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1. INTRODUCTION 

In previous papers11 ' 21 we have proposed a nonlocal 

stochastic quantization method for the quantum field theory by 

using the covariant-derivative regularization scheme due to Bern 

et al. ! 3-61 It turns out that the theory developed by Parisi and 

wul 71 is useful for an adequate formulation of nonperturbative 

regularization of any field of interest, including theories of 

supersymmetry, general coordinate invariance and quantum gravity 

(for example, see16-101). 

Here main attention is paid to the gauge theory with 

fermions. We generalize a useful regularization methodllll with 

meromorphical regulators within the framefork of the regularized 

Schwinger-Dyson equations. In the stochastic quantization shceme 

the two-n~·ise equations developed by Sakita1121 , Ishikawa1131 and 

Alfaro and Gravelal 141 allow us to reformulate the Parisi-Wu 

programc 71 for fermionic fields and provide an almost bosonic 

stochastic description of fermions and to apply, with stochastic 

regularization by fifth-timel 15
'
161 , to the study of anomalies in 

background gauge fields114 ' 17-191 and vacuum polariz.ation in 

QED[l9 ] (for other satisfactory stochastic formulations of 

fermions see c201). It should be noted that in our shceme the 

noise term in these equations plays a double role in the theory; 

it controls the quantum behaviour of the theory and at the same 

time it carries nonlocality in stochastic equations. Further, we 

show that the scheme thus obtained is equivalent to the nonlocal 

theory with a regularized propagator of the 

type 

D( _ )- 1 Jd4P -ip(x-y) V(p
2
L

2
) 

x Y ~(2rr) i e 2 2 , • 
m -p -J.c 

where V(p2
L2) is the Fourier transform of the nonlocal 

distribution [K(x)] 2
, 

CX) 

en 
K ( x) = l -,-( 2=-n"""')"""'!- (1.1) 

n=O 
( for details, see Efimov [21) and Namsrai [22) ). 

Roughly speaking, formfactor (1. 1) generalizes 
-2 

power-low regulator R=(l-□/ A2) used 

covariant-derivative regularization program for the 
quantum field theory by Bern et al.[3-6). 

a minimal 

in the 

continuum 



preliminary character and is devoted to the investigation of the 

Yang-Mills fields by means of the stochastic regularization with 

nonlocal formfactors. Here we obtain a useful representation of 

operator-valued formfactor which allows us to construct a 

gauge-invariant finite theory of elementary particle 

interactions The method is demonstrated for the Yang-Mills 

fields Section 3 deals 

Schwinger-Dyson equations for 

fermions. The weak coupling 

with stochastic 

the gauge theory 

expansion of these 

regularized 

coupled to 

systems is 

discussed. The fermionic contribution to the gluon mass is zero, 

thus verifying gauge-invariance of the regularized systems with 

any nonlocal white noise-type terms. Finally, in section 4 we 

study a simple gauge field model, QED, by means of the nonlocal 

covariant-derivative regularization method with fermions. 

2. Yang-Mills Field and Nonlocal Regulator 

In this section, we study stochastic quantization of the 

Yang-Mills fields within the framework of the nonlocal 

distribution (1.1) (for details see [1]). To obtain the covariant 

derivative regularization at the (d+l)-dimensional stochastic 

level for a ct-dimensional SU (N) gauge theory, we consider the 

regularized Langevin equations for the Yang~Mills field 

c3Aa(X t) I ab 
µ ' = _ ~(x,t)+DabAb(x,t)+ (dy)Kxy(A)~~(Y,). 
at oA~ 

(2 .1) 

Here the action S given by 

lJ a a S= 4 (dx) FµJJ(x) FµJJ(x) (dx) =ddx 

and 

Fa (x)=c3 Aa -a Aa+ fa~Ab Ac 
µJJ µ V JJ µ g µ V 

The Zwanziger term is chosen as 

a 1 a 
A (x,t)=~aµAµ(x,t), 

where a is the gauge-fixing parameter. The quantity Kab(A) is a 
xy 

nonlocal distribution for the white noise . and is an entirely 

analytic function of its arguments. The covariant derivative is 

given in the standard form: 

2 

\ 
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I 

A~;=J (dz)D~c(x)o(x-z)D~b(z)o(z-y)=Aab(x)o(x-y). 

