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l. Introduction 

Diquarks play an interesting role in the bosonization of the 

QCD actiop within the functional integral approach [1, 2]. 

Recently, it has been shown [3] that one can describe on this 

basis also baryons as quark-diquark bound states (for further work 

on path-integral bosonization see e.g. ref. [ 4]) ._ 

In this paper we reinvestigate diquarks in two-dimensional 

QCD (QCD ) in the light-cone gauge using the results obtained many 
2 

years ago in ref. [I). There, meson-diquark bosonization of a 

coloured theory was carried out for the first time. However, in 

that paper the four-quark interaction term arising from gluon 

exchange was rearranged into qq- and qq-channels somewhat 

artificially by introd"ucing a so-called residual interaction. 

In contrast to this we here make use of new types of Fierz 

identities [2] which allow one to decompose in a more natural way 

the interaction term into a colour singlet qq- and a colour 

triplet qq-;-term avoiding any admixtures of unphysical colour octet 

or sixtet contributions or of a residual interaction. This and the 

fact that we consider unlike [2] the two-dimensional theory (in 

the light-cone gauge) enable us to obtain an explicit 

meson-diquark bosonization without any approximation. 

The present paper has mainly a methodical and pedagogical 

aim. We want to demonstrate the powerfulness of bilocal path 

l1J11Cihf:'\.i1a.,;:1 1mcn..rryr ~ 
Q!l-:SISiil ur.:~~~~:;immfl \ 

6W.SJl~!~J 1 ._HA ., __ ,..__ -



integral techniques in the study of quark models. The physical 

outcome of this new treatment of qq- and qq-channels is then a 

modified formula for the diquark mass spectrum ha~ing other 

group-theoretical numerical factors as compared with the equation 

given in [l]. Furthermore, it becomes clear that the case of 

SU(2) is no more an exceptional one, i.e. for all N ~ 2 the 
C C 

diquark masses are infrared divergent .. 

Tl}e paper is organized as follows. In sect. 2 we give a short 

formulation of the model and method closely following the 

presentation of ref. [I]. .The diquark spectrum is calculated in 

sect. 3, _ and sect. 4 contains the conclusion. 

2. Model and method 

We start with the Lagrangian of two-dimensional QCD with 

exact local colour symmetry SU(J) and, for simplicity, also with 
C 

exact global flavour symmetry SU(3) 
f 

Here 

. 1 µv - . µ 
:£ = - -2 G f3 Gf3 + q (lo D f3 - m o [3) q f3 

G 
µv,o:[3 

µv,o: a: ao: µ,a: a: a 

= a A . f3 - a A f3 + ig [A ' A I f3 µ V,O'. V µ,a: µ VO'. 

2 

(1) 

I 

1 
( 

. r 
l 

is the field strength tensor, 

" 8 

A 
µ' o:{3 = L 

n=l 

is the gauge field and 

i\ n 
o:[3 An 

µ 
2 

D = a o + ig A 
µ ' o:[3 µ o:[3 µ' o:[3 

is the covariant derivative; qa[3 is the spinor of the quark field. 

The indices a:, [3 = 1, 2, J denote colour; and a = 1, 2, 3 , 

flavour. 
i\" 
2 are the generators of the colour group SU(3) in the 

C 

Gell-Mann representation. 

It is convenient to consider QCD in the light-cone gauge 
2 

A 
+ 1 

= A =,;= (A - A ) = 0 
V 2 0 1 

(a· b = a b + + a b = a b + a b - ) . 
+ - +- -+ 

In this case there exists only one independent dynamical· quark 

variable q - (~J and gluonic self-interactions as well as 

Faddeev-Popov ghosts are absent [l]. Let us consider the 

generating functional for Green functions of quarks 

Z[i!,nl = C J 'DA 'Dq 'Dq exp iJd2
x { Tr (a A >2 

I + - + 

+ q Cirµa - m - g o A ) q + q11 + nq } 
µ - + 
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with 

and 

with 

+ 
0- = 0- = 

+ 
1 0 - ('( ± 

../2 

1 
0 ), 

0 
0 = CT I, 

I 
0 -

• 5 
ICT z' o - -er 

3 

<Tl, CT2, CT3 being the Pauli matrices. Using the relation 

Jdix Tr (B_A+/ = 1
8 

J2 2 n -1 m -2 [ d x d y A (xl K (x,y) A (yl 
' + nm + 
n,m=l 

K (x,y) = -i o D(x-y) 
n,m mn 

with 

-ax 
(2) 

