


1. INTRODUCTION

A dynamic basis of the hadron model’Y is a relativistic
string with point masses at the ends’/% . Until now no general
solutions have been derived tc the equations describing the
dynamics of a relativistic string with massive ends, there-
fore it seems to be of interest to consider a new mathemati-
cal formulation of that problem which would promote the in-
vestigation of its dynamics and derivation of new exact solu-
tions.

The action functional for a relativistic string with point
masses at the ends’!’ results in equations of motion of the
string and in boundary conditions that physically represent
the equations of motion of two masses interacting through the
string. An analogy arises between that system and classical
electrodynamics with charges in which the field is described
by the Maxwell equations with charges and the dynamics of
charges. interacting with the field is given by the Lorentz
equations. Wheelear and Feynmanfz/, considering the action to
propagate at a distance with a finite velocity, have elimina-
ted the field variables from the equations of motion in elec-
trodynamics, and have formulated the interaction between char-
ges in terms of retarded and advanced propagation functions
when there is no absorption and emission of the electromagne-
tic field.

For a system of a relativistic string with masses at the
ends we may also utilize the. principle of action at a.distan-
ce to enable us to.find equations of motion in terms of tra-
jectories along which the masses are moving prov1ded the
string variables are eliminated. It is clear that owing to
the problem being relativistic, it cannot be formulated wi-
thin the equal-time formalism. In the simplest nonrelativis-
tic limit we arrive at a system of two masses coupled by a li-
nearly growing potentlal/3 441/

‘In this paper, we derive equatlons for the curvature k;
and torsion «;(r) of world trajectories of masses tied by the
relativistic string. The curvatures turn out to be constants,
connected with the masses and tension of the string,and they
together with torsions «;(r) determine the curves’? along



which the masses are moving in the Minkowski space Ei(t,x,y)
Once these characteristics are known, we can determine the
string coordinates x*(r,¢) as functions of parameters r and
oup to shifts and rotations in the space Ez.

The equations define «;(r) up to an arbitrary functions gi-
ven in the interval ﬁ)—n) which allow us to solve the Cau-
chy problem for that system of equationsfs/. For constant tor-
sions ko admissible by the equations we obtain well-known
helices along which the masses are mov1ng, in this case the
world surface of the string is a helicoid 758/ in the Minkow-
ski space Eg. In addition a new solution is also found with
periodic torsions «;(r} =x; (r+2#) in II; it describes a mo-
re intricate motion than rotation of a stretched string in
the (3,¥) plane. The coordinates of the string are expressed
through elliptic functions with a real-valued period.As shown
in ref.”?” | to find in classical dynamics corrections to a li-
nearly growing potential between quarks connected via a rela-
tivistic string, it is necessary to know the solution to the
boundary conditions for that system which contains transverse
vibrations of the string. The solution that will be obtained
- meets this requirement and may be used for determining cor-
rections to a linearly grow1ng potential at the classical
level.

Sections 2 and 3 are devoted to the derivation of equati-

ons for trajectories of the string massive ends in the spa-
ce E .

2. EQUATIONS OF MOTION
AND BOUNDARY CONDITIONS

Consider the dynamics of a relativistic strlng with point
masses M; and My at the ends. The world surface M with coor-
dinates x*(r, 0}, p=0, 1, ..., d~1 swept out by the
strings in the course of motion through the Minkowski space
is an extremal of the functional of the action’!®/
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where the first term is the action of a massless relativistic
string; ¥ is the string tension, r = u® and o = u! are para-
meters on the surface M;, and the derivatives are as follows:
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or do

axf(r, 0 (7)) . :
! =x'u(r.ori)+c}i(r)x"“(r,aij.

dr

The motion of the string ends in the plane of the parameters
r and o is described by the functions o;(r), i1 = 1, 2. As for
massless string, the action (2.1)_is invariant under nondege-
nerate changes of variables, r = r(r,0) and ¢ =o(r,0) on the
surface Mi, which allow us to eliminate two of the three in-
dependent components of the metric induced on Ni:
u v

gij=nﬂv-?-x-i:-' .iz'{',_: i=j=0'10 - (2‘2)

Ju du?
Tt is convenient to introduce isothermal coordinates r and ¢
in terms of which the metric (2.2) is diagonal and traceless

Boo* 815= 0 8oy =8=0- (2.3)

The flat metric 7, of the enveloping d -dimensional space-
time is taken witg the signature g = (+, =, —5e..=).

