





l. In paper N/ a representation series
of the Wess and Zumino conformal superalgeb-
ra/%3/ has been obtained by the induced re-
presentation method. Each representation of
this series is characterized by two (in
general complex) numbers (d,z) and the al-
gebra basis is realized as differential
operators acting in the space of functions
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where x, are the coordinate of the radius-
vector in the Minkovsky space (the metric’
tensor B is chosen in the form

By B~ By = Bag T 1), ); and ()tl,():(u,/'f ~1,2,3,4)
are Dirac spinors and at the same time Gras-
sman variables, i.e.,
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Besides, ¢ and 0, satisfy the following
relations:
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Hereafter the y,-matrices are taken in the
Majorana representation.



The index (A) of the functions (1.1) de-
notes the set of the discrete indices,
characterizing the representation of the
stability subalgebra. In particular, if
the series (1.1) is a scalar one, (A)is
the empty set; if it is a spinor series,
the set (A) consists of one spinor index,
etc.

In paper/“/ the scalar representation
series was discussed in more detail in that
particular case when the numbers 4 and .
are related in the following way:

z=§a. (1.5)

It then turned out that in the spac=2 (1l.1)
there is an invariant subspace, composed of
the functions

gy (x,,07) (1.6)

independent of 6,- The conformal superalgeb-
ra representations acting in (1.6) have

been separated (they have been obtained
earlier in paper ) and the two- and
three-point functions of the superfields
transforming according to these represen-
tations have been calculated.

In order to formulate the aim of the pre-
sent paper we recall how the representations
(1.6) have been separated. For this purpose
we rewrite the generators of the conformal
superalgebra, obtained in paper /1/.
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where Cw T { );1")/"’] »a=1,2,3.4, and Z#V are
the matrices of the finite-dimensional

representation of the Lorentz group acting
on the index (A) of the functions (1.1). The
expressions (1.7) differ from the corres-
ponding ones of paper’/" due to the fact
that we have set ky =0, used equality (2.16)
of /1 (i.e., the substitution - d

and — - - iz ) and we have not éeparated
s* 22s7, T* and T . Now we can see that
the variable 0, enters into the expressions
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for the generators of the algebra (1.7)
always multiplied by /96, except for

the two first terms of the operator S,
where 0 , enters independently. That is
why, in the absence of these two terms,

all the generators would keep invariant the
space of functions independent of q. 1t is
easy to see that this takes place if and
only if 2#V= 0 and equation (1.5) holds.
Thus we are led to the conclusion, that in
the space of functions independent of 6,
representations of the conformal superalgeb-
ra with % 4 0 cannot be realized. The same
result can be obtained directly from the
method of induced representations takina
into account that representations of the
stability superalgebra (in this case, it

is the algebra with the basis M, K#,
S, 17, T, D and Qi in the notations

of paper?ﬁ ) for which the following ad-
ditional relations take place

(1.8)
M =3 40, D0, IHAD,

cannot exist.

This means, that the scalar representa-
tion of the conformal superalgebra of the
type (1.6) are on a distinct status among
all representations of the algebra and have
no analogs of other Lorentz-structure.

If we mention, in addition, the relati-
vely poor content of the ordinary fields
in the superfield of the kind (1.6) the ne-
cessity to look for other representations
of the considered algebra is obvious. These

*

of a different Lorentz-structure (for
instance, scalar and spinor) should act in
a space of functions of one and the same
type. It is the purpose of this paper to
find such representations and to calculate
the various two-point functions. Moreover,
in the process of solving that problem it
will become clear what we mean by the
expression "functions of one and the same
type".

2. We first consider the scalar case
assuming 24 £ 3z. The space, where the opera-
tors (1.7) act, consists of functions of
the type (l1.1) which are expanded in powers
of 62; We write the expansion in the form:
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Acting on the functions (2.1) by the opera-

tors (1.7) and making a subsequent reex-
pansion in powers of 6 ,, we obtain the

_action of the basis elements of our super-

algebra (1.7) on the coefficients F(x6"),
x % (x,0%) and H(x,6%. It is readily seen
that as a result of the action of the ope-
rators (1.7) these coefficients are mixed.
Let us introduce the following terminology:

a) We call an operator A diagonal if in
the expansion

+ - , + , - —op-
A‘l’(d,z)(x,o 0 )=F,(x,0 )+x Z(x,0+)6a +H;\(x,0+)0 v°0 .(2.2)

the coefficient function FA(x,0+) is ex-
pressed by itself only; x;%(x,0%) by x%(x,0 )
only and Hk(x,0+) by H(x,6") only. For
d + _d

f(o ) —__)
axt’ a0+
are diagonal.