The operator Aab is defined by 

Aab(x)=oab L2 O +grab+g2 rab 
1 X 1 2 

where 

rab(X)=L2fabc(c3 Ac + Aca ) 
1 µ µ µ µ 

and 

ab and nbc d c 

r
2 

(x) =L
2

f f Aµ (X) Aµ (X). 

Further, we use the following notation: 

rab (X) =g r;b (X) +g2 r;b (X) • 

From the Langevin equations it is easy to obtain the 

Schwinger-Dyson equation for the gauge-invariant functional F[A] 

at equilibrium: 

<J(dX){(o O -a a+-.!. c3 c3) Aa(x)+ g fabc[c3 ( Ab Ac)- AJJcc3 Aµb + µv x v µ a v µ v v v µ v 

Ac c3 Ab 
JJ µ JJ 

_! Ac a Ab]- 2 aµvv g f ade fdnmAc An Am+J(dy)[! 
JJJJµ '2 

+ Vab (A) __ o_ ] } oF[A] > = O • 

xy oAi(y) oA~(x) 

Here, by definition the formfactor: 

00 

vab(A)=' a (An)ab 
xy Ln xy' 

n=l 

where (An)ab is defined by the contraction operation: 
xy 

3 

ova b (A) 
xx_ 

oAi(y) 

(2. 3) 

(2.4) 



ab a C C C 
n J 1 1 2 (A ) = (dz ) ••• (dz } (A o (x-z ) (Az o (z -z }) ••• 

xy 1 n-1 X 1 
1 

1 2 

C b n-1 
(AZ o (zn-1 -y)). 

n-1 

Taking into account (2.2) and an explicit 
operator A we have from (2.4}: 

n-1 

(2.5) 

form of the 

ab \ 2n 
vxy<A)= Lan L Caba~+ 

I 
2(n-1)I I 

a L (dz } ••• (dz )(oz o(z -z)) 
n 1 n-1 O O 1 

n n 
j=o 

rab (□ o(z -z )) •• (a o(z. -z.))( (z.)o(z.-z.+ )) .. ( □ o(z -z )) 
z 1 1 2 zj-i J-1 J J J J 1 zn-i n-1 n 

n-2 n-1 

+I an I I 
n 

2(n-2}J I 
L (dz) ... (dz )( □ o(z-z))(□ o(z-z)) 1 n-1 z o 1 z 1 2 

0 1 
j=o s=j+1 

ac cb ( }} 
• er (zj)o(zj-zj+1>> .•• (r (zj+s)o(zj+~-zj+s+1>> .. (azn~1 zn-1-zn 

+ .•. + I 
n I I , ac c c 

1 1 1 a (dz 1 ) •.. (dz 1)(r (z)o(z-z})(r (z)cS(z-z)) n n- o o 1 · 1 1 2 

C b n-1 
... (r (zn-1)o(zn-1-zn)). (2.5} 

TTere we have used the notation~ =x; fl =y. From (2.5) it is seen 
ab 

that V (A) has the following decomposition in powers of the xy ab 
vertex r (x) : 

ab ab ab ab ab 
V (A)= V (D)+ V (Or}+ V. (Off)+ ••• +V (r). xy xy xy xy xy 

Consider the first term of this expression. 

ab \ 2n \ ab 2nJ I vxy<□>=L anL .,ab□~y= L ano L (dzl) •.• (dzn-1> * 

n n 

(□xo (x-z1)) (oz a (z1 -z2)) •.. (oz o ( zn_
1
-y)) . 

