
90- C(OV 

S.V.Shabanov 

DfiliBAMHBHHbiM 
MHCTMTYT 
RAlPH WI 

MCCJIBAOB8HMM 

AYfiHa 

E2-90-402 

PATH INTEGRAL FOR THE YANG-MILLS 

THEORY IN A NONPERTURBATIVE REGION 

Submitted to 11 Physics Letters 811 

1990 

e_ 

t-



1. It is known for systems with first-olaaa constraints 
(gauge systems)[l]that, generally speaking, the quantization 
and elimination of unphysioal variables do not commute C2-5} 
because physical variables (spaoe of gauge orbits) are descri
bed by curvilinear coordinates. However, the introduction of 
curvilinear coordinates and quantization do not oommute. Never
theless, the usual way of deriving a Hamiltcnlan path integral 
(HPl) for oonstrained systems corresponds Just to quantization 
of a system after eliminating all unphysioal variables, and, 
moreover, the phase spaoe of physical degrees of freedom is 
assumed a priori to be an even-diraensional Euolidean spaoe. So, 
this HPl approaoh differs from the one in the operator forma
lism by Dlrac[l]. It is shown for a simple model in [6] how 
one should modify the HPl approach so that it aould correspond 
to the operator soheme by ̂ irac. It is necessary to take into 
account both the curvilinearity of physical variables and a 
possible reduction of a physical phase spaoe [3,7]in order to 
find a oorreot HPl. 

In the present letter the method of deriving HPl corres
ponding to the Dirac operator soheme is suggested for any way 
of a fixing physical variables (any gauge). It is also shown 
that, the elimination of unphyslcal variables before quantiza
tion leads to a gauge-dependent quantum theory. In the framework 
of the found HPl approach the problem of non-existenoe of global 
gauge firing in the lang-Mills theory [в-Ю} is considered. It 
is argu«d in favour of that "copies* of intermediate field 
configurations (i.e. being between in- and out-field configu
rations la the transition amplitude) do not influence the HPl 
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d e s c r i p t i o n . However, unlike [ l l3 "copies" of i n - and o u t - f i e l d 

conf igurat ions should be taken in to aooount i n HPI. The found 

HPI modif icat ion does not ohange a perturbat ive Yang-Mill9 

theory but i t may turn out to be e s s e n t i a l f o r a q u a s i o l a s s l c a l 

c a l c u l a t i o n s [ 1 2 ] . 

2 . Before the Yang-Mills theory, oonsider the s implest and 

well-known example [ЗДЗ^ in order t o i l l u s t r a t e the key point 

of the problem. The Lagrangian reads as 

where a two-dimensional vec tor 3C = (0C 4 ,X a )and a sca lar 4 

are dynamical v a r i a b l e s , I = ъТ^ i s a generator of ro ta t ions in 

a plane X e I R ( T £ i s the Pauli matr ix ) , V i s a p o t e n t i a l . 

Lagrangian ( I ) i s invariant under gauge transformations 

X - * e x p ( T c o ) £ , y ^ y - ^ > > c o = c o C t ) . ( 2 ) 

Canonical momenta are P - T ' j x and ЗГ= ^ Ч = °' 

so the Haniltonian has the form 

г 
There are two first-olass constraints [l] in the theory! !JT=0 
and <Г-|5Г, п\~ P'?? = 0) where (Г* is an angular momentum of 
a particle X . So, the system has only one physical degree of 
freedom. 

Apparently, gauge group orbits are ciroles with centers 
at X^ = 0 (i»l,2). X line I Х^^(ъ) , U is a parameter, on 
a plane forms a gauge oondition. The line L should lnterseot 
every gauge orbit, at least, onoe so that lA. may describe the 
orbit spaoe. The simplest case is X. = 11 ,^2," О (unitary 
gauge). However, there remains a residual gauge group Ж^ • 

U=L?\y(<x*)-4foc. о, 
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This group acts in a physical configuration spaoes X j ^ i X ^ 
identifying points In it, I.e.» the physloal region of X 1 Is 
the semiaxis X 4 > 0 • This leads to a physical phase spaoe 
reduction ["3,7] and a modification of Ш>1 [6,7,14] . 