example €he operators

and 6; a_
a0 B



b) We call an operator A, a reducing
operator if Fj(x,0%) in (2.2) is expressed
by x%x,0M ; x" X x,0%) by H(x,6%) and
H(x, ) = 0 .For instance, — is a re-
ducing operator. a

C) We call an operator A a raising ope-
rator if in (2.2) Fi(x, 0%) =0; y &x, 09 it
expressed by F(x,0% and Hax,0%) by yx%,6")
For instance the multiplication by ¢, is
a raising operator.

In accordance with these definitions the
generators of the conformal subalgebra (i.e.
Puf Ku,I) and Muy)contain only diagonal and
reducing operators. The same is true also
for the generator 1Ii.It is also easy to
see that 5 and T, (only the term contai-
ning S ) contain raising terms too. There-
fore, the subspaces Ry, and R,, composed of
the functions, respectively

{(6) + +

R q’(d,z)(x’u"o) = F(x,() ),

0 :
' ‘ i 2.3
Ry ¢&?N(X,ﬁ+,0_): FO,0) + v 0%y 07, (2.3)
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are invariant under the action of the con-
formal subalgebra and the. [l -operation. The
invariance of these subspaces is broken

only by the operators S. (T may not be con-
sidered since they contain raising operators
only through S ). Let us calculate the ac-
tion of S 4 on an arbitrary function

from R; ( R, can be regarded as a subspace
of R,). After a straightforward calcula-
tion we find:

- 0 v+ d . +
sa¢(<;,>z) (x,6%,07) = [i(y08_0_+)a+8(y 0) 4 axvu«(x,a ) +
J . J +
+Hi(yo_a'o—?’awwvmaaxl’]xﬁ("o ) (2.4)

4032 - 20) 8F (x,0M) 10+ (62— 4= 8) (x (x,0T) y*) 00 Ty00 ™.

‘Equality (2.4) shows that terms quadratic in

¢, Will not appear in the two cases
1. y% x,0 =0, (2.5)
2. d+2 -3, (2.6) .

In the firstzcase we will necessarily get
the representation already obtained in pa-
perf”/ (which we do not consider here).

The new equality is eq. (2.6). We see
that, when it holds, the subspace R, is in-
variant with respect to the action of the
superalgebra (1.7).

Let us now consider the spinor superfield.
In that case the functions of type (1.1 )
have the following decomposition

« + - +a 1= ~-a + - -
, ) 0 L0t 0T (2.7
LEL LA R AL P ILELR AL TRRL ). (2.7)

where ¢ =1,2,3,4 1is a spinor index, and+the
sign " +” has the same meaning as in f~, that
is
ta + - ] . \ Gt o= a
¢MJ)(LU 0 ):EJ(]tUB)¢(Lz“Xﬂ S Y17, (2.8)

In order to obtain the conformal superalgeb-
ra generators acting in the space of func-
tions (2.7) it is necessary to substitute in
(1.7)

> = io (2.9)



and to have in mind that this matrix acts
on the spinor indices of the fynctions (2.7)

First of all we notice that the decompo-
sition (2.7) is invariant under the action
of the conformal superalgebra generators
obtained after the substitution (2.9). There
fore both terms in (2.7) can be considered
1ndependently. We decompose as before the
field ®M2¢xt9 67) in powers of 0,

+a

®(dz)x,0,e‘)— (x 0 )+G (x, 0)()/ 07 )" (2.10)
(x6 )0 y°0

The same arguments as in the scalar case
lead here to the conclusion that the sub-
space M; formed out of the functions of
the type

+a

q)l(d, z

(3,050 =¥ (.00 +6" (0N (0" L (2.11)
is invariant with respect to the conformal
subalgebra and the operationll.Acting on the
functions (2.11) by the operators S, we
find
(S )ﬁ x,0 ,0 ) =
Y (1)(d z)

(2d=3z + 4) 6" (x,0 D (y,9°(Q=iy ))g(fy"(?~ +
m 5

(2.12)

+ (4d ~62) (YFE N, (y, 0P 4

d d + -
1800 i oot e x0T

X

The latter relation shows that the space M.
is invariant with respect to the spinor re—
presentation of the conformal superalgebra
(1.7).