1 n-1 

It is convenient to work in the momentum representation, where 

4 

. 
T 

I 
11 ; 

' I 

l, 

{ 

t 

and 

5(X}=J (dp)e-ipx, (dp)=d-p/(2n} 

v!~<□)= I (dp)e -ip(x-y)V(p2L2). 

Here V(p
2
L

2
) is given by the following series: 

v (p2L2) =I an (p2L2) n 

n 
for which the Mellin representationt 1 , 21 J is valid 

-{3-ioo 

V ( 2L2) = ~ Id!; u ( I;) ( 2L 2) I; 
P 21. sin(!;) P ( 0<{3<1), 

-{3+ioo 

where the function u(I;) satisfies the conditions: 

U(l;)l;=O=l and U(l;)l;=-1= o. 
Further, we restrict · ourselves to the second order of the 

coupling constant g and pass to the momentum representation in 

(2.3). As a result we obtain the Schwinger-Dyson equation at 
equilibrium: 

<J(dp)(p
2
oµv-PvPµ+ 

l 
ex 

a 
Pv Pµl Av(P) oF[A] >=<{J(dp

1
) (dp

2
) (dp

3
) 

oA~ (p) 

vabc( ) Ab( ) c( ) µvp -p1,P2,P3 v P2 AP P3 
- oF[A] 
o(p1-p2-P3l a 

oAµ(P) 

- J(dp1) .•. (dp4) 

°§( ) Vacmn Ac( )An( ) Am( ) p1-p2-p3-P4 µvpu v P2 u P3 p P4 oF[A]/oA:(p1 ) + 

n-1 

J
(dp V(p2L2) oF[AJ + \a L2n\ J(dp )(dp )(p2)j( 

• oA a ( _ ) oA a ( ) L n 4- . 1 2 1 
µ p . µ p n J=l · 

J (dq) 

(-ig)facb8(q-p1-p2) (q-2p2)vA~(q)+J(dq1)(dq2)g2faec'fcdbA~(q1)Ai(q2)_ 

• .· n-2 n-1 

*8(ql+~-pl-p2)](p~)n-J-l o2F[AJ +\a \ \ 

oAb( )oAa( ) L nL L,. 
µ p2 µ pl n j=o S=J+l 

I (dpl) (dp2) 

*(dpj+1l (dq) (dk) (p:)j(Pj+1ls(P!)n-s-j-2(q+pj+1>pA~(q) famcfcdb 

- d here o(p)=(2n)o(p). 

2 
*S(p.+ -p +q) (k-2p) Ad(k)S(k-p -p.+) obF[AJ }>=O (2.6) 

J 1 1 2 v v 2 J 1 oA ( ) oA a ( ) 
µ P2 µ pl 
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preliminary character and is devoted to the investigation of the 

Yang-Mills fields by means of the stochastic regularization with 

nonlocal formfactors. Here we obtain a useful representation of 

operator-valued formfactor which allows us to construct a 

gauge-invariant finite theory of elementary 

interactions The method is demonstrated for the 

fields Section 3 deals 

Schwinger-Dyson 

fermions. The 

equations for 

weak coupling 

with stochastic 

the gauge theory 

expansion of these 

particle 

Yang-Mills 

regularized 

coupled to 

systems is 

discussed. The fermionic contribution to the gluon mass is zero, 

thus verifying gauge-invariance of the regularized systems with 

any nonlocal white noise-type terms. Finally, in section 4 we 

study a simple gauge field model, QED, by means of the nonlocal 

covariant-derivative regularization method with fermions. 