G(x,yl = ------- o (x-y) 
-2axax - m

2 + ic 
+ -

d 
2

k ik 

= J(2n) 2 2k k - m2 + ic 
+ -

-lk(x-y) 
e (4) 

To perform in (3) the integration over the quark fields one has to 

linearize the 4-quark interaction term. We write it in the form 

i 2J 2 2 * * and -
2 

(2g) d x d y q (y) q (x) J< (x,y) q (xl q (y) 
8 A AB,CD D C 

D(x-y) = i o<z>( J dzk ~ x-y) = -~- D(k) e-lk(x-y) 

lu-J c2ni
2 

· • 

D(k) -i 

kz 

(2) 

one obtains after integration over A and rewriting the 
+ 

functional integral over q and + 0 
q = q 0 in terms of the 

variables * 
q2' q2 with * 

q2 being the Grassmann conjugate of q 
2 

(putting then again q ~ q , l) ~ l) etc.) 
2 2 

llE: J * J 2 2 { * -1 Z[n,ll I = C
2 

1Jq 1Jq exp i d x d y q (x) iG (x,y) q(y) 

i 2 
8 * An * An 

2 (2g) [ [q (x) 2 q(x)] D(x-y) [q (y) 
2 

q(y)] 
n=l 

+ [q (x) n(y) + n (x) q(y)] o (x-yl * * (2) } (3) 

4 

'• 

',1 

I 

with 

s Ano An 
J< (x,y) = [ ~ 0~ o o D(x-y) 

AB,CD n=l 2 2 ii kj 
(5) 

Here A, B, C and D are short-hand notation for indices 

A = {i,a.}, B = {j,~}, C = {k,0 } and D = {l,o} where the first 

index in .the brackets refers to flavour and the second one to 

colour. Now we rearrange the kernel J{ 
AB,CD 

types of Fierz identities proposed in (21. 

SU(3) we use 
C 

with the help of new 

For the colour group 

8 
n n 4 2 

3 

[ A A = - o o + - [ c c 
a.o a~ 3 a.~ ao 3 pa.a p~o (6) 

n=l P= 1 
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with c a being the antisymmetric Levi-Civita tensor. For the 
cx,.,,r 

flavour group SU(3) with generators Ta 
f 

0 
l l 

0 
kj 

8 
e 

= E Flj 
e=O 

Fe 
k I 

>.a 
- f -2 one has 

{Fe, e = 0, 1, ... , 8} == {A If, ../2 T
1

, .•• , ../2 T
8

} , 

0 
l l 

0 
kj 

9 

= I Hg 
I k 

g=l 

Hg 
j I 

{Hg, g = 1, 2, ... , 9} == {Fe, e == 7, 5, 2, 0, 1, 3, 4, 6, 8} . 

Therefore, kernel (5) can be decomposed as 

1< (x,y)• [ .!. o o Fe Fe 
AB,CD 3 cx(3 0o lj kl 

1 
3 

] + - E c · c Hg Hg D(x-y) 
6 pcx,r p(3o lk jl 

p=l 

- [ (Me) (Me) - (M
0

) (M
0

) ] D(x- ) - m AB m CD d AC d BO y 

with 

Me = /S_ 1 Fe , 
m ✓ J C 

Me_./f pHg 
d-v6c ' 8 == {p,g} 

(summation over repeated indices e and 8 is now understood). 

1 and 
f I are the unit matrices in flavour resp. colour space. 

