
9o -- .f3S 

0 li b e A M H e H H bl M 
MHCTMTYT 
RAft PHbl X 

MCCn8ADB3HMM 

AYiiHa 

_!;gtft; 
E2 - 90- 535 

I 
-Y 

N. N. Bogolubov 

SOME REMARKS ON THE POLARON THEORY 

To be published in the Proceedings of the Workshop 
on "Advances in Theoreticai Physics", 
Vietri sul Mare, Italy, October 23 - 27,1990 , ~ 

1990 

• 



-"if ( J. 

~···' ~ ... · 

E9·~9}.~boV l!.N. 
RemarkS on the 

aron• •• 
90-535· 

,,'.· 

·"'" 

'· 

,-

! 
I 
I 

'--t 

I. Approximation by variational principle 

I,l) Polaron at rest 

In this paper we shall consider the hamiltonian 

pZ I i~ • -~· + H= 2m+ vvLU(!JJe +S:~-e- )1-"i,wf!J1-Br 
(fJ (f) 

Here 

f -f ( 21i n1 2'iinz . 2'iin3) ,y 
3 y ::. = ;;c ) ;(. ~ ;;:, j n- integers, 0-- = 

-X='Z 
. a p=-l "3":::' ux. 

\ 

wf and ~J are supposed to be radially-symmetric with 

respect to f 

. v, = :Jllll W.j w1:r-r 

bf ' s; . -bose amplitudes. 
State v;ector ¢ corresponding to the lowest energy is 

defined by 
* . <¢ H¢> =min & 

<c?*cp>= I~ 
To obtain an approximation we shall now construct the trial 

state vectors to insist them into relation (I). 
Put: 

. &
1 

= c1 + a1 ; &; = cf t a;, 

(I) 

'(2) 

* . .,. where c,, C;. are c-numbers and af I a, bose amplitude. Introduce 
vacuum state vector _¢ for a,, ai operators: 

< cp; cp'IJ->= I a1 cf>v-=0; ¢;a;= D 

O!)J.C:A~;a(tiribil «HCTUr:yT I 
flll~JJ!iW !li:C,'!ellbBlllDG 

6HSfiHOTEKA . · 

(J) 



and construct trial state vector ¢ : 

<p=<pcx)r:fv- , jclcx)Cfrx)d:f=l· (4) 

Here ~unction ~(X) and c-numbers 
by the variation principle: 

c~ are to be determined 

i . 

A (<(I·> · • • c1 · · ·) ,.~min • (5) 

where 

1\ ( 1P '1 • • • c1 : · ·) =j<ct>; <p(x)H<p{xJ<P~ >·dx 
and therefore 

A J * f p2 { ' 11 il:x-. ?I: -f.l;;c " : * ' } . ' : ... <rex) 2m+ ''VLtM.;(c1e .. c1e )-rLw1c;c1 'f(.z)dx. v v (f) . (.J!) 

Because of the minimal property of A :with respect to Cf 

we have 

and therefo"re 

8/t ==D a c,. ' 
a 

iJC* 1\ = D r .. 

J.J. J ilx , C1*=-~ e lf (x)<f>(:x:)dx == Ci(<(l) 
T cur{v . 

., 1 -i:fx * c1=-~ Je <p (x)<f(x)d:x;.· ,.C;(<p) · 

We see from (5) that the expression 

A ( lf') = A ( <(I; ... cf c If> . . . c~ ( !f' J • . . J 

must have the minimal property with respect to <p ( :x:) and thus: 

(6) 

o" A c 41) :. o . (7) 
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We have 

1\(tp)= j!f'*cx>{/; ~ucx;cpJ}cpcxJdx. (a) 

where 

( iJ:r -il;;c ~ ) Ucx; tp)=.rv r u, ( cl (lP)e +c; (If') e ) ~ L W(I)C:F (If) C;(lf')· (9 7 
y v UJ . . ~~} . (_/ 

From (6) it follows that: 

Jce*cx>foUcx,ll')}((ICx> dx= o 
,.--- . 

and we have ~rom (7) 

d;,ACcpJ=j(ocp*c.r){!~ ~urx.l£1>} 'PCx)dx r 

Here 
r j<P*(x) { {i ~ U(x, 'P)} O'P(x)dx = D • 

J (ocp*cx>J l.l' (x) dx+f cp~ (x) o!f' (x) dx :: 0 ~ 

Therefore: 

pl 
{ zm + U ( x. Cf)} cp ( x) ,. E <p ( x) . 