0

Similar calculations show, that the sub-
spaces composed of functions of the type
¢(dzﬂx 0*,67) do not contain any simpler
subspaces. Thus the results of this sec-
tion can be summarized in the following
theorem:

Theorem: Given eq. (2.6), the scalar
and the spinor representations of the al-
gebra (1.7) obtained by the substitution
2 ,=0and ¥ =io , » Fespectively, are re-
ddcible in the sense that the spaces of the
functions where the operators (1. 7) are
acting contain invariant subspaces. In the
scalar case it is the subspace of functions
R; defined by formula (3. 2), in the spinor

case the space of functlonsM defined by

formula (2.11).

It is clear that R; and Mﬁ are formed
out of functions of one and the same type,
i.e., functions linear in 0

3. As was already mentioned it is unlike-
ly that the representations in the space of
functions (1.6) though being quite simple,
will be of a wide practical use due to their
great "individuality". At the same time the
representations obtained in the previous sec-
tion on the one hand are not very complica-
ted, and on the other hand (which is more
important) they can possess a more copious
Lorentz structure. In this section we will
discuss scalar and spinor superfields,
transforming according to the representa-
tions obtained and calculate the various two-
point functions of these fields. We write
the scalar superfield in the form:

- o B -
Flg (07,6 ) =6 (0 ) +i (p (%6 0 5 (3.1)



and the spinor one in the form:
O (05,00 =3" x0H+iC, . (0 HGFED (3.2)
(da 7 M) a ™ (d)yp Y at” "

The subseript (d) denotes the correspon-
ding irreducible representation 2=%(d+2).
We have separated an ~i” in order to get
the correct conjugation properties of the
two-point functions. It is more simply to
write the transformation laws of the fields
(3.1) and (3.2) in an infinitesimal form.

For the components of the scalar superfield
we have:

+ o O v, + d +
(S, B (x,0 D 1=liGP—2) +8(y 0 ==l (x.07),
a0 dx

+ . o d v, + aJ 4
{Sa’lﬁ(d) B(X,B )}=[l()’ —g:)a+8(y 0 )am]lfl(d) ‘B(X,() ) -

. . +
—81(1—1)'5)“5 é(q) (x,0 ), (3.3)

ot : P o0 p O, t Jd
[T¢9¢(d)(x,0 )‘= [IXP()’ }’()GT)a-FB(}’ Yy 0 )axp-;-—a—

ox

-8(8%y°0 " <y°£r) 16D 0% 8 68D+ (50U (8T,

d

+ - po d p o, +
{Ta,l/l(d)ﬁ(x,() )i“llxp('y YET)G+B(Y b4 0 )axp xO
(3.4)
- 80 y°0 +)(y°—(—%—_;)a+16d0;]¢( 0 px8™h -

- 8ix , (yF(1-iy5)) 8 #(q)(x, 87,
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For the spinor superfield we have, respec-
tively:

9 9
+ _I: o v + +
'Sa”'(d> Ax,o*ﬂ =iy _ao+)“+8(y o*)a—-a Inly B(x,@ )

v
X

d d
(545 6fq) (o 0N =lilr°—-0) ; +8G70 ™), ax—,,JG{‘d,(n,e") +

(3.5)
+ 8y M (07,
VT o 5000 D Elin,(rPy°—2) 2 8(yP% ) x o2
a>M(d) g1 = Y'Y PR Yy axps;—&—

‘ 9
- 8(6"y°0 +)(y°—5.g—:)a+ 16(d+1)1“’1(+d> ﬁ(x,0+) +

+ + + 1 o . .
+ 80,56 (0 g0 0™ g+ Sy Weivg g g 60,
(3.6)