C 

Then, the generating functional takes the form 

6 

(7) 

Is 

:;, 

* J * J 2 . 2 { * -1 Z[TJ,TJ ) = C
3 

1Jq 1Jq exp i d x d y q (x) iG (x,y) q(y) 

i 
+ 2 (2g)2 [tq•(x) M: q(y)),D(x-y_) [q.(y) M: q(x)) 

+[q (x) M q (y)) D(x-y) [q(y) M q(x)) * 8 * 8 ] 
d d 

* *. (2) } + [q (x) TJ(y) + TJ (x) q(y)) o (x-y) . (8) 

As in paper [l), the 4-quark interaction terms in (8) are then 

linearized by introducing . bilocal fields so that the generating 

functional can be rewritten in the form 

* J * ' + Z[ Tl, Tl I = C 
4 

1Jq 1Jq m: 1J'll 1J'l! 

· exp d x d y q (x) iG (x,y) q(y) + 2_ _1_2 I: x,y) I: (y,x) J 2 2 { * -I • e( e 
2 (2g) D(x-y) 

+8 8( ) • e 
2i 1/J (x,y)I/J y,x -[q(x)Meq(y))E(x,y) 

+ (2g)2 D( x-y l m 

* 8 * 8 + [q (x) M q (y)) 'll (x,y) 
d 

+8 8 + 'l! (x,y) [q(x) M q(y)) 
d 

* * (2) } + [q (x) TJ(y) + TJ (x) q(y)) o (x-y) . 

with VE = ~ 1)Ee , 1J'l! = H 1J'll8 
, 1J'l! + = H 1J'l! +e . The bilocal fields 

satisfy the relations 
+e *e e I: (x,y) = I: (y,x) = I: (x,y) and 
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+e •e 
'l' (x,y) = 'V (y,x) = 'l' •e(x,y) where "+" denotes the 

"Hermitiean" conjugate and "*" the complex conjugate. 

After integration over the quark fields one finally gets 

• f + . e e +e • e e +e Z[l},l} l = c m: 'D'l' 'D'll exp {1W [L ,IV ,'l' ]} Zlll,ll IL ,'l' ,'l' l 
eff 

(9) 

with 

I e e +e J 2 2 { .. . . -1 i l Le Le 
Weff L ,'V ,'V ] = d x d y -1 tr In 1GL + Z' (Zg)z -

0
-

- .!_ tr In (1 - GT 2Me 'V+e G 2M' 'l'') + - 1-2 _'1' __ '1'_ 
. 2 . .,.+e .,.e } 

2 L d L d · ( 2g) D 

(10) 

* e e +e J 2 2 * 1 * * 1 + Z[l},l} jL ,'V ,'V ] = exp i d x d y (-l} G
0
l} + 2 l} Gal} + 

2 
l}Gal}) 

( 11) 

In (11) the normal and anomalous Green functions for the quarks 

moving in external fields L, 'V, · and 'V + are defined as 

-1 
G = - iH G 

n L 
G = - H-1 G 2Me 'Ve GT 

a L d L 

with 

H = l - G 2Me 'Ve GT 2M,: q, +i: 
L d L d 

and 

iG- 1 = iG- 1 - Me Le 
L m (12) 

T 
GL means the transpose of GL 

8 

l 

1 
l 

In this way, QCD given as a quark-gluon theory by Lagrangian 
2 

(1) in the light-cone gctuge has been reformulated in terms of 

colour singlet meson and colour triplet diquark bilocal fields. 

The representation (9)-(11) is explicit and exact. Notice that 

there is no need to introduce (unphysical) bilocal fields for 

colour octet or sixtet channels nor to consider residual 

interactions as has been done in Ill. As is shown in ref. (3], 

diquarks play a fundamental role in the further hadronization 

procedure to get baryo~s. in addition to mesons. 

3. Particle spectrum 

The stationarity condition for the effective bilocal action 

(10) leads to the dynamical equations for the quark spectrum of 

QCD: 
2 

ow 
eff 

OLe 
0, 

oW 
eff 

o'Ve 
=O, 

oW 
eff 

o'll +e = o . 