We see from (a) that: 

E= A(Cf)· 

Hence .. in order to verify the minimal principle: 

A(IP)· min 
we must find the solution of (IO) for which 

E= £0 · 
will be minimal. 

(IO) 

Because of our particular choice for the trial state vec~ors 
(4) it is clear that 

Eo i? C · (11 ) 
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It is to be noted that the equation (IO) was first obtained by 
Landa~ and Pekar .by ot:hei way as all the mass of·the moving polaron. 
In our paper of 1950 on the adiabatic lj!PProximation we have received 
these formulae as a first approximation. 

Remark also that 

[ 0 =.mt:nl\(cp)= m~n mjn 1\(cp; .. ~ c1 ~ .. ) ~ 
...J. pZ 

a ... )=minfcp*r.xJ2-,- cpr._x> dx = 0 · cp J . m 
~ min/\(cp, 
- ((? 

(/ 

/( 

~~) 
that the equation (IO) has. such solution· ~// . 

Thus: 

86 £0 ~ D. 

cp = cpo (X) ·, £ "'Eo · 
that the associated linear equation 

{ l~~ + U (X j 'P0 ) } ({J ( x) -. E cp ( x) (12) 

has, for £ =- £ 0 , a unique (apart from the arbitrary constant) 
solution Cf= 'Po • For its Oi~!.-.!!.!~~1~~ t.n. > E

0
• 

As from (9) 
X 

U(x; tp) = U (x; <p) 

we can take <po to be real. 
Let us further remark that 

Ucx; Cf')="' y2 L ·?tJ-{Je-icf:x:>cf(x)cfC:x:)ax} e~·~x'+· 
c;.J 1 · -· 

+ i '[ 
v (.1) 

% . • . ., . . 

~ ll tux> <p*cx)({'(x)dxl 2 

and hence: 

U (x ,tp) =-J K (:r- -yJcp*(lf)'PCtj}dl/ + 

where 
+ f J K (x-y.)cp*(x) lf'(x)cp*rj)!f('j) dxdl!· 

2 !§__ i!x 2 J Jl.: iJ.x .J<(~)=v-L. we =rznJ3 w-e dl· 
(I) I . . I . 
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As uz 
_I_ 
~ 

is radially symmetrical with respect to f 
is a radially symmetrical function of ;c : 

K (x) = :J{ (lXI) · 

the expression K (X) 

Therefore if a cp ( x) is radially symmetrical, then 

U (Xj <p) 

also possesses this property. 

Thus, in the considered situation the operator 
z 

./!_ + U (X . tn ) 2m ~ 'Y 

conserves the property of radial symmetry. 

We may hence consider the radially symmetr'ical solutions of (IO), 
We suppose that oneof them <eo (X) corresponds to the lowest 

possible value of the energy £
0 

• 

It is to be stressed.that q. <p(X) is a solution of the equa-
tion (IO) then <(' (X+ f) will also satisfy this equation for 
arbitrary constant J . . 

Such translation may be considered as a translation of coordinate 
system in (x)-space by fixing the· zero-point a~here in space. 

We thus see that we are in the degeneracy situation and so our 
averages computed by means of <po (X) are what is called the quasi
averages •. 

Fix somehow the zero point origin of the coordinate system then 

'Po (X).;, f(lxl) 

is fully determined and so is also 

U (X j cpo ) = U (I X I ) 

Therefore the linear equation (12) 

{in:+U(Ixl)} {{J(x) = {. (fl(x) 

is no more translationally invariant and we may suppose that its 
solution 
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lf' (X)= Cf, (X)=-- f (lXI). 

for E = £ 0 is unique, apart from the arbitrary constant multi
plying 'fJ ( x) • 

I,2) The case of moving polaron 

-Here we have to deal with the problem of minimum 

jj = < r:p·"H cp >=min ; ,J * 
<cf; .¢>=I 

with the supplementary conditions: 

p ¢ = ( p ~ 2_ f &; !JI ) ¢ ' 
(J) 

Jr being the total momentum (integral of motion). 
Applying the usual procedure we have to minimize: 

ii +.X f = min, 

where 

i= <ct>* {P-1- L.1 ~; BJ }¢> 
. (I) 

and after finding the corresponding solution we must determine 
multiplier~ X from the condition: 

I= 0. 
To find an approximation we shall use' the same method as in the 
previous case. Instead of arbitrary state vectors ¢ we insert 
in (2) the·special set ;f state vectors the samEf as in (4,1). 