2. Yang-Mills Field and Nonlocal Regulator 

In this section, we study stochastic quantization of the 

Yang-Mills fields within the framework of the nonlocal 

distribution (1.1) (for details see [1)). To obtain the covariant 

·derivative regularization at the (d+l)-dimensional stochastic 

level for a a-dimensional SU (N) gauge theory, we consider the 

regularized Langevin equations for the Yang-Mills field 

aAa(x,t) J ab b 
µ = - ~(x,t)+DabAb(x,t)+ (dy)Kxy(Li)~µ(Y,). 
at oA~ 

(2 .1) 

Here the action S given by 

lJ a a S= -
4 

(dx) F (x) F (x) µv µv 
(dx) =ddx 

and 

Fa (X)=a Aa -a Aa+ fa~Ab Ac 
µv µ V V µ g µ V 

The Zwanziger term is chosen as 

a 1 a 
A (x,t)=--;xaµAµ(x,t), 

where a is the gauge-fixing parameter. The quantity Kab (Li) is a 
xy 

nonlocal distribution for the white noise and is an entirely 

analytic function of its arguments. The covariant derivative is 

given in the standard form: 
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I 

/ 

ii 
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:l 

1: 

l 

ab J ac cb ab Li = (dz)D (x)o(x-z)D (z)o(z-y)=Li (x)o(x-y). xy µ µ 

The operator Liab is defined by 

Liab( )=oab L2 □ + rab+ 2 rab X Xglg 2. 1 

where 

rab( )=L2e~(a Ac + Aca ) 
1 X µµ µµ 

and 

ab and nbc d c 
2 

r 2 (x) =L f f · Aµ (x) Aµ (x). 

Further, we use the following notation: 

rab (X) =; r;b (X) +g2 r;b (X) • 

From the Langevin equations it is easy to obtain the 

Schwinger-Dyson equation for the gauge-invariant functional F[A] 
at equilibrium: 

<Jcax){(o □ -a a+ µv X V µ ! a a> Aa(x)+ fabc[a ( Ab Ac)- Aca Ab+ 
a V µ V g V V µ V V µ 

Ac a Ab 
V µ V 

! Ac a Ab]- 2 
a µ V V g f ade fdnmAc An Am+J(dy)[! 

V V µ · 2 

+ Vab (A) __ o_ ] } oF[A) > = O • 

xy oA~(y) oA~(x) 

Here, by definition the formfactor: 

00 

vab(A)=\ a (Lin)ab 
xy Ln xy 

n=l 

where (An)ab is defined by the contraction operation: 
xy 

3 

oVab(A) 
xy 

oA~(y) 

(2. 3) 

(2.4) 



ab a C C C 

n I 1 1 2 ( t. ) = ( dz ) ••• ( dz ) ( t. o ( x-z ) ( t. o ( z -z ) ) ••• xy 1 n-1 X 1 Z 1 2 
1 

C b n-1 
(t.z o(Zn_l-y)). 

n-1 

Taking into account (2.2) and an explicit 

operator t. we have from (2.4): 

n-1 

(2. 5) 

form of the 

ab \ 2n 
vxy<t.)=L an L oab□~y+ I 2(n-t)I J 

a L (dz ) ••• (dz ) ( □ o (z -z ) ) 
n 1 n-1 Z O 1 

0 n 
j=o 

n 

(Dzo (z1 -z2)) •• (DZ. o (zj_1-zj)) (rab (zj) o (zj-zj+t)) •• (Dz o (zn_
1
-zn)) 

J-1 n-1 

+I n-2 n-1 

an LL 
n 

2(n-2)J I 
L (dz) ••• (dz )( □ o(z-z))(o o(z-z)) 

1 n-1 z o 1 z 1 2 
0 1 

j=o s=j+1 

a C Cb 

.• (r (zj)o(zj-zj+i)) ••• (r (zj+s>o(zj+s-zj+s+i)) •. (oz o(zn_
1
-zn)) 

. n-1 

I I I · ac c c 
+ ••. + a (dz 1 J ••• (dz 1 J(r 1 (z )o(z -z ))(r 1 1 (z )o(z-z)) 

n n- o o 1 1 1 2 
n 

C b n-1 
•.• (r (zn-1)o(zn-1-zn)). (2.5) 

~ere we have used the notation tl =x; ~ =y. From (2.5) it is seen 
ab 

V xy ( I.I) has the following decomposition in powers of the 
Vertex rab (X) : 

that 

~ ~ ~ ab ~ 
v (l.lJ= v ( □ l+ v (or)+ v · c □rr1+ ••. +v (rJ. xy xy xy xy xy 

Consider the first term of this expression. 