Variation of the action {(2.1) with respect to x¥(r, o)
gives equations of motion linear in the gauge (2.3)

(e, o) -x e, ) =0 (2.4)
and nonlinear boundary conditions at the string ends
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Varying (2.1) with respect to o, {#) we arrive at the same
equations (2.5), therefore the functions o () (i =1, 2) are
not dynamical variables’®/ .

A general solution to the equations of motion (2. 4) and
gaige conditions (2.3) is of the form

(s, 0) =—é—[¢f(u )+ 4T, T srie, v orog, (2.6)
where ¢;“(u+5 and ¢:“(u;) are two isotopic vector;,

b ¥ty =0, w0y =0 . (2.7)
tangent to the string world surface M%. The conditions (2.7)

may be satisfied if we represent ¢;# through the feollowing
expansions
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where the constant basis eg . ef, eﬁ is formed from two iso-.
tropic vectors ek, ek, e% =0, e2 =0, (ege,) = 1 and (d-1)

1’
space-like vectots e“, . (ege,) = (e,e)) =0
(@ =2,3, ..., 4 -1 ). fhe represen%atlons (2. 8) %uily deter-
mine the world surface of a relativistic string without boun-
dary in a d-dimensional space-time and allow us to construct
its basic quadratic forms.

In the space E1 with d = 3 and with f ﬁ:) = fﬁ;) ~and

gt ) = gu) in (2 8) we obtain for the only nonzero compo-

nent of the metric tensor 8, (2.3)

800~ X% (ut, u™) =;(u’1; W) ¢l W)=

A (hHA @) (2:9)
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As is known’! | in a three- dlmen51onal space E! the Gauss

equation for the world surface M! of a relativistic string
reduces to the Liouville equation for g —xz(u u")

P mx%ut, w) ) A, A_(u7) (2.10)
6u+8u B 22}2(u+' u"')

and (2.9) is the general solution to this equation.
Computation of the coefficients of the second quadratic
form

by = (- =2 X 5,§-0,1; a-2,3,..,d-1 (2.11)
i :
du du

requ1res a spec1a1 choice of the orthonormalized system of
unit normals n”(u u)

6x
(na-f--i- =0, (a .n)=-3 (2.12)
du
to the surface M%, which together with tangent vectors x*
and x"# constitute a moving frame of reference. This can most
easily be done for 4 = 3 when the field of normals (2.12) con-
tains only one vector n*(u*,u™) that may be constructed in
terms of the vectors x and z"# as follows:

o¥(u* ,u)=_[__ 1, (2.13)
| x?(ut, 07

where [k -x'] = Py, x’ , and ¢*P  is a totally antisymmet-

ric unit .tensor. Inserglng the relations (2.8) with d = 3

into (2.13) and considering that [eg -eq]l = ey, ey - -egl = —ey,

[eg -e3] = eg we arrive at the expansion of the normal n#
over the isotropic basis e%, eﬁ, e;
2eb 1) g ) & L 1" +e@ )] &
@®, u) = . (2.14)
fu?) - g(u?) '

Using the expansions (2.8) withd = 3 and (2.14) for coeffi-

cients of the second quadratic form b l1j = b1J of the string

world surface Mi, according to (2.11) we obtain :
A(u+)—A(u') A(u)+Acu)

bog = Pyg=—=* P L > (2.15)




The first equality of (2.15) shows that the strin% world sur-
face is minimal, i.e., its mean curvature is zero 9/,
. b__.-b
gLy g¥__00 11 _ o, (2.16)
g U 2840

it is assumed that for any %Pint of the surface Mi there
holds the condition gop = X%>0 or f'(u)g (™) >0 and
futy # g@™) as follows from (2.9). ' '