We thus obtain the approximate varia~iopa.l principle: 

1\ f. ( tp ; . . . cf ... ) = in in =-- E; , 

where 

A,{= <'P; cp*r H-r 1) <p cp?J- > 

- - -- -- + 1 = P- P- 'If /if G1 . 
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(I) 

(2) 

(J) 

(4) 

,,, 

After determining tp c, we connect J and j7 by the rela-
tion: 

4. = < cp; cp 5 cp cpV' > = 0. 

We see that E;. is our a_Rproximation for the energy of polaron 
with the total momentum J7 

We also remark that 

a:: =f.· ap 
Hence jf is the average velocity of polaron. 

By averaging in ( 4), (5) over cf>v- we get: 

Pz -· (. . • 
A f * { r - ll:e ·. -i l:~e "x = <p rxJ zm -~~ P +-.r.=:v E 411 (c1e + c; e ) + 

YV Cl) 

+ .L Cw1-JiJc;c1 } <fcx/dx+·l jJ 
(1-) 

·I,( = ft- j'P•cx) p<p{x)dx- L fC/ c1 · 
·~ue of rn 

BA.r = 0 , ac, 
we obtain 

ilA.r = 0, 
iJC/ 

and 

{ 
C;. = -{li 

f c;.=-:vv 

,JJ, . J• -il:r. . 
w

1
-r.T e · :cp*cx)Cf'Cx) d:c. 7 

~J iJ:;e * w;.-ll e cp c.x) cp c.x J d.x 

z . ' . . .. ,. -s . [E. -- , .... z f , , ·-il:x: It . 

"!.- lp (.x) 2m -Jp~VliJJ.ificu1 -.11.-+ wr1X"}e. :· ~ Cx)Cf(x)d_.x.,. 

+·.!._ '[ :tJ/ I Je"'ilzcp*(.x>J!_x)dx/2.} 'Pcx)dx~ J P 
Yen w1 --Jt 

Or: . 

11,{ = J lf'*(X) {/;-X P2 
-

. 2. z CcJ-r i J:rf -i l:r. * ' - v L. JJ..,. z c-l e e cp cxJCf(x)dx + 
(I) . CJJI~ I.{ . . . . . . 

.,.yi.LJJ; ~ w!-zJfe-i1
"'<p .. (x)tp(;}dxl2 t <{)(x)dx+ J P · 

ll) w1 -(f,() 1 

7 

(5) 

(5') 

(6) 



We also have: 

. p- f. * - ~ I ? 1 2 f J -il.x . . . z 
If.=. - <f' rx>pW:x:Jdx-ln 1jtMf (wriTJzl e cp*(.x) C{'(x)dxl (7) 

.:..f * - '2 Tcll)w! s--ih:. . . ·. 2 
:::.P-If' (x)plf'(x)dx-ljjV (wi-(fl'fi I.e .. cp*(x)lf'(x)dxl · 

. Minimizing· 11;. with respect to -c.p we get the equatiun: 

1::, -Jp'-~~ w1~:Z./'"'J("''I'•c~! ~:x_)d:x + _ .. Cal 

+Vir_ ~z~·z1Je-ifx<p{x)Wx>dxl2 t ~(X)=-E;. P/~)' 
U) wf- fJ) . J 

It is useful to. introduce- the function 8 (X) by. putting: 

i~l:r 
<f'(x)= e 8(x). 

Then (6),(7),(8) become: . . 

!\A =JB*Cx >fin:- ~,.rz ~ U f. (X; B} 8 (:JC) ~:X "f. A p 

__ {t~- ~Az_ u,. Cx; BJ} 8 (x) · =· ( E;;:. X P)-~(x) ·.·· 
If.= P-ml-J B*f:x;)p G(x) dx -. 

- -~ L c~~~fj;'IV""'e•(~!8fx!dxl 2 •, 
where 

% • • 

U . 2 :J,L1 W; . lfxf -l:JX * -
A(x ,8)=- y I z --z e e 8 (x)B (x)dx + . 

