


I. Introduction

In the last time, a current of papers /1-8/ has been published

which are devoted to the generalization of the potential model of
heavy quarkonia to the sector of light quarks and their bound states
{mesons). In these works, instead of the Schrddinger equation, one
conslders the QCD effective hamiltoniaen with the four-component Lo~
rentz-vector potential of the lnstantaneous interaction of quarks.

It has been shown that in this model the solutions of both the
Schwinger——Dyson (SD) and the Bethe—Salpeter (BS) equatilons success-
fully describe the spontaneous breakdown of chiral symmetry (that is
a purely-relativistic effect), the comstituent quark masses and the
Goldstone mode 1n pseudoscalar meson spectrum, and a large mass
difference of j) and JC mesons 3 . As the same time, because of
noncover iance of the potential such an approach could not give the
wave funotlons of mesons in any moving frame. Furthermore, the authors
did not reproduce the physical values of plon mass, and the pion de=
cay canstant ( Fﬁ-) as well as the light quark condensates. However,
one can suppose that the instantaneous approach teo QCD, which quali~
tative describes the Teatures of heavy and light quarkonium speotra,
in its covarlant form gives the solutlons of the above-mentioned
problems.

The relativistic covariant generalization of the instantaneous
potential model (for a moving meson) and the effective biloocal lag—
rangian for composite meson interaction have been proposed in the
framework of the field-theoretlcal approach in ref. 9 . In this
approach, the effective hamiltonlan of refs. /1-8/ 1s specified by
the dependence of the kernel on the time-axis r“L (rt,f:"‘: 1)
which leads to the following effective actiont
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Here q 1s the quark field, r?\”: dlﬂg (m:L" my )ms»"‘) is the
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current quark mass matrix, b/— B y)w, and K r( is the kernel
defined as
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that 1s a ocolour-singlet,where = Q’ujﬂ » Eus Zﬂ -
(2:n), and Zu= Xm—Yu 1s the {elative coordinate of guark-
-antiquark system. The potential \7(2 } is get from heavy quarkonium
spectrosoopy. The external vector Mu must be "parallel™ to the
eiﬁenva.lue (J}*) of the total momentum operator (-—1 B/BX/_L)
i.e,

r[#,,-ib/éx/u (M= TuNFZ ) )

where X = (x +‘ér/u)/2 15 the "total" coordinate of a bound state
which does not depend on the masses of a quark amd an antiquark.

In this paper we demonqtrate that the relativistic model (I)-(3)
Elves a universal descriptlon of the quark dynamics for arbitrary
current quark mgsses, and the spectruscopy of light as well as heavy
mesons. This is exemplified by three gquark flavours u,d, and s for
which the oscillator poteniial approximation 3/ ¢an be used. In this
approximation we obtain the constituent quark masses, spectra of %
and K mesons and thelr radisl excitations ( ' ama K ), and
leptonic decay constants F,\. » Fp 5 Fg ana Fe, and discuss
the concept of quark condensates at low energles,

The paper is organilzed as follows. In section 2 the 5D and
BS equations for the o-sclllator potential and arbitrary current quark
masses (in the rest frame: }L =(M, 0) u=(1,0) ) are given. Here,
the normalization condition for the meson composite fields, the
expression for the decay constants, the chiral approximation solution
for a plon, and the ocurrent algedbra relation for the quark condensates
are given too. Sections 3 and 4 are devoted to the numerical results
and their dilscussion.

.2+ The quarks and their bound states in the osclllator
potential approximation

Let us consider the SD and BS equations for the osclillator po-
tential that in the momeutum space 1s defined throup;h the differen-

tial operator A P
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where Vo is the phenomenologlcal parameter for which we use the
fits given in ref. /7 . :
For this potential the SD equation takes the form of the diffe-

rential equation of the sine-Gordon type 3,9
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where p= \Pl ) m; 1s the ourrent guark mass, §{ is the flavour
index, the prime means the derivation over pP o and E (p) is the
“iregssed" quark energy. The function ‘f (P) describes the constitu=—
ent quark mass appearance, end it i1s connected with the known guark-—
~antiquark pair function 1-8 ){'E as follows?
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Equations (5) and (6) are written in the dimenslonless form by means
of the substitutions

13 1/3
- (%Vo) P E{:(P)"’(%Vo) Es(P) .

sin

The solutions to equation (%) in the case of zero current quark
mass ( m;_:() ) have been obtained in ref. where the spontaneous
breakdown of chiral symmetry leading to the constituent mass for the
guark is proved.

The corresponding BS equation for a pseudoscalar meson in the
rest frame of the meson is reduced to the Salpeter eﬂquation that for
potential (4) takes the form of the differential coupled equations

MLzm(p)—'i -E(p+F (P)XL“u(p). (8)
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Here M 1s the meson mass, B E{*-E £ 1s the sum of energies of

the constituent guarks with i‘lavours £, and f,

defined by (6), and
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The eigenfunctions of equatlons (8) are the components of the
mason vertex function
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where /{P,= CP}?}L: Ma)" , S{. is t’he Fo]_dy_Wouthuysen matrix

S = exp[-PIOE/P] (b o, p).

In refs. /1-7/ one uses other definitions of the wave functions
(gyh) whioh can be related to L according to the relations
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hipy = L (P)~E~(-) L.

The covariant normalization condition for the wave functions
has the form

dp” L()L()~1 (N.=3). (10)
M J.(z BheF |

The leptonic coupling constant (F) 1s defined by the following
equatlions

b= 4|\£\Vc J(zb-f* L,p sin Yy (pY) s (11)

where \9(_,_) = L-?4:1 * \9{1) /2.