ab \ 2n b \ ab 2nJ I 
vxy(o)=L anL oa □~y= L ano L (dz

1
) ••• (dzn_

1
) * 

n n 

(□xo (x-z1)) (oz o ( z1 -z2)) •.• (oz o ( zn-i -y)) • 
1 n-1 

It is convenient to work in the momentum representation, where 

4 

; 

' 

~ 
: 
I 

;1 

ll 
·1 
~ 

r1 

~ 
( 
l 
' r 
l 

and 

~(x)=J(dp)e-ipx, (dp)=ddp/(2rr)d 

vab(D)= J(dp)e -ip(x-y)V(p2L2). 
xy 

Here V(p
2
L

2
) is given by.the following series: 

V(p2L2)=Ian (p2L2)n 

n 
for which the Mellin representation[ 1 , 21 l is valid 

-/3-ioo 

V( 2L2)= -L Jdl; U(I;) ( 2L2)I; 
P 21. sin(!;) P (0</3<1), 

-/3+ioo 

where the function u(I;) ~atisfies the conditions: 

U(l;)i;=o=l and U(l;)l;=-1= 0. 

Further, we restrict ourselves to the second order of the 

coupling constant g and pass to the momentum representation in 

(2.3). As a result we obtain the Schwinger-Dyson equation at 

equilibrium: 

<J(dp) [p2oµv-pvpµ+ 
1 
0: 

a 
Pv Pµl Av(p) oF(A] >=<{J(dp

1
) (dp

2
) (dp

3
) 

oA:(p) 

vabc( ) Ab( ) Ac( ) µvp -p1,P2,P3 v P2 p P3 
- oF[A] 
o(p1-p2-p3)-a-"--_._ 

oAµ (p) 

-I ( dp 1 ) ••• ( dp 4 ) 

8 ( ) vacmn Ac( )An( ) Am( ) p1-p2-p3-P4 µvpu v P2 u P3 p P4 oF[A)/oA:(pl) + 

n-1 

J
(dp V(p2L2) oF[A) + \a L2n\ J(dp ) (dp ) (p2)j [ 

. oAa(_ )oAa( ) L n 4--- . t 2 t 
µ p . µ p n J=l 

I (dq) 

(-ig) facb8 (q-p 1 -p2) (q-2p2) VA~ (q) + I (dqt) (dq2) 92 faec'fcdbA: (qt) Ai (q2) 

- 2 n-j-1 ''2 n-2 n-1 J 
*o(ql+~-pl-p2)](p) o F[A] +\a\\ (dp)(dp) 

oAb( )oAa( ) L nL L.. 1 2 
µ P2 µ P1 n j=o s=J+t 

*(dp.+) (dq) (dk) (p2)j(P~+ )s(p2)n-s-j-2(q+p.+) Am(q) famcfcdb 
Jl 1 ]1 2 ]lpp 

- d here o(p)=(2rr) o(p). 

2 

*8(p.+ -p +q)(k-2p) Ad(k)8(k-p -p.+) obF[A) }>=0 (2.6) 
J 1 1 · 2 V V 2 J 1 oA ( ) oA a ( ) 

µ P2 µ pl 
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P1 ~<1
P2 

C 

P P3 

a) 

cxa b V 

p >. d 

b) 

-vabc( J--i fabc( [ _ ] 0 - µvp P1,P2,P3 - g P1 P2 p µv 

+(p2-P3lµ6vp-[P3-P1]vbµp+ 

- P2voµp] J. 

1 [p O -a 3p µI' 

vabcd = _! 2 1fabnfcdn[o O _0 0 
]+ 

µvp>. 6 g v>. µp vp µ>. 

facnfdbn[o O _0 0 ]+fadnfbcn* 
µ>. vp vµ p>. 

*[oµvo,-p-4,-voµp]}. 