: (:f) CAJI•(IJ.) . . . 

. . z . ·.. . . . . ·, ; .';; ~- ... 

~-~ L ( ~(~~Z)Z IJe-l~~ a~_(xJ_f)cx/dx;l 2 : 
\ . (f.) (t)J . f ; . .. .. . ..• ' ; . 

/' 

8' 

(9) 

(IO) 

(11) 

(12) 

'-' 

•"(lJ) 

I' 
rl 
I' 
'~ 

I 
. i 
I 
I 

r 
) li \ 

Denote by 8 f. the solution of the equation (1,1) corresponding 
to the lowest value of E;. • 

As in the previous paragraph we suppose that thelinear equation 
associated with (11) 

f P
2 

7 mXz+JiJ.,.U)i(x;BJ.)l 8(x)- EB(x) 
2m 2 · J 

for E = E;:, has unique (apart from the arbitrary constant) 

Because 

8Cx) = Bx.Cx>· 

U/Cx; 8) = U;. (x; 8), 

we see that e,. (x) may be phosen to be real; 

* . 8;. (X) =o 8;. (X)· 

In this situation we have: 

Je;(x)p8K(x)dX=-if8/X) a~ 8~ (x)dX=- ~- J d etcx)dx = 0 
and therefore we get from (5),(12) 

--- z 
- - 2 f(Ff.)JJ;w1 J -i !x 2 z 
P=m" +y '[ C z -·zyzl e 8 tx)dxl · 

(f) w.f-(ll) . . . . , .. 

(14) 

(15) 

We shall now proceed to the calculation of the effective mass of 
the polaron. To this end we must find the expressions for EK , P 
leaving only the te~s of order }. 2 in EJ. and of order f. in l' • 

Expand u.( ' p in powers of A (considered as sufficiently 
small) leaving only the principal term. 

We obtain: 

- - 2 fcfi) z J -ifx z z 3 P =mAt- yL -z-J/1 I e . Bx cx)dxl .,. X 
. (.fJ W; 

(16) 

z ... - z .. . 
2 Jr/. (f);) 1/:x;J -•IX z u1-cx,e)=UCx,8)-v-.L 1

3 e e 8Cx)dx + 
(/-) ~~- . 

.9 



z --z · 
· I JJI(fl.) 1 -ih: z z ~ 

+ -v 2. 3 I e e cx>dxl ... x ... 
Cf) W; . (17) 

Then, from (11) we get: 

• $ 

. z z ..!_ 2 • ) • 

Pz m.f _ _ 2 JJ,.(fJ.) tfxJ -1/:r: z 

f- -tU(:ic·,B~)- 2 .. I. p- v E cUS e e B;. (x)dx + 
2m w F (18) 

z --z 
1 )J (fA) ~ -il:z: z z t, } +-~ ~ I e e (X)dxi+J.. ···-£ 8 (x) =0· yL Wf3 ~ X ~ 

(;} 

Noting that: 

{/n: + U(x, <po)'" Ell} <fJ0 (x) = 0 
(19) 

we may remark that the difference between fPo (X) and closest to it 
8~ (X) , fP0 (X)· B/. (X) tends to zero when 'f, - 0 • 

Then, neglecting in (16) the terms which tend to zero more 
rapidly than ;. , we obtain 

- - 2 l(JJJ 2 I ( ·llx z z p =/111.+ v~) w; J.lf )e . ~Po (x)dx! . 
. ,· . \ . 

0r, because of rad.ial symmetry of JJ.f 1 wj z . . 
and 'Po (X) j 

P=MX, 
where 

f ZuZ • 
• 2 ~I r -rF:r: z' .. .1z M =m + 3vE w' J e . . · cpo Cx).dx · (f) f . . .. 

From (5 ) it follows 

and therefore: 

8Et::. 7 
a-p /1 

il( ::.J 

E;. = i M A2 
+ £0 • 

10 

\ ,, 

(20) 

(2'1) 

(22) 

We thus have completed the calculation of the effective mass 
of the polaron (21), or taking.the limit 

f z,,z -~ .. 
2 f tMI f - 1 ,x 2 . 'Z . ( ) 

M = m + 3(2lt)' w: .. 1 J e.. CfJ0 (X)dx! dx · 2.3 

II) Adiabatic approximation 

' ·we assume here that 

;)Jf = ff Af ' 
z 

cuf = e v.; • 

where E is a small parameter. 
Our hamiltonian takes the form: 

r-tl pZ . '1 •'A, ( il:x: "t -i:fx 2 + ' 
ell =-2m .. c v 2. {2 6fe + D; e ) + e. '[_ y:F B; sf . 