Let us now give the low-energy properties of the wave functions
L, anda L, . In the chiral limit (m}=0 )

Lz(p)\ o =0,

m{; =0

equation (8) has the solution 79/
L‘(P)lm".—o = “1:‘ sin \gf(P) (5= u=d) (12)
P ®

that satisfies the 8D equation and describes the Goldstone mode of
the gompesite pseudoscalar meson spectrum. Notice that for {12)
equation (B8) becomes en identity.
) o 4V
It is easily seen that in the small mass(m =m, =My <<(3 o) )
approximat ions 19 aq. (12) am
(2]
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lead to the well-known low-energy relation
o - T 2 2 (14)
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where the quark condensates are defined as
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= - 2N, J sin‘ﬂ(P"),
@xy

(G5 =P~ 2, V'L G =(pmp) )

Relation (14) for the quark oondensates will be discuss using the
numerioal solutions to which the next sesction is devoted.




‘' 3. Numerical results

We have obtained the numerical solution to the SD (5) ana BS(8)
equations for three quark-flavours (u,d and s) with nonzero current
quark masses (mﬁl=m3# O and Mg#0 ). These masseés as well as the
potential parameter (\]o) are the free parameters of the model. We
have fixed the current quark masses by comparing the elgenvalues of eq.
(6) with the pion and kaon masses ( My = 140 MeV and 'MK*—' 497 MeV}.
For the parameter \/, we have used the values glven in ref.’?’ . s,
the input parameters are the following:'

1/3
My =My = 0,007 (4V,)

. s (16)
md = 0.21 ($V,)

where (% Vo)ﬂs = 283 MeV or 247 MeV.

We have golved Eq. (%) by combining the Newton continuum analo-
&' ang the approximation over the parameters /il (which are the
ourrent quark masses)., The solutions ‘;?,;_ » the oonstituent quark
energias E{_ » and the quark pair functions ‘;D+ are shown in figs.
1-3. It has been tested that our caloulational scheme in the massless
case (m;=o ) reproduces the results of ref., ’° .

We have solved eq. {8) using the above numerical scheme and the
"shooting"™ method vhich led to the identical results. The wave
functions L.,m for W and K mesons ana their radial exoltations
(x’ and K’ ) are shown in figs. 4 angd 5, respectively. Fig.6 shows
the ratios of the pion BS wave funstions to the low-energy approxima-
tlon solutions (12) and (13)

%
RT‘- _ L..‘ (P)
! Fx sin L (P an
RR - L.j:_ (P)

2my/ (MuFp)

. t
The predioctions for the masses of R and K mesons, and
for the deoay constants oorresponding to the input parameters (16)
are presented in table I.
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Pig.2. The oconstituent quark ener-
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Fig.1. The solutions toc SD
equation (5) for quarks ha-
ving the current masses
(16).
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Fig.3. The quark pair func-
tions (7) for the massive
quarks.




29 Fig.4. The solutions to BS equation (8)
> il for §i and K mesons.
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Fig.5. The solution (with one
node) to BS equation (B) for
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Fig.6. Ratios (17) of the
explicit B3 wave functions
Rg"-r;“z'""u May Fopd of pion to low energy li-
mit solutione (12) and (13).
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Table I. The masses and the coupling constants (11) of mesons
and thelr radial excitatlions when the freé parameters
given by (16) (in the brakets the experimental data are
indicated)}. All the gquantities are given in MeV's

( 3 V°) Fx My P FK My’ FK'

289 90.4 1604 4 133 1652 61
247 77.3 1363.4 3.4 113 1405 52

4, Conclusion

The QCD-inspired instantaneous model (I)—(3) is applied te the
description of the spectroscopy of gquarks, having orbitrary masses
in the case of three quarks u,d and s interacting through the oscilla-
top pofential {4), is considered.

It is shown that this model, unlike the nonvarlant approaches
/1'7/, qualitatively well reproduces the physical wvalues of the plon
mass and decay constant Fn . An analogous satisfactory desoription
tolkes place for a kaon and the masses of 7' and 1(' mesons too
(see table I), For the decay cbnstants of these mesons we have
obtained Fpo = 3.4 MeV and F + = 52 MeV which in satisfactory agree—
ment with the duality estimations /147, Fpr = (4-6) MoV and Fyr =
m 51 MeV. These predlctions can be tested experimentally, for example,
by means of the branching ratios for A ~lepton decays ‘T-» I'\)t
and T~ \('O

Figure 6 for ratios (17) allows us to conclude that approxima—
tion (13) is valild only in the momentum region near P ~ (3\J )
the quark condensates do not play the role of fundamental parameters.

Recently, the plon and kaon properties have been sucoessfully
described in the framework of the nseparable version® of the Nambu-
~Jona-Lasinto mogel /13 (the current quark masses, My = M3 = 2,1
MeV ang n1; = 56 MeV, used in this spproach, are comparable with the
ones in (16)). However, this task 1s solved in the model (I)-(3)
without involving the cut-off parameters. Moreover, the
advantage of the model (I)-(3) in comparison with the separable B.ppTo—
ach is the possibility of considering the radlal and high-orbital
states, and the systems of heavy quarks for which the Coulomb poten-
tial is significant.



To summarize, the reproducing of the physical properties of the
mesons on the example of three-— quark flavours indicates that the
instantaneous model (I)-(3) is able to uniquely describe on the
qualitative level the spectra of light and heavy mesons., 4 more detai_
led substantiation of this conclusions requires to include the Coulomb
potential contribution, which 1s a subject of future works.
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