~

pl 

q 
V 

=(-ig)fabcA~~q) [q-p1-P2lv 

P2 

c) 

q 

k 

m 

:'/pl 

v,. P2 

g2famn fndb[ 2p
1

-q]µ[k-2p
2

Jvg(k+q-p
1
-p

2
) 

V 

d) 

Fig.l The vertex diagram. Defined the gluon-gluon interactions. 

a) b) 

J ,RarnsonQC. ·,'1/lnG i4¢::a ,nn 

c) 

Fig.2. The diagrams giving nonvanishing contributions 

to the gluon mass in the nonlocal stochastic scheme 

6 

,,, 

r 
" 

), 

p 

! 

In this equation we have written only 

vacuum polarization diagrams. Let 

separately. The first and second 

terms which contribute to 

us consider each term 

terms in (2. 6) define 
three-gluon and four-gluon vertices, respectively ( the 

corresponding expressions are shown in figures la and lb). The 

third term gives a modified propagator of the gluon. Let 

F[A]=A~(q1 )~(~) 
then from (2.6) we get for g=O. 

<A a ( q ) Ab ( a ) >= 
V 1 µ "'2 

2 
dvµ (ql) V(q:L2) g (q1 +~)' 

2+ 2 
ql q2 

where 
dvµ(q)=cSvµ-qvqµ/q2 + ex qvqµ/q2. 

(2.7) 

The fourth term in ( 2. 6) defines a contribution to three and 

four-gluon vertices due to the decomposition of the nonlocal 

regulator v~;(t,) and in the fifth term we have presented a 

subsequent pair of three-gluon vertices. The corresponding 

diagrams are shown in figures le and ld. 

Now we use the Feynman-like diagramatic rule[ 4 l and calculate 

the vacuum polarization diagrams within the framework of th9: 

Schwinger-Dyson formalism for the Yang-Mills field. The 

corresponding diagrams giving contributions to the vacuum 

polarization are shown in Figure 2. 

Thus the matrix element corresponding to the diagram shown 
in Fig.2a has the form: 

d (q ) d (q 
<Aa(q )Ab(q )>(l)= vp 1 µ>. 2)g(q +q )V(q2L2)Il(l)ab(q) 

p 1 l 2 q2 2 1 2 2 µv 1' 
1 q2 

where 

rr ( 1) ab (q) = -3Ng2 cSabcS I ( dp) v (p2L2) /p2= 
µv µv 

3Ng 

16 rr2 
ab IC 3+o: (2 8) cS cS --- .. 

µv L2 4 

Here for SU(N) fanmfbnm=cSabN and K=lim u(€)/(1+€) 
i.;->-1 

Analogous calculation for the diagram (Fig.2b) gives: 

7 



<Aa( b d ( P ql)AA(q2)>= __.E}!__ ql) 
d ( q ) _ 2 2 ( 2 ) ab 
A~ o(ql+q2) V(q2L )TI µv (ql) 

q2 
1 q2 

and 

n(~tab(q)=2 J(dp) V(p
2

L
2

)/P2 v~~;(-q,q-p,p) v~~;(p-q,q,-p) 

*l/(p2+(p-q) 2+q2)= Ng2oaboµv/(16rr 2) K/L2 (-5-3a)/4. (2.9) 

The contribution to the two-point correlation function from the 

regularized vertices (Fig.2c) for the gluon field is gibven by: 

a b __ . dpv (ql) J anc _ _ bnc * 
<Ap(ql)AA(q2)>- 21.g 2 (dp) vv~u< ql,p,ql p) f dµA(q2) 

ql 
oo n-1 

5(q1+q2>I anI {[(p-q1)2]j[p2]n-j-1[q2+2p]µo~uV(q;L2)/q; -[q;]j* 

n=l J=O 

[p2]n-j-1[q1+P]uo~µV((p+q2)2L2)/(p+q )2 + [q;]j[(p-q1)2]n-j-1ouµ* 
2 

2 2 2 2 2 [p-2q1 ]~V(p L )/ 2)/(p +(p-q1 ) +q1), 

After some simple calculations we get: 
d (q ) d (q ) 