· Ul U) · 

Introduce like ~reviously (I) the new bose-amplitudes 

U; 
S.f=C;+al ~ c:F = T U;. =-(~)~I Je-i(:lx)cPoz(x)d~, 

where 'Po (X) is the· same a~ ·in (I,l)~ 
Then: 

(I) 

(2) 

,;..,_/ r E{ I "A iix. -if:Z: 
•v-t: + ·¥v L 1Ja1e .. a;e ) 

f~V (IJ . 
(j:. . ' ft..1b ? ( .3) ~~ )q u 1/ --

where . 

. z . 
+ e .L. y~ a:a.r • 

. (I) T T . ;r · 

r = pZ + U (X~ lf'o ); 
2m 

T.be first order approximation hamiltonian may be obtained 
by dropping in (.3) ~he terms of the order c,c2 • 

In this >approxirliation we have the same· equation ·which was 
obtained in.(I,l) by using the.v~iational principle. 

Here 
¢= lfJo(x)lf>u· 

11 
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Because 

a; a1 cpv- = o, 
we see that as the first order hamiltonian we also may take: 

-H- r 2 " + + 0 = + c L V,e G.; a,e = r T 2:. w,. a, a,e . 
m ·rn 

(5) 

2 ..J . 
The inclusion here of the c -order term clearly does not change 
the result: 

cp = Cf'o (X) ¢11' 
(6) 

rlfo (X)= Eo cpo (X). 

Taking into account (2l,I,2) we see that in our first approxima
tion the effective mass of the polaron'is given by'the relation: 

M = m+ .f J 'fzA; I J -i:ti: z z , 
£4 3(21i)3 .Y/ e cpo (x)dxl df ,..., 

I 
. 2 2 - -""'· . J f Af J -ii:x:. 2 · e"3(27il ' v./ I e . - cpo (X)~:XI

2 

df. 

Let us now consider the second approximation. 
Write 

H=Ho+cHt 

(7) 

(~) 

~ T • f " i!.r t -il:x:) AI . "'., * .. + Ho={+Lw1afa1 H1 =.r.;L(a1e +a1e :r..2 +Llf(U1 a1 +v1a1 ) 
(-IJ 1 vV CfJ vt: CfJ 

and :put in .. the equation for the state vector 

H¢:::£¢ 

the expansions: 

¢= ct> +EC/> +cz¢_+ ··· 
0 1 z ¢0 = cpC7 (.X) cpll' (g) 

E ~ Eo+ e'Ll, + ~Ll~· · · · 
Then: · 

12 

( H0 +f.H,)(¢, +f.¢, +c 2 ¢z, + ''')= (fo+eiJ,+£7:Jz+ .. ·}('P, •c<P, +t¢z + .. ·.) 

To satisfy this equation we take: 

( Ho- Eo) cpo - D 

(Ho-E,) 9>, = !J/Po- H1 cp(J 

( Ho -ECJ)~ =Liz <Po +Ll.,¢1-H,r:f->1 · 
Let us observe that in virtue of (2),(s): 

Jcro (X) H,.Cfo Cx)i:/x = 0· 
Hence 

< <P/ H1 ¢, > = D - . ' or 

<~*(Ho-E) cf:J., >'=a= !J 1 -<~ H,¢,> · 
~e thus have 

. 1-' .1, =.0 ' ; . -

(Ho-Ea)cf., =~·Ht¢o 
that is: 

(r-Eo+ I.w;a;a1)¢
1
=-H

1
¢

0 
= 

(-J) 

= -_·kL..A.ra1·e-i1or;lfoC:x:) ¢.., + 2:. v1 u,a; Cf>, Cx) ¢v. , 
v2V ·· CJJ . 

Let us now ex:pand cp, in Fourier. series in eigenfunctions 

(IO) 

(n) 

(r-Ef'l)<pt (x) =0 n::,o · j'f'*cxJcf~c.x)dx={ 1 'n=m. (12) 
' 1 . o, n:/:m 

Noting that- accordin~ ~ith ~(u):. -, 
' > • •• ' :~ ~ - '·': _, ~ ' ... 

