field has the fon11 . 

~(g~~aµ~,, ~ !.
1

'P2f=. ~[~2 -hi'a<;<pu<~l+ •~i(K + 21:·~ ~~)]•.· 
•''" ' ,• .· ,, '. ' 

. (A.9) 

Expressions (A'.2)~ (A:4) arid (A.5) in the vacuum h;; .=:= 6;;; Tt = 0 can be repi.;e-
sented iri terms of the "Sky" coordiiiates . -· '. . .. 

' ',· .,: : 2' ': ', ', -.- -I , : 

· . ·· 8<a . I D<;a ~ . • 8 · 1 2· 312 n .. = -4[-. + -
2
(-) J = -.-

3 
·312 0<,[a J , 

· a . a a 
(A.10) 

ii . I ·· · ··· · . 
K, + E = -3- + -[(Dlo) + 2(D(m)(8(; log a)] 

a a 
(A.11) 

st 
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