For any arbitrary dimensionality 4 of the enveloping space
the condition of minimality (2.16) in the coordinate system
(2.3) should be replaced by the relations

s 2,8, mnd-l (2.17)
ba]OO balu’ a=%3,

For a resativistic string with massive ends the coordinates
of the minimal surface M! obey the nonlinear boundary. condi-
tions (2.5). Substituting (2.6) into (2.5) for the isotropic
vectors (2.7) and functions e;(r) we get
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~olu ) 8] -y Fe A, = o (), w7 =1 ooy (1)

For each of value i = 1,2, only d - 1 of the d4 equations
(2.18) are independent of each other since the projections
of the system (2.18) onto the vectors tangent to the surface

1
Ml
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Pt ) VACO RN ety - X"y - )
2 : 2

coincide. Thus, %d ~ 1) equations (2.18) contain, as 24 un-
known quantities, two functions o (r) and 2(d - 1) indepen-
dent components of the isotropic Vectors ¢ # expressed, ac-
cording to (2.8), through A, f_, g, which are, as we see
from the boundary conditions (Z.18), functionals of oi(r)'
The functions ¢, (r) may be fixed from the invariance of equa-
tions (2.7) and (2.18) under conformal transformations of the
parameters u° = #*(u%), where_ﬁt are two arbitrary functions
of one variable. So, the definition of system (2.18) may be



supplemented by imposing two auxiliary conditions fixing the
parameters uvt, u” or r, ¢ on the surface Mi. Taking the equa-
lities

A (u")y =A_(u) = A = const. (2.19)

to be gauge conditions, we fix the functions e, (7) in egs.
(2.18). Indeed, consider projections (2.18) onto normals nk,

(a =2, 3,..., d - 1) and taking account of {(2.6) and (2.11)
we obtain 2(d - 1) equalities

;8 p - .20
[1+ai(r)]ba!00+2ai(r)bai01,o. (2.20)
at d=3 1% = o, by, = b, and from (2.15) it follows that

gauge (2.15) fixes the asymptotic coordinates r and ¢ on the
world surface of a relativistic string

byo=(n%) =0, by =(nx") =A. (2.21)
From (2.20) and (2.21) it follows that
'fi'(f)=0, i=1,2. ‘ (2.22)

; are constants and we put o, = 0 and ¢, = 7.
For d = 4 from (2.20) we may also derive egs. (2.22) using the
arbitrariness in choice of the field of normals ni correspond-
ing to the group of transformations 80(d-2).

Indeed, utilizing the expansions (2.8) for the vectors in
the gauge (2.19) we get

Consequently, o,

%20 5% A%, (Rk%) =0, (2.23)

Therefore, when @ » 4, we may, without loss of generality,
direct the normals nf and n% along two mutually orthogonal

spacelike vectors xén and x}éo, respectively: n%::x“ 0 and
ng = x%;. As a result, the coefficients of the secong quad-
ratic form (2.11) become equal:

_ 0 _ 2
boog= 95 Pojor=-V ~%01

=z ® = : 2.24.
bgjoo™ = V00" Dot 0 (2.24)

=0; a=4,5..,4-1,
alij

Here semicolon stands for the covariant differentia-

tion with respect to the metric tenmsor (2.2).

With the latter equalities, eqs. (2.20) for a = 4,,5,...,d-1



are identically satisfied, and for a = 2,3 take the form
-2 2 - . - 2 2 ot -
[1+.ai () 1x54(u], u)) = 0; 4"1(’)X;01(“i’”i) = 0.