J ({'o (X) H1 ¢ 0 dx -0 

we obtain 

. A r. -il:;e 
¢, =-~ L <pn (X) L ne ff'n (:X:)If.(x)d:x: ci+ cp, --~ 

v2V n'>() . 'Cfr En-:Eo + "'' . . .'1-·. V' . 
(1J) 

13. 



·We further have: 

(Ho- Ea)'l>z. "7' f1zC/Jo- H1¢1 · 
But 

<cfJo~~ (Ho- Eo) cpz) = 0 
' 

and it follows that 
.,J 

l1z = <¢o* H., ¢1). · 

Remark now that is virtue of (12) 

J ~ (x} I_ ('l1 U;af+ + ~ u; a1 ) cpn (x) dx = O·. 
' (f) 

Therefore 

f -ilx · 
Llz=--'-I l I e I{'~(X)t{JoCxJitxlz 

ZV(f){n>oJ En- £ 0 + CJJf 

(14) 

Our approximation for the minimal energy of polaron will be 

z J -ifz * lz E .. E - ..L ~ L I e 'Pn(XJCf',(x)dX 
a.rp'l.. o 2V U> (n>o) En - Ea+wr 

(15) 

We have mentioned that 

E0 ~c 
where 

I f;, 

.. · <<I>* II¢> 
E.= rrun <<!>*¢> 

is the lo\<est energy of the polaron at rest.· 

fut now we cannot be sure that also E ~ E • 
So v1e shall construct the other approximation C 

ses this property and has the same order;of exactitude as 
Put 

~ = ¢0 + c cp1 

. E. :i:. <<l>z*H¢:> = E +' <4>: (H-£.)¢,.> 
o.pp'l.. <cP."c:t>> 0 <cp*,.,., >. . z ~ "t"z 

14' 

which posse
£ 

. i (16) 

Then of course: 

E , 
Denoting H- £ 0 .=.H.~ 

We have: · ·' • 

~c. (17) 

J:l:. =-~-Eo 
<cpfl-H'¢ >=<'Pa*H~~'¢o>+E<¢,*H;r:fJt)+£<¢tfla'¢'o>+E<¢a•H1'1{, > + a. ~ ·. ' . 

- . ~·-.' '. ' ' ' ' ' . . ' ' (18) 

+~<_~*H, P,> +E~¢,· H1 '/?, > +ck.¢/11;¢., >+t <¢; H//J, > 
< ~., ¢o ':>+E<¢:~ )~i'<¢,~¢, >:+E~¢: ¢.,.>::: <¢;¢a> · (19) 

But we' see 'that 

A.ff . *A. < 'f'" ¢1 ) :: 0 ' < ¢1 'f'o > = 0 

< cf:;~H~~*cp, >=D, <Cf{*H1 ¢o>·D, < ¢;/H:~>==D, <cpo*Ho''l>, > = 0 · 

Note that: 

<<1>.* o(1 0(2 O(::lP.) :0 , 
1J" "' 

where ~· = ~- or a; . 
Hence 

< ¢/"H1~> = D · 

VIe thus may write: 

<¢: H '<~>a.> ii e'<¢:Ht~>+E2<¢:H1~ >+e 2<C/{*H;Cf., > c2o) 

< ¢.* 4? > = ft c2<C/J;*¢, > . 
From (B)~(ll),(l2),(1J) follows:. 

<C/>,*H/f'o>"=<'P,*H,¢,>~- j_ L [.. Az IJe-il~tf;(x)Cfo (x)dx It 
2Yn>o CIJ I En- fo + 'uJf 

<~+·H:cfl,>=/.vl ~A; t;·;,-~ )11r.e-ilxCf~(x)<p0 Cx)dxl 2 
n>D Cl-} n- 0 + f . J 

<¢,-C/'1 > :dv ~··i ,(E ~j t,IJe-i1.1:cp;cxJifol~)·d~jz · 
n>O (f) n o+CiJ; 

IS. 