In the general case of arbitrary \ . , a highly intricate 
discrete group p(li) acts on "U € IR : 14-» U sCu) . Obviously, 
the group p(l() rearranges cyclically intersection points 
of the line t with circles of the fixed radius r(rt)=(fL (/u| ? 
All functions 'WjC'11) can be found from the equation 

r 2(l( s) = r Z C u ) . (4) 
(Here Г(о) = О and Г"(±оо) = оо are assumed), ' o r descr ib ing 

the phys ica l region of l | € ft , we d iv ide the a x i s U£ R. in to 

parts so that Eq. ( 4 ) could have a f ixed number of 

s o l u t i o n s at OielR^ . Then 

when 1Д £ IK^ . In every nc,^ we piok out a fundamental region 

К with respect to an a o t l o n of S,^ In R ^ , I . e . К л

= % ^ 

Therefore, К = U ( л ^ . 

The quantum theory i s given by equations [Д] 

[~feA+VCs*)]$B(x} = E$ e , Ы 

<r ФЕ te) = - i ^ ^ 4 ^ $E te) = о, (6) 

on 

c o r r e s -

where Д =• I / W J Cwe do not oonslder the third t r i v i a l equati 

СГГФр = - ь Д 1 . ф - О ) • T ° get the oorreot quantum theory 

ponding to a gauge oondlfcl on Х^ = т^(1*-/ > w e introduce new curvi 

l i n e a r ooordinates i n 

2)-*И$). 
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In the simplest oase ^ = и = Г , -f =• 0 ^7) gives polar coordinates.. 
Sinoe (?) should he the change of var iab les , one-to-one corres
pondence should exist between points CC£ 1Ц and (9,**.) £ R .. 
S o , 6 e ( 0 , 2 J ) and 1*€ K c l R . To determine К , consider the 
symmetry group of the change of variables p . : 9^* 0 + 6 s ( ^ ) , 

TX^s>'Us(.'u) 3 0 t h a t 2£ in (7) does not change. I t i s easi ly 
seen that transformations from P ( It-» "U (и) ) can be found 
from (4) . Indeed, P i s a composition of two transformations: 
l ) a point 0Ci-0C'(e,u) being on a c i rc le of a radius *~Ы) 
passes at another point X- = X - ( 8 ) t ( s ) , 2) a point X? returns 
to an i n i t i a l point 3Ĉ  by the ro ta t ion exp(TBAi)) . Thus, 
S - S M a n d K = K f o r < u e l R s ) . 

In Eos. (5 ) , (6 ) Ф е(е/1()= Ф е ( Ч ) sinoe £ Г = - ^ ^ 0 in 
the new var iab les . So, in a physical subspaoe of s ta tes ^£ph. 
the soalar product reads as follows 

^ X 
where d2X~ dSdujuCu) , JUfu) = -f. C u ) \ f t & 0 and the factor 

2 ^ j el^ju(u) ф*(и)ф Ы » S E E , . ее) 

= ЗЗГ is inoluded into the norm of Ф, 

*' One should emphasize that the groups p and J3 are dlffe-
rent in nature in spite of the formal equality S - S • T h e 

group P is the residual disorete gauge group (group of "copi
es '0 aoting in a configuration space of physical degree of free
dom when unphysical variables are eliminated in a non-invariant 
way (i.e., by a gauge fixing). On the oontrary, В is the 
symmetry group of a change of variables ОС-» СЭ, 1*.) where 6 
is an unphysical degree of freedom and It is a gauge-invariant 
one. So, saying below about "copies" we shall just Imply the 
group p 
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Eq. (5) in сЯрЬ turns into 

where "\f = % j U . 3 ^ ( ^ u ^u f* ) l s a a effective quantum oorreo-

tion (~ t 2 ) to a potential, g(tt) = Г ^ Ы / к 1 ^ ) and "Pv = 

--{. H û.° J1*" l s a H e r m l t i a j i momentum operator. The first 

twu terms in H pli are, in fact, the Laplace - Beltrami ope

rator Д in coordinates (7) without terms containing удв . 

Amplitudes (scalar produots in 'dtp^ ) do not depend on the 

ohoice of -f. although the Hamiltonian Hp^ depends on Ti . 