Hence, owing to (23) we obtain eqs. (2.22) and, setting o, =
= {0, #) the conditions :

2 2
xop(r O =x2 (1, m -0, (2.25)

The 2(d-1) functions f,(u*) and g,(w ), 2 =2,3,..., d-1
remaining upon gauge (2.19) will obey two conditions (2.25)
and 2(d-4) relations (2.24) when d3 4, and also two projec-
tions of the boundary conditions (2.18) on the vectors x* and
x’¥ tangent to the surface. For projecting it is convenient

to employ the conditions (2.5) that with the use of (2.22) may
be written in the form '

200 - EX i 0y e TR 0y 0 0
: ™
x . (2.26)
.}.{u(r, n‘) ._E{_X.).i{u(r, 1r) =_l_\/5§2 x’u(r, 7Y, o=,
%*® m
2

Taking advantage of the conformal gauge (2.23) and equati-
ons of motion (2.4) it is easy to show that the projections
(2.26) onto k“(r,oj) s 1 = 1,2 vanish,' and projections onto
xdir,ai) give the equations '

_a_( -_;1-_—;:—) :(—1)i Xoi-1, 8. (2.27)
9 Vi¥(r, o) =9 m;

For d = 3, egs.(2.27) results in two equations for the
functions fu*) and g(u™), i.e. we arrive at the boundary va-
lue problem for the Liouville equation (2.10). oy

For d = 4 eqs.(2.27) are to be supplemented with conditions
(2.25) for four unknown functions fa(u+) ,‘ga(u_) (a =2,3).

3. EQUATIONS FOR TRAJECTORIES OF STRING MASSIVE ENDS
IN A THREE-DIMENSIONAL SPACE-TIME

As has been shown above, in a 3-dimensional space coordina-
tes (2.6) of the minimal surface of a relativistic string with
massive ends in the representation (2.8) and gauge (2.19) are
defined by two functions f(u™) and g(u™) that obey the boun-
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dary conditions (2.27). Inserting the general solution (2.9)
of the Liouville equation (2.10) into (2.27) we obtain the
system of two ordinary differential equations with deviating
arguments for the functions f(r) and g(r):

d g (r) (7)) +g°(7) y_ |f(r) ~g(#) |

-— In 2 = 2o 3.1
dr OIS -g(7n) N OO Al G-D
T EQ P IW e () |y 2O, (5

dr () f(+) ~g(-) m, VE(+) e (=)

where g(-) = g(r-n), f(+) = f(r + #) . Shifting in (3.2)
to 7 -7 we get

ag_ln__g'Q—Err) L2 f'(f)+g'(r—2fr)=__;_}_'/_ If(bf)‘—g(r—2ﬂ)| Al
T - - - m —_— ‘.

£°(r) f(r) -g(r-2n) 2 VI 86t
Here will be used the notation g(r-2z) =g(.). ‘

For my = mg= 0 the system (3.1), (3.2) has periodic solu-
tions g(r) = f(r), £(r) = f(r+2#) that according to (2.9)
violate the minimality condition (2.16) at the points ¢ = o
(i = 1,2), and conversely, if one of the functions, either
f(r} or g(r), is periodic, the other is also periodic and my=
= mg = 0. Therefore, periodic solutions to eqs.(3.1) and (3.2)
can exist only for a massless string /87

Further we may prove that the system (3.1), (3.27) does
not change under the Moebius transformation’1?/ of the func-
tions f(z) and g(r): '

-+ _ _ . . .
f(uh) > 2f(u )_f__b_, (u) = _28(uT)eb , ad-be=1, (3.3)
cfuh) +d cg{u™) +d

which is a consequence of the relativistie invariance of the
theory since under the Lorentz transformations of vectors
¥ and also, according to (2.8), the vectors of the isotro-
pic basis e, ef, ef, the functions f(u*) and g(u™) undergo
the transformations (3.3). Therefore relativistically inva-
riant expressions, for instance (2.9), in terms of the func-
tions: f(r) and g(r) should be invariants with respect to (3.3).
Now let us demonstrate that the minimal surface M! is
fully determined by the world trajectories x”(r,ai) of the
massive ends. To this end, for d =3 we™ snall des-
cribe the trajéctories in terms of geometric invariants, cur-



vatures k. and torsions «; .As is well-known’%’, these invari-
ants define a curve in a three-dimensional space up to its po-
sition. In general, the curvature of a space-like curve x¥{(r)

is given by the following expression

Ty
k(r) =__21___ (xxy 42
X3y x°

Substituting the l.h.s. of eqs.(2.26) for Xu(r,ai) i =
=1, 2, into this formula and using the conditions (2.3) we
obtain

Y ;
=t =12, : )
k oy i=1,2 (3.4)

H

Torsion of an arbitrary space-like curve x*(r) is defined
by the formula’ ¥
o ¥EVRC

;((1-) =_EK?__..__.._ ~ .