From here one gets the following system of equations: 

e e 2 [ e ( +)] e C1' = M L = -(2g) D (tr M G cr,'V,'V ) M 
m m n m 

1/1 = 2Me 'lie = 2 e + e (2g) D (tr(M G (cr,'l','l' )]) M 
d d a d 

1/1+= 2Me 'l'+e= -(2g)2 D (tr!G+(cr q, 'l'+) Mel) Me 
d a ' ' d d 

9 

(13) 

(14) 

(IS) 



Now we shall restrict ourselves to the consideration of the 

solution t/J = t/J+ = 0, G = G+ = 0 , but o- * 0 . In this case, 
a a 

using relations (12) and (4) and the fact that (j = (j 0 
AB AB 

= a- o o as well as G = G 0 = G o o 
AB 0- ij cx/3 

one obtains 
IJ cx/3 . nAB (j 

from equation (13) in the momentum space 

where 

2 g e( I k - p I - ;\.) 
o-(p ) = - J dk - - J dk G (k) 
· - rr2 - (k - p_) 2 + o-

G (k) = 
(j 

ik 
GT (k) = ----:--::-2--. ----. 

o- 2k k - m + ic - k o-( k) 
+ -

;\. being an infrared cut-off parameter. This equation has been 

solved by 't Hooft [4]: 

o-(p _) = 

2 
g 

Tl 

( sg: p - ~) . 
p_ 

Next, we expand the integrand in (9) around the stationary 

solution er, 
+ . e e0 e 

t/J = t/J = 0 . After the shift r = er o + 4> 

the integration variable the generating functional takes the form 

* Zl11,11 I = C J 1)4> VIV VIV+ exp i{W4> 
free 

+ wlV 
free 

+ w } 
int 

* Z['T),'TJ lo- oeo + 4>\IVe,IV+el 

10 

of 

with 

4> i J 2 2 e ·· -1 ef f W = 2 d x d y 4> (x,y) (64> (x,y)) <f> (y,x) 
free 

IV J 2 2 +8 - I 8T T W = 21 d x d y IV (x,y) (61V (x,y)) IV (y,x) , 
free 

ef 
(t.-l)er = o - tr (G· Me G Mf) 

4> (2g)2D o- m o- m 

8-r 
M

8 
G (6 - 1 >9-r = 0 - tr (G MT) 

IV (2g) 2D o- d (j d 

The explicit form of w 
Int 

can be found in I I). With t.4> 

(16) 

(17) 

and t.lV 

we denoted the propagators of the corresponding bilocal fields. 

These fulfil the following inhomogeneous Bethe-Salpeter equations 

for the scattering amplitudes in 

(colour octet) channels, respectively: 

qq (colour singlet) and 

t.ef = (2g)2 D [oef + (tr (G Me G Mg)) 6gfl 
4> ermerm 4> 

t, 8T 
IV = (2g)

2 
D [0

8
-r + (tr (Ger M: Ger M~)) 6~-r I 

qq 

Variation of (16) and (17) with respect to 4> and IV yields 

the homogeneous Bethe-Salpeter equations for the vertex functions 

of the corresponding bound states in the ladder approximation: 

(t,-l)ef ff= Q 
4> 4> ' 

(6/)ST r; = 0 . 
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The first equation defines the meson spectrum and has been solved 

by 't Hooft [5]. The second one defines the diquark spectrum. It 

has been investigated in [ l]. In the explicit form it is given by 

2 
-r . 2lJ dk 1 T ) r (p,r) = -1 (2g) -

3 
-- - G (p+k) r,T,(p+k,r) G (p+k-r , (18) 

'11 (2rr)2 k2 er .., er 

where r denotes the total momentum of the qq-pair. 