Indeed, making the substitution \ = J V r "r l n ^ w e B a e t h a t 

eq. (9) turns into the usual radial part of the Schroedinger 

equation (5) in polar coordinates, i .e. Ф Ы) = Ф-,\Г). Moreover, 

purely radial-exoitations ( S -states) should be even Ф еС г) " 

» ФЕС~^) • S o> a 1 1 Pbysioal states are manifestly gauge-in

variant ^ 

Ф ЕОЬ Ф Е(^)=ф Е(х г). do) 
At last, by the definition of К the equality Z.„ $ K ^'uju(i<) = 
- \ drr should talce place. As a result, amplitudes < Ф 1 Ф > Jo 
are independent of functions -f. . 

If.unphysloal variables are eliminated in Hamiltonian O ) 
before quantization with the help of constraints and supplemen
tary conditions ^=-0 , X^-f.CV) ( °* jCQXj^Xg) = 0, «here 
X depends on -f. ), the quantoio theoiy (spectrum, amplitudes, 

Г etc.) depends on the choioe of physical variables \ . (on a 
gauge), slnoe eq. (10) is not valid and a soalar produo't does 
not coinoide with (в). 

3. How oonaider the HPI approaoh. It follows from (10) and 
(4) that Ф-СизрФрСи)» This property allows us to continue 
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analytically the unit operator kernel •\ь-\'^'/> и= И Ф Ы)Ф*Ы') 

into the unphyslcal region U. £ 1R . In accordance with (8) we 
may write -}£ 

<ъ\ъ'>^ = 21 I>(-u)ju(<)] $ (У-О • (ID 
where U.g = U 3(Xl /)> u'eK ;Ue(R . The infinitesimal evolution 
operator kernel is defined as 

U e

PV,u/) s <u\ е"*"* la/>ph« (i- t£H fbW)<^I^V ; ( l2 ) 

where £-> 0 . We transform the kernel (ll) in Cl2) to the form 

where JU.= jM(u) , j ^ s JU (l**) a n d 

G)Cu',*') = Z s y - и Ц . ( u ) 

Substituting (13) into (12) and taking Hp^C 1*) from (9) we 
find 

acourate to . Here 
ие

£%л»*Ь- ^ ^ [ i p C ^ V ^ H ' V p ) ] , ( 1 6 ) 
— o«0 

is the effeotlve Hamiltonian. Furtheri we should oalculate the 
convolution 

'и.и"Ш, f<U".U') 
(18) 
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\ aVjuCiOQCuyouJ с - " » j*(x>u£

pW') см) 

to get the evolution operator kernel for a f ini te time interval. 

One may check that formula (15) i s correct for the kernel ( i e ) 

and what's more U * e % , u ' ) = i^k .* U * W ' J U ! % * * ' ) . 
This statement follows d i rec t ly from the equality 

2 'h 

which is a simple oonsequenoe of the equalities 
m <9) ana <u a > la* / >. *<'и|г« /> , d r r = cbju(u) = d^ajuCM»). 
On the whole, formula (l5) Is correct for a finite time inter
val t (6-»t in (l5)) and the kernel U. is determined by 
the usual HPI ^ 

l T W ) = \ П f ̂ ^ е х р M r " Н%*)1 • <̂ o) 
t т̂=(Л Z 'JT У n ^ ~* 

where ЯЛ - ЧЛ (t) , u"= 1Л (o) . 
Thu&, "copies" of intermediate points on a trajeotory con

necting XL and 'U in (15) ( £ -> t ) do not influence the 
transition amplitude. It is necessary to take Into account only 
"copies" of initial or final points. 

The problem of gauge fixing is usually oonnected with zeros 
of the Faddeev - Popov determinant |J5] as if they prevent on 
RPI definition in a total oonfIguration spaoe. However, knowing 
only zeros of the determinant we oannot Judge about the permis -
slbility of a gauge. In this model, assuming \ - 1Я ,+, = 'U-CL , 
i.e., X~ ЭС^-Х^ + а = 0 we find the determinant M = \_aijf^\ • 
•"X^-X^-2X^-0. . So, H = 0 at Xj=.cy^. . Nevertheless, the 
gauge T = 0 l s admissible only for & = О since the line J--0 

intersects all gauge orbits only at O.-0 , Therefore, the only 
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criterion for a ohoioe of physioal variables is the possibility 
of making the change of variables in which we may solve const
raints in a quantum theory. 