B0ty o L 09 P, o9+ 3
[T Gy (07 = Lix Oy (+ 8GO, x =2 -

~8(8" 50 +)(y°33-;) 16305 IGE (x,0 +

0 4+ + + +
+16(a"? 0 ) Grgy o(x:0) —8xp(ypy“7)(d)(x,0 My, -

We do not write the rest of the commutation
relations because the generators S, and T,
can reproduce the whole superalgebra. To cal-
culate the two-point functions we need also
the conjugated fields:
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= - 4+ - =B - +

F(d)()(,é.f 7§ )=¢(d) (x,§ ) +ll//(d)(x9§ )fﬁ*
.- _ L o (3D

O o (& &) =T dyalué ) =ib@ux:E )" €N

The transformation laws of these fields are
easily obtained from eq. (3.3) —+(3.6) by
the substitution 04-¢,, 94~ &4

Remark: We use the terminology "conjuga-
ted fields" or "conjugated representation”
in a conventional sense. The field transfor-
mation laws (3.7) are such that the inva-
riant two-point functions of these fields
with the fields (3.1) and (3.2) do not va-
nish (as it will be seen in the following).
The representations in the space (3.7) can
be found by the induced representation methc
if another stability algebra is used, ob-
tained from the old one by the substitution
s and T'-S" and T respectively. We
write the two-point function of the scalar
superfields in the form:

++

= =

+ - -
= <OIFy 3 (007,07 Fry (05,0 5010,

AYT

to— = oty
(dld?(x—y,G,G ;€ LET) = (3.8)

=<O0[F )(x,0+,0—) E( (y,&¢7) 0>,

1 49
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For the spinor superfields we have, respec-
tively
S++ + - 4+

(%anﬁ(x‘Y;%ﬁel’erez) =

+ - o+ -
=<0I(I)(d1)a(x,61,61)‘D(dz)ﬁﬁy,62,62)|0>, (3 9)

+- + o~ - ¥
Staay ap X7y 005880 -

+ - = - +
Performing an infinitesimal transformation
of the fields in the right hand side of

eqg. (3.8) and (3.9) using the formulae (3.3)-
(3.6) and the invariance of the vacuum state:

S |0> =T |0>=0
a a

for each function (3.8)-(3.9) we get a sys-
tem of partial differential equations. These
equations are rather cumbersome and we do
not write them here. But it is not, in prin-
ciple, difficult to solve them. (The equa-
tions seem uncommon due to the presence of
Grassman variables and derivatives with res-
pect to them. However, to find the primitives
of Grassman variables is a rather trivial
operation). Therefore we give only the final
results:

A

++ + et + -

for any %rand d2%
+— + o= = L+ .
Bgjay x=y:05,6756560 =0 4 4,44, (3.10)

and



- - -k e =t
A:dd\’(x—y,e 0 € ,& ) =consti{l-16i[6 y°& +§ y°0 -~
8i(0+y°yurf_) 2
- TR ax¥ 2,~d
-0 yoy &) (x-y)y lle [(x-y)" 1 -,
T t ooty
%dﬂ5>(*—y’0w”1’9r02) =0,

for any 4, and d,.
(x-y,050767,6") =0 if & 44,

+__
S
( d, <12)

+

- V- - T
v 00T E 6T —const 11161 [0 € +& 0 -

(3.11

S

+ ., .=
Bi(0 )y &) S— Rl

=07 Yy Ml IO Y i) gyl S0 2

The presence of nonvanishing two-point
functions of the transforming according to
the representations (3.3)-(3.6) superfields
and their conjugated leads to a possibility
of writing invariant bilinear forms out of
these superfields. Such bilinear forms are
evidently the following:

L ~eTeHe!) 2@, -
fAt“ﬁx_Yﬁ?):§’§+)P(m“v9a0 )Ptdﬁy,f L ED)

- (3.12
Xd#(x7y'70+’() ’f 9£+)
for the scalar superfields and
- ot . ot T e et 1 + 2 Ce— gt
:73 JS(dd)aﬁ(x—y,ﬁ O ELENG S (G058 )8 Ly, E,E7)
x du(x,y, 05,6566, (3.13

for the spinor superfield, where du(x,y,0,05¢5¢"
is the invariant measure. It is, in prin-
ciple, well-known’/% how to find it (see
also Appendix) and after tedious calcula-
tions we obtain:

du(x,y,07,07,6 7,8 =plx=y;070567,67) x
e e e (3.14)
x d*xd% (d67y°® ) (d67y°d07) (dEy°déT) (e Tyod £y,

and

8i((7+y°yurf_) du o _4
%Y [(x=y) "1 x

+ —_— p—
px=y,8 ,0 ,¢& ¢ )=u0e

x1 L +16-8(x—y) 2(£H5°¢H) (07y%0 ) =
[1-16i0%°6T1[1-16i16 "y°& ) (3.15)