For solving equation (18) it is convenient to introduce the 

wavefunction 

h (p ,r) = dp G (p) r,r,(p,r) G (p-r) T J T 
- +er.., er 

and to rewrite (18) as an equation of 't Hooft's type [5, 11 

v 2 h•(x) 
(3 (3 I hT( ) 

= ( - + - ) h T (x) - P J y 
2 

dy 
x 1-x (y-x) 

0 

(19) 

Here x = p _/r _ P denotes the principal value and 

2 
m 

(3 = 3rr - - 3 
2 

g 

2 
3rr 4g ] 

v
2 

= - [ 2r r - - Ir I 
2 + - -

g 3rr>. 

The solution of (19) has to fulfil the boundary conditions 

h•(x) ~ x0 [(1-x)0 J for x=0 [x=l] where rr0 cos rr-r = -(3. The 

12 

system of eigenfunctions h~(x) is complete and orthogonal. For 

large k one obtains [5] 

h T (x) = 12 sin rrkx k » 2 
V "" k 

rr
2
k . 

The diquark mass spectrum is then given by 

2 4 2 
2 g 2 g • 

M = (2r r ) = - v + - Ir I 
k + - k 3rr k 3rr;\ (20) 

In · this way, the diquark masses go to infinity for X ~ 0 

analogously to the quark masses . This result coincides with the 

fact that coloured states like quarks or diquarks are not 

observable - they are confined. The group-theoretical numerical 

factors in (20) differ from those of ref. [I]. 

4. Conclusion 

The main result of this paper is an exact ineson-diquark 

bosonization of · QCD obtained by applying bilocal path integral 
2 

techniques. In the present essentially improved approach there was 

no need to consider any residual interaction. And no unphysical 

colour oct;t or sixtet fields like in Ill have been introduced for 

which no attraction, and therefore, no bound states exist. 

The use of new types of Fierz identities leads to a mass 

formula for diquarks which in the group-theoretical numerical 

13 



factors differs from the old result in [ l]. Although we considered 

. here explicitly only the three colour case, it becomes clear that 

one now obtains an infrared divergent diquark mass formula also 

for SU(2) in contrast to the earlier work. 
C 

In a forthcoming paper, the Bethe-Salpeter equation · for 

baryons will be investigated within this model. 
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36epT ,Q., KanmyH JI. EZ-9O-374 
Me30H-AHKBapKOBaH 6O30HH3aQHH AnH KX.Q2 

BHOBb HCcneAYWTCH AHKBapKH B ABYXMepHOH KX,Q AnH cnyqafl 
Tpex QBeTOB, B Kantt6poBKe CBeTOBOro KoHyca KX.Q2 6O3OHH-
3HPYeTcfl C ITOMO~bW 6HnOKanbHbIX ~Y~KQHOHanbHbIX MeTOAOB 
B HBHOH ~OpMe H 6e3 KaKHX-nH6o nptt6mDKeHHH. JipH 3TOM, 
BO3HHKaW~ee H3 rnwoHH.oro O6MeHa, Bbipa)KeHHe Anfl 4-KBapKO
Boro B3aHMOgeHCTBHfl npeo6pa3yeTCfl C ITOMO~bW TaKoro TO)K
AeCTBa <l>ttpQa, KOTOpoe BKnwqae·T TOnbKO CHHrneTHble no QBe
Ty KBapK-aHTHKBapKOBbie H TpHnneTHbie no QBeTY KBapK,-KBap-
KOBble KaHanbl. 

Pa6oTa BblITOnHeHa B Jla6opaTopHH TeopeTHqecKOH ~H3HKH 
OIDUI. 

IlpenpHHT 061,elUIHeeeoro HHC'llfTyra ~epe&IX uccne.u;oBaHHH. ,lly6ea 1990 

Eb~rt D., Kaschluhn L. 
Meson-Diquark Bosonization of QCD2 

EZ-9O-374 

Diquarks in two-dimensional QCD for the three colour 
case are reinvestigated. By means of bilocal functional 
techniques QCD2 in the light-cone gauge is bosonized ex
plicitly and without any approximation. Thereby, the 
four-quark interaction term arising from gluon exchange 
is Fierz rearranged into a form which involves only co
lour singlet quark-antiquark and colour triplet quark
quark channels. 
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