4. bet us turn now to the Tang - Kills theory. Gauge trans
formations of veotor potentials Л ,, being elements of a Lie 

Г 
algebra of a simple oompaot group G\ read as follows 

where and Q is a coupling oonatant. The Hamiltonlan 
formalism for this theory is well-known [15]. In fact, A is 
the bagranglan multiplier in the theory and we may ignore it in 
the quantum theory. So, physical states satisfy the following 
equation [15] 

<гФ1А]=(\9Г к + 8[А кд 1 11)ф[А1 = о, (22> 
where ЗГ . (х )=- {, O/ТД (ос) C K = ^ ' ^ ' ^ ) a r e momentum operators 

canonlcally conjugated to А к ( з О a n d L , 1 i s a commuta

tor in a Lie algebra. I t follows from (22) that physical s ta tes 

Ф|_А1 viewed as funotionals of dynamical variables АКСЯЕJ» must 

be invariant under transformations generated by О , i . e . 

8 $ = JdSc Tr SAKC*) щ ^ ^jVx Цш)П^оЬ) 

where 

ь-CJ i s an inf ini tesimal transformation 

(21) ( Q. Si 1+CA> ) . , 

^he aoalar produot in a physical subspaoe <H-ph. baa the 
form 

J DA <£*LM Ф Д А Ь ^ Е Е ' • (24) 
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Here DA = П d A ( *") 
Is a measure In a functional f ie ld space, 

the integration region I A J in (24) I s defined so that every 
component of A(0C) runs the real axis a t fixed 3C e IR ,and 
the s t a tes <•&£ sat isfy the functional sohro«dlnger equation 

- i< sb - s :>*v [Aih .E* B . (25) 

where i s the Sang- Mills potent ia l energy and <ч^ = \<1хТг 
i s the scalar product In a space of dynamical var iables . 

Consider now a gauge condition F \_A] = 0 picking out 
physical degrees of freedom. I t i s necessary exp l i c i t ly to 
solve Eq. (22) in order to guarantee the gauge lnvariance of the 
quantum theory (see (23)) In the physical configuration spaoe 
p [ Д ] = 0 • With th is purpose we introduce new functional .-urvi-
l inear coordinates W^ot by analogy with (7) 

A = w AK w" l+ {^w\*~\ ( 2 6 ) 

Here w = w [ A ] e G , A K - A K t o f ] , and Л » о с [ А ] 8 о that the 
equation F [ A J —0 turns into the Ident i ty a f t e r the subs t i 
tut ion Д =X \oi\ Into i t , i . e . , elements of a Lie algebra AK 

and var iables ct are analogous to the veotor-oolumn \ . and 
the variable 1л. in (7 ) , respect ively. 

The oindlt lon F = 0 should not ootradict the law of gauge 
transformations (2l) and boundary conditions of Â  as |эс1-»-л> 
[ l6] . In other words, we assume that any configuration /\ oan 
be transformed to the form F t A ] = o by a non-singular gauge 
transformation (21) preserving i t s topology [17]. 

The №1 derivation i s similar to (а)-(гО). Tne operator of 
the constraint In (23) generates shif ts of W in (26) and i t 
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commutes with being a gauge invariant , so Eq. (22) i s 

equivalent to %jjw Ф = 0 . Thus, in ЛЛ,. , the scalar product 

reads as follows 

S D*JU[>] Ф*[ос] Ф Е , [<*] = S E E- • (27) 
К 

where JU[_o<3 i s a measure in a physical configuration space! 
DA = ndjU^Cw) D<*jU[.oC] , c l ^ O ) i s an Invariant 
measure on Q (the "volume" of an unphysloal configuration 
space included in the norm of Ф Е ) , К r [*3у dl, , l o t ] is 
a configuration spaoe of ci ( a l l components of ot (9£ ) run a real 
axis at fixed ЭС € IK ) . The group 2> i - determined from the 
symmetry group of the change of variables (ай) S '• c i "* °'сЛ0'-'1 