(21) 

., 



Therefore (20),(21) give: 

A; 
(En-E,+w1~( En t-W:~--E,) ·<cf>:H'cf;.>=-+2~ I L 

n,.o Cf) 

~ 2 (En- Eo +cu;> }l!e-if~ce:cx)<f'0 (x)dxl 2 
= 

. c.z .;:- '[ A:- IJ :"ifx * . z 
=-2V [-;,(I}· En-E,+WI e cpn (X} !f',(.:c)dx I 

<. rn*rl> f cz ~, A~ AI( -ilz * 2 -r()l.ra?-= +2Vf>qff1(E,-E,.,w~Y"' )e <~'n(x)lfc,(.x)dxl • 

So that taking into account the definition (16) _of e811 we finally 
obtain: 

- ez L l. A! I r -il:x:. * 
C. = 2Vn ... orfJ En-E0 +Wf Je <PnC.x)Cf',(X)dxl

2 

o.tPt.. c;z Az + £ f+-L. r. t IJ _u.r z o. 
2Vn>Ocn(E,-E,+W1)z e. cp;(x)~(x)dxl 

(22) 

From (15) and (22) follows that the difference C - E 
is of the order c" . 

Therefore the values 
2 

of e"'fp ... , Ea.rp..... have the same order of 
exactness (of the order l ). 

Note now .that in the energy interval £,<.En~ 00 some En may 
·-·-belong ( V- oo!) to the continuous spectrum and so, the SUIIIIIn tion 

over n > 0 may also contain integrals. 
In order to get rid of -<fn (x), En in our formulae (15),(22) 

let us introduce the function tp1 (X) defined by the equation: 

(r-Eo 1" CU;) c.r, (.x) = (e -il:z_ J e~il:zcp,'(x)dx) CfJ, (X~. ( 2J) 

We have: 

1.1 Je-i1:z .. 
T

1 
(x) = L <p

0 
(X) cpn (x)C{J. (x)dx . 

n>o . E - £ .,. Cl) n o 'I 

16 

:l•-

~···'-

Then: 

f lf1*(x)<f,(x)dx=L 
, n>O 

I ( -ib: 12 
J e ·· If>~ (X) 4',cx> ax 

(E~- E, -t-CtJf)'2. 

J tiJs-'cx)'eil:~e'P:cx>dx = L iJe-ilxtf':(xJCfocx)axlz. 
n,.o En-E,+W; 

. . ~'2~' 
·and we see that our approximations (1~?., (22) for the low~~ the · 
polaron may be put in the form: 

~ . . 
2 I z I il:x: E = Eo -c. zv L. Af If~ ex) e <p, r:cJ d::c 

OfP'!.o , . ' (f) . 7 . 
(24) 

E = E - : {; ct A~ J rfJ*' (:c) eil:x:CP,. c~>dx 
"'t'P'I.• o Ez 

· ft2V~A~Jlf;cx>o/1 (x)a:c 
(25) 

Consider now a speqial case when 

, U·(x, <R) = 0 ' 'pz . . . I , 
r = 2m ' <.p 0 (X) = Vv ~ E (/ = 0 . 

I 

VIe. see that here cp, (x) is normalized only for finite volume Y 
From (2J) we get _. , ' 

-ilx 
. e ' ~ (x>= ·rvr;;+wf) f * 0 ' 4'0 (X) = 0 . 

Therefore 

and 

I i·l:lc f f I ( . 'ff(:d.e 'P0 (x)dx=_~ ·-v dx=·p-.. 
. . , . . - +w,. -z +W; . · '· · · ·2m . . m . 

. z .· cr. . . A, 
E---L. --. o.pp;.. 2.Yc-I#J) fa ..,o)

1 2m 
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Hence in the limit V -- oo 

e,z Az 
E =- --;, J _!2L elf· 

apP1 •. 2(21[) J.. +W'I. 
2m 

(26') 

We have thus obtained the usual formula for the lowest energy 

of the :polaron, in the f. 2 
-approximation, for the Weak coupling case. 

So, our results are valid not only in adiabatic but also in 
weak coupling case. ...J 

Suppose now that '¥ 1 ( x }, 11Ux)may be defined in the whole space 
(~), (f), tend sufficiently rapidiy to zero at infinity and it is 
:possible to :pass to the limit V -oo directly in (24), (25). 