—16i 1€ 0y 0 ) w1650y PEN (0 Yoo ) -
- 16i (9+y°yp 07) (§+}’O§ +) -
—16 26 oy PED (ETHEN (07007 | (x=y) 1.

The authors would like to thank V.I.Ogie-
vetzky and A.N.Tavkhelidze for interest in
the work and useful discussions.

APPENDIX

There exists a general theory for con-
structing an invariant measure in transi-
tive spaces of Lie groups. In paper /% this
theory is extended to the case of super-
groups. Nevertheless, in that paper the con-
ditions are not pointed out when this inva-
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riant measure exists ( in our case, for
example, such an invariant measure formed
out of d*x , d6*y°dé* and 40" y°dd~ does

not exist). It is therefore rather doubtful

if one may apply straightforward the results
of this paper. To find

dy(x,y,(),f)=y(x—y;0+,§_,0—,f+)df (Al)

we used the following method. Let us denote
by 0a any of the generators S,.T, and

assume the following commutation relations
are known

[0, ,dr] =My(x,y; 0,056 ) dr . (A2)
A A

Then, obviously, the function p(x—%0+,oi§j£+)
should satisfy the commutation relations

(04,1 1 =-My(x,y,0%05 ¢, p(x—y,0567,6, €. (A3)
Equations (A3) reduce to a system of

partial differential equations if we notice
that

au v On "
[OA,#]=§IEF[OA,X!+3;—;[OA,)' s+
d d -
+2[—u—{OA,051+-—#:{0A,0,3! + (A4)
B a0 30

dp - I +
+b§—-ﬁ{0A, fﬁ! + ‘EE{OA, ‘fﬁ}] s

where each commutator (or anticommutator) 1in
(A4) can be found with the help of the ope-
rators (1.7). Thus, the problem of obtaining

the fuﬂction p reduces to determine the
right-hand side of eq. (A2),_ilg.¥ to eva-
luate the function Mjix,y,60%,05£65£67) . As is
easily seen, in our case :

M, (x,y,0%,856 76D =R, (x,07,67) R, €560,
and ,

[oA,d“xdo+y°d0+do‘y°d0 7] =

=Il§x,0t0—)d§(d0+y°d0+)(dO-}°de_), (A5)

ﬁA is an analogous functions for the conju-
gated representation.

Let us assume that we know the global+
transformations of the variables X, 0 Oq 1
0; i.e.,

ﬁ B ' (A6)
Oi'= G (x,0). '
a

Using the rules for substitution of variab-
les in Grassman integrals/&ﬁ/ we obtain:

atxa0tycd0 a0 yedo”
D %(x,0)

(A7)

d%do"* y°d0’ t¥ Ty°d0 "= Alx,0)

where A(x,0)is the Jacobian of the transfor-
mation (A6) and A(x,0} the determinant of the

matrix

IGE. 3G,
a6f 908
‘Dij\z _ _
96, 96,
aoE aa'}”j
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No. 3, 269 (1967).
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It is easy to show that eq. (A7) is identi-
cal with the analogous one of.paper/”For
the purpose we notice that any block matrix
given in the form

Ao (A B
€4 D Received by Publishing Department
satisfies the following identity on July 29, 1975.

-1 ~1
~-BD7cl  BD 1to Al B
(AL OB (L (A

o 1 1 Cy D cC, D

and therefore
det (A - BDIC) detD = deth.

In order to obtain eq. (A5) from (A7) it is
necessary to introduce the infinitesimal
transformations in (A7). As a result, we

find:
Rg (x,0,07) = 160,
a
-y L Py =
RTa(x,() ,0 ) = 16 (y 0 )axp'
After inserting these expressions for R (and

R respectively) into (A3) and solving the so
obtained differential equations we find
formula (3.14).
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