w - •-* WWS b n that n is not varied, ' . е . , '£ \. A ;,J - F [ A j , 
^ - A. [ rt! J . Therefore, J3 formally «oincidos with the 

residual ge.ug» group deternining "copipa" 1" A_ in a gaut;s 

Rewriting Hanlltonian in (25) 13 curvil inear coorrMnr.tes 
(?C) and reject ing term3 with "/&W v:e get, .instead cf (25), 

i s the effective quantum correction I •' ( t S f ) to the potential 

* One ha? to have in mind that the transformations from S 
should be non-singular to preserve the topology of f ie lds Д , 
I . e . , h^ and A belong to one and the same topology class 
1,17] (compare with electrodynamics where gauge transformations 
with multi-valued funotlons are forbidden). 

tf'here 
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V > С ) ) la a scalar product in a space of components of Ot 

( i t la lnduoed by <£ , > ) , <З рц=Зр|Д°0 Is a raetrio tensor in 

a physical configuration space ( i s a Hermitian l inear operator 

In a space of components of ot ) . The metric tensor in coordi

nates (26) can be found from 

a,b=l,2.where S ^ = S o C , &<?* W 1 W (4= № u f H W l 

% analogy with ( l l ) and ( l 3 ) , we write the unit operator 

kernel In «ifb 

where tU^jULoH , JU "=JW [ot"] , <*,*,"£ [<*] ^ ' e K aru 

w e assume $ Dot' S i * - <*.' ] ф[о<-' ] = Ф [o i l oy d e f i n i t l r j for a 
functional $ . Repeating calculations (12) , ( l5) - (20) we get 
the t r ans i t ion amplitude for the Tang - Mills theory 

where the kernel \J i i s aetermlrbd hy the standard HPI 

Here oi ) oi are out- and i n - f ie ld configurations, respeotiv»-

(the second term ~ ho (o) ) . 
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HPI (30) determines the evolut ion operator kernel ,and as 

a consequence the S-matrlx l a the theory. We may see from (30) 

that the ambiguity in the ohoioe of physical v a r i a b l e s i s 

e s s e n t i a l only for i n - and o u t - f i e l d conf igurat ions . "Copies" 

of intermediate oonfiguratlons do not inf luence the HPI appro

ach for the S-matrix because of the manifest invarlance of the 

quantum Hamiltonian in (28) with respect to the group S ( s e e 

( 1 8 ) , ( 1 9 ) ) . Note that the e l iminat ion of unphysical degrees 

of freedom before quant izat ion breaks t h i s property. 

5. In conclus ion we s h a l l s h o r t l y d i s cus s our r e s u l t . The 

perturbat lve theory for the S_matrix corresponding to ( 3 ° ) does 

not ohange. Indeed, the fo l lowing e q u a l i t y , obvious ly , should 

take р1ась л 

acoording t o (27) s lnoe Q<Md] = LlW'jU[c>' ]Q[(* ,<) ф [ol ' ] . 

. JU ф [ о б ] for ф [ о ^ ] = ф [ о £ ] € gLk (compare with (19) and 

( IO) ) . Thus, the t r a n s i t i o n from | in> to |out)> i s determined by 

the S-matrix connected with HPI (31) which d i f f e r s from the usual 

3-matrix in a gauge F [ Al « 0 ( i . e . found by s u b s t i t u t i n g 0 -

fuLOtions of both cons tra in t s and supplementary oondit lons i n t o 

HPI over a t o t a l phase space) only by the terms of ordering 

in the e f f e o t i v e a c t i o n . However, these terms do not inf luenoe 

the perturbat ive theory C2]. Note that the faotor {§> /JU ) 

of U t - i ' i» (34) can be e l iminated by a r e d e f i n i t i o n of 

terms Vq *•» 3'" Ог). 

Neverthe less , the modif loat lon of HPI ( з ° ) oonneoted with 
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the operator Q. may change nonperturbatlve. calculations of the 
amplitude (3°), for example, the quasiolassioal one. for simpler 
models with a gauge symmetry this phenomenon really exists [12]. 

To lnolude fermlons into consideration one should make a 
change of variables for solving constraints In a superspaoe. The 
corresponding technique of an HPI derivation Is suggested In[18] . 