(x%)° - x%%2

Differentiating eqs.(2.26) with respect to r and inserting

the expressions for ¥ (r, ¢.) and'i”(r,gi) (i =1, 2), we

arrive at the torsions of the trajectories

& (r) = 22

! - 2 2
(x%(r, o))

which, owing to the definitions (2.11), (2.13) and condition
{2.21), are reduced to the form

A

kK (1) = wmeem
i ;[ 2( - G’i )

.2
Substituting x (r,0;) from (2.9) into (3.5) we obtin the
expressions for torsions

4f- “r
(O EO : 3.6)
ALf(r) -g(n)]

(1) - 2L B

, i=1,2. (3.5)

or k (r—-w) = 4f’(r)g’(-)2 (3.7)
ALI(+) - g(=)1® 2 ALf(7) - ()]

invariant under the transformations (3.3).
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Formulae (3.6), (3.7) together with'eqs.(B.l), (3.2) allow
us to express the functions f(r) and g(r) in terms of the
torsions «,(r) as follows. Calculating from (3.6), (3.7) the
differences of the functions

1 ) \/AKl(f)‘ B 1 \/AK2 T ) (3.8)
|£(r) - g(7) | ———’ )

f(r) — . N -
o/ (1) 80 fE(r) - g(-) | VT 0

and then inserting them inteo the boundary conditiohs {(3.1),
(3.2) with allowance made for (3.4), we get :

, r ! ’,
L £, VAR D JECL L By g f A
G ' g () Py
i (3.9)
!
4,8, = /L | ) A
L VAK (- - --2k :
e SR IR 2‘/x2(-)

where ¢ 1= 1,2 are the signs of the products (I I(r) - -
-g(n] and f°()IE(7r) -g()], respectively. Taking the lo-
garithm and differentiating with respect to r, formulas {3.6),
(3.7) with the use of (3.8) are transformed to

iy e (0] - VARG ¢ EUL - v By k)
ar ot g'(n (0 k(D

(3.10)
;cz(r——'rr)

L [0 8 () 1= v ARy (v Dy ELLy :
ar F() 0 kylrem

The sum and difference of (3.9) and (3.10) give the following
system of equations for the first boundary

2"‘:;1—?(—_1—-—‘-)=[\/K1(r)—.9—(__l..___)+x,f A 1 1 _t_\/"Axﬁr)

—— 1 ,
VT e A N S B
‘ — (3.11)
7 "A T
239;.(__1___) =[\/K1(,) ?d,(_l__) k¥ A 1 e K ()
a [ »
Ve S O v O
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and for the second boundary:

25“—(—1—) =i () S (L) - ky-A j L ,52\/_"‘_'52(_‘1
r VI dr Vi (=) k(=) VE@ g7(-)
2 (3.12)
2#1( L) =lve () S Yok v—2 ] 1 +eé¢f§itf.
Ve () ST R V& £

And finally, eliminating 1//f’(r) and then I/Jg’(#) from
(3.11) we arrive at the equations which comnect f(r) and g(r)
with the torsion Kl(?): ’

2 —
T k
D(E(1) =D(fy xl(n)dnnilgf-)-(l—-—-‘--)-zk 4 A

K2(7) Yar "« ()
t Y (3

2 ———

A

T 7 k
D(gﬁ))=D(IVAKJn)dn)+ )

(1-—i )+2k:LV
Kf(f) dr xl(?)