In this situation we get: 

Cz 2 • 

EOof'P; Eo- 2(271)3 J A; I! 't'f (X) eliX <fo_(X)dxlzdf 

C
2 [AZ J(,J ' if:t: Z z7iiir :FI Tf(x)e Cfo(x)dxl df 

c.z z 
1 +- 2(2m3JA,fJty;(x)<t}Cx)dx}dJ 

E = E -
o.pp>.. f) 

Let us nov1 make in conclusion some remarks concerning the 
evaluation of the integrals in (26),(27). 

Consider the equation (12): 

z . . 
ffm+U('Z)-f,} lf;r:Jc)~ f e-zl:x_ Je-i1:t:cp,ZcxJdx} Cf'0 ('l.}, 

• 
where 

'l = I X I ; 'P0 ( "t.) :: 'Po ( x) , U Cr.)= U( X, Cf0 ) 

and transform it to spherical coordinates of ··x , taking as 
z-axis in the' direction of J . 

f:x: .. K 1. cos B ) K=/K/· 

Then: 

_ _ 1_ 82 -z~_· _I -·f _f_ a(sine1!/;+ _I_ azcp.,_}.,. 
2mz a 'l 2 Zmr.Z sin{} 88 Sin 28 d1Ji 

(26) 

(27) 

" smxr. 
+ U (t) 'ff - E 0 lf; = f ltnftf'o cr.) I( r.dz} !f0 ('l) · ~

"" . . 

r; . 
" IU 

This linear equation is invariant with respect to ~ 

its right-hand side does not depend on l}l- • 

Hence we may use the expansion '. 

t lflf = cpo ('t, K)+ f C/JeC1,X) P.e (co~B) • 
t: f 

.where Pe (f) are Legen.dre 's :polynomia~s. 
Re.membering .. that: 

1t z , J PeCcosBJfle·CcosB)sinB.dB={zt+f 't,= e 
II - 0 {¢f!. 

[
1

~.Pe (Cf,JSB)sin8 dB= 0, 
, 

obtain 

and 

(28) 

- az¢,. +UC:Z)cf.-E <P. = {2 sinK"l_ I. J.. J;,zC"L) sinKt 'ld"t} t <fo(-t) ( .: )·. 
ZmiJzz o o .o . K'l '111 o '. , 1. 2 29 

fl 2¢e --n Ultl)¢-ErJ.. Z!+f f 1 -iu~t)1 
-2miJzZ+UC7..)Y'eTZm'l. 2 .f. o't'e=y1.'fo(z) e . . Pe(f)df· 

. _, . 

VI also maY note. that e '. . . . 

Oz"t.l/',('t.) + 't. U("t.) cpo ('r.)- Eo 'Z sq, (•r) = 0 
- Zmuxz 

CD 

(JO ) 

4 7i J co CfJ,z ( 'Z) 'f. z d 't = I' j ¢
11 

('t,K) <f'0 ('t.) 'td'l: 0 . 
0 0 

Note also that 

f ia~ . t J Pe ( f ) e d "f = ( i ) it (a J 
-f 

al :~z 

J. (a)= - (f+ u )t 
. e zt·ft! . ilaz 

ir. (-a) 
t . 

(-l) J (a). . l 
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Hence in order to deal only with real-valued functions< put 

rt-. e.· ..,.,e =(C:) Jt (a,). (J2) 

Then the equation (29) takes the form: 

I az;~ ('t,K) lU+!) 
·-2- a z - 2----z I, (7,1<).,. u (T.) le ('t,K}-ED!("l,K}::: ) 

m . 'Z · m 'l (29 • 
...J ~ 

_ /2!+1 ' en · · -\v 'tTo{'t)Je(K"t). 

Taking into account (28),(Jl),(J2) vte finally obtain: 

... .. 
* I z ""·Zblf z . f_<f'-f (X) ~(X)dX= 47l 

0 
~ ("t,J<)dz+211J, -

2
- D ~ (T,I<)d'l 

J 111 iht! 1. joo sinx-r n.. 
Tf (x)e dx= ..,/i o <-x ..,.,,(-r,K)d'l + 

.., Zl+ffQ) 
+ 27l L T ft(t,K)jl(K'l} ~ ('t)"t d'l . 

~I D . 

In conclusion we wish to remark that the conditions of 
radial symmetry imposed here are not essential for the validity 
of our methods both in (I) and in (II) and were adopted in this 
paper only for the simplification of the final formulae. 
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