A 
In this case Gi depends on fermi-degrees of freedom.Really.we must 
add to (26) the equality 4 = ^ ^ , where % is a gauge-invars 
riant ferml-field, and S in the ferml-seotor acts as t, -». 
-* K ^ ( w-» ww s , o£ - ocB • ^ ф , А к ~ А к У 

Does the HPI modification Influence oomplete Green's 
funotions? The answer la pos i t ive . Put, for example, г [A J « 
• e K A K - 0 (Coulomb gauge), i . e . we may assume that physical v a r i 
ables ОС are two tranaversal components of A K • Ок Ак s dK<xK = 0 , 

Consider then Green's funotions D ;....;„ = СТ(<*£, ( O ' " ^ i n W / Z i 
л f \ л /- \ * 1 l 0 

tf-(t)s. оС^ЫЛ) . The sign *ph" t e l l s us that^the soalar pro

duct la determined as (22), < * i ( t ) = ( u £ Г ^ ( . 1 ) ?£ . In the 

functional representation K°i I o"> » ? 0 [ ° ^ 1 i s a vacuum s ta te 

and о ^ Ф 0 = <*;Ф0 . Repeating calculations (34) for [}t ° ^ Ф 0 -

- \№«-Ло - 0 e

t

f f 4 ($„ we conclude that <*.\ = *\l«\4 <*c 

( ф i s gauge-invariant and, hence, i s S-invariant) since 

the group S i s always ( i . e . for any F) nontr lv ia l for fields 

A K ( ¥ ) tending to zero when |?C I -* °° [ 9 , 1 9 ] . Moreover 

o(- [°fsl » of. L°£J beoause the aotion of Q defines a s t a -

te c(;4>[o(] outside the region К in an 3_invariant way. for 

example, putting \^"\Х , - f 2 - 0 in (7) we hcve S = Z a ' . ' U ^ » ± u 

K - M ^ y ^ ^ l . Hence T>%..w- < T ( ^ t ( U - tej^X' 
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where the scalar product i s determined as (24) ( A -» oC in 
( 2 0 ) , ^ ^ ^ n 4 W ] , ^ ( t ) - ( U f r c i L U f , " i . e . the 

funotion 1)ц--Чц = V (0'i.1(tdV"Ot^(t (,'l)p.o i s the complete 
Green's function in the gauge Ъ; Ct\ = О which i s determined 
without both Q, in HPI and the scalar product modification. 
Oien, i f a l l permissible configurations of oC_ are 
considered. However, for small Od (the perturbatlve theory) 
S t e l u i . K a f e L nence Q% 1 and <*? a. otL , i . e . " D P 5 i D . 

Let ф [^3 i s a fermion state in the holomorphio re
presentation: $,Ф = 7Уд%Ф , % ф = ] § ф . In this represen
tation also [ ) ^ ф = [ / V O - Ф t 1 8 l a n d t h e kernel of Q coin
cides with the kernel of the operator of symmetrlzation in 
the group S : <* - <* s ^ > % - ws' % , w s = *s ^ 
as In the above-considered oase (29). However, in nontrast with 
boson variables the Integration region for Grassraan ones In 
the soalar product i s nbt ohanged for the ohange of variables 

(AK , Ф) "*• i.ol->'b>WJ t 1 8 J* B e o a u s e o f t J U s Property, Q 
really symmetrizes in S states $ converting them into 
gauge-invariant ones: 
So, Q ^ 5 > [XI = 0 since ^ Ф 0 i s not 3_lnvariant and then 

Thus, Green's funotlons of gauge-invariant (or S-lnvariant) 
objects such as S + ( x , t ) $ ( S l t ) = ¥ + С*Л) тЧ*Л) , £ + ( * Л > 

• Pexp (8 £*i (l.Oa*t) i (M t)= Ф+(х,t) К^к^ЩН 
etc. are only non-trivial. In other words, after an elimination 

л 
of unphyeloal degrees of freedom, the operator Q_ is the 
"memory" of the reduoed system about its gauge origin! 
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gauge-invariant objects only have a physical sense, the way 
of their writing is only changed * ' . 
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