K

oy o~

The same procedure applied to egs.(3.12) allows us to express
f(r) and g(r-2s) = g(-) in terms of Kz('f—f?) = Kz(—)

2 —_
£ e ) +2k, -ty A
' xg(-) dr = xp(-)

v

D(£(r))=D([v Ary(=) dn) + =

r

| — xg(=) K’ ~
P ~2m) = DIV AR dn) + ~El (1 - 2 y -2k Sy B

In formulae (3.13) and (3.14) we made use of the Schwarz de-
rivative invariant with respect to the transformations (3.3)

rre ™ . _ 2
D{f(r)) = E__(..:)_.. _E_( 0 )2 =2y 17 (7) _c,l__( 1___) ]
L () 2 1 N R O)

(3.15)

Thus, the functions f(s) , g(r) and therefore according to
(2.6) and (2.8) coordinates of the minimal surface x*(r, )
are defined by the torsions x;(7) of the world trajectories
of a string with massive ends. ‘ ’

Eliminating D(f) and D(g) from the four egs.{3.13), (3.15)
we obtain for the torsions Ki(T) (i =1, 2) the following

12



two differential equations of second order with shifted argu-
ments: ' '

2
T m— Kk (r k
D) = D(fVAr () dm) v —o(t—cty cop Ly A
‘ 1 2 x%r) dr & (7)
1
(3.16)
. — k(=) . k? .
=D([VAx (=)dn) + K2 )(1—' 2 ) +2k —E--\/ A -,
? Kz( ) Bdr k(=)
T Kfﬂ' 'S d A
D(g(n) =D(fVAx (7)dn) + —tl(l - —Lo) 4 2k — -
1 2 K?(T) dr Kl(r)
. (3.17)
2 ————— R
T #5(+) d A
=D(fVAK (+)dn) + Bt (1 = o) — 2k e e
2 ARSIl

The system (3.16)-(3.17) is of fundamental importance in
studying the world surfaces of a relativistic string with
massive ends in the space E! . From this system it follows,
for instance, that in the range 0 < r < 7 the torsions x;(r)
are arbitrary functions and are defined only by initial con-
ditions’8/ (by the initial position x#(0,0) . and initial ve-
locity k“(O,a) of the string ¢ < ¢ < m). Continuation of the-
se functions beyond the interval 0 < r < 7 is made by the in-
tegrals of eqs. (3.16) and (3.17), and two conditions of
smoothness at the ends ¢; = 0, » for the continued functions
xi(r) may always be fulfilled with the four arbitrary con- |
stants. . ) .

The simplest solution to egs.(3.16)-(3.17) are constant
torsions. «;(r) = k;5 when the ends of the stri9§/are moving
along helices cobeying the following conditions’ ™ @

2 2
£3 kg ' (3.18)
1~ = i- . : .
Klo( - ) Kzo( = ) B :
10 : ' 20

In this case we obtain from eqs.(3.13) and (3.14) the equali-
ties. . : )

D(g(r)=D{f(r)) =D(g(r-27)), . C(3.19)

which, in accordance with the property of the Schwarz deriva-
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tive/10/ imply that the functions f(s), g(s) and g(r - 2#)

are related by the Moebius transformation:

glr-2m)+ B
g(r) = 2 " P ] (3.20)
‘?If(f) + 31 ~y2g(r-2n) +82

The constant coefficients in (3. 20) a, ,B s Vo &. obey the
normalization condition a;&; - §;v; | and two relations
following from the boundary condltlons (3.1) and (3.27). The
world surface Ml of a relativistic string with massive ends
turns out to be a helicoid in the space EE/G/

4. CONCLUSTION

It has been shown that the world surface of a relativis-
tic string with massive ends is completely defined by trajec-
tories of the ends.In a three-dimensional Minkowski space E!
these trajectories are characterized by two geometric inva-
riants, a constant geodesic curvature and torsion that is ge-
nerally a function of the evolution parameter r on the string
surface. When the torsions are constant, our approach allows
us to cbtain a well-known particular solution describing the
rotation of straight string with massive ends in a given pla-
ne’%8/ | In this case the trajectories of motion of the mas-
ses are helices in Eé and the surface is a helicoid. The mi-
nimal surface is just the helicoid that represents a ruled
surface generated by the motion of a straight line, therefore
there are no transverse excitations of the string and this
solution cannot be used for determining corrections to a 1li-
nearly growing potential”ll/ .

The authors are grateful to V.V.Nesterenko and L.H.Ryder
for stimulating discussions of this paper.
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