<Aa(q )Ab(q )> = vp 1 ~ ~ 5 (q +q) V(a2L2) TI(3)ab(q) 
p 1 A 2 2 2 l 2 ""2 µv 1 ! 

ql q2 
where 

n-1 

TI(~t ab (q) =-g2NoabL an .I I 
n J=O 

(dp)2 pµo~u[-2puo~v+2pvo~u-2p~ovu] 

2 2 2 2 j 2 n-j-1 1/ (p + (p-q) +q ) [ (p-q) ] [p ] . 
This formula 
V(p2L2): 

is simplified by using the nonlocal formfactor 

TI ( 3) ab ( q) =-g2N 
vµ 

-~-100 

oabo lim ~2
1 Jd~ µv l. 

c->o -~+100 

u(~)~L2~ 
sin(rr~) J(dp)[p

2
+ic]~-1= 

=-g2N oab O _K _ _ 1_ (2.10) 
vµ ~ 16 rr2 

Finally, one can easily verify that the sum of all contribut
ions is zero, so the gluon remains massless to this order for the 

nonlocal stochastic quantization theory as in the previous case[ 1
~ 

Thas, we have shown that the new representation (2.5) for the non

local formfactor v!~<~) constructed with the use of the covariant 

derivative operator~ does not change our previous result and 

8 

'J" 

) 

allows us to prove gauge invariance of the theory. 

3. N·onlocal Stochastic Regularization of a Gauge 

Theory With Fermions 

To generalize our formalism to the fermions, we employ a 

covariant-derivative method[ll]_ Thus, we consider a d-d~mensional 

SU(N) gauge theory coupled to Dirac fermions. the Euclidean 

action is: 

S=J(dx){,
4
1 Fa (x)Fa (x)+ i~[DAB + oA8 o m]'lt8

} 
µv µv 1. 1 J I J J 

(3.1) 

where F~v(x) is the usual Yang-Mills field strength as a function 

of the gauge field A~. Our fermionic notation is the same as in 

the paper[ll]_ Like the Dirac field q,A , i 8 carry spinor 
I J 

subscripts and capital letters which run over the representation, 

while the Dirac matrices 
(Ta) AB satisfy: 

(r) and representation matrices µ I) 

<•µ••v>= 20 µv ,,,,+ =,,,, · [-iTa -iTb]=fabc(-iTC) 
I aµ aµ , I I 

(Ta)+= Ta; 

In (3.1) we have also used the following notation: 

Dab=oab a + fabc AC 
µ µ g µ il~=(r ) DAB DAB= OABa +1gAa (Ta) AB_ 

IJ µ1Jµ µ µ µ (3.2) 

These formulas are the relevant covariant derivatives. We carry 

out standa;-d calculations as in the previous case of the gauge 

field and obtain the Schwinger-Dyson equation with fermions. Its 

form in the momentum representation is: 

<J(dp)d . (p)p2Aa (p) oF[A]/ oAa (p) > = <{J(dp) V(p2L2) o2F[A] + 
µv v µ oA~ (-p) oA~ (p) . 

J(d ) (d ) (d )Vabc ( );s( )Ab ( )Ac ( ) oF[A) P1 P2 P3 µvp -p1,P2,P3 p1-p2-p3 v P2 p P3 • -
oA a (p ) 

µ 1 

J 
(dp

1
) ••• (dp

4
) 5 (p

1 
-p2 -p3-p

4
) V~~;; A~ (p2 ) A; (p3) A; (p 4 ) 0F[A] 6A a (p ) -

' µ 1 

J(d l (d > (d )5( > < > (Ta)AB;;;A( )•'•B( > oF[A) + P1 P2 P3 p2-p3-pl ig •µ IJ 'Pl P3 'l'J P2 
oA~ (p

1
) 

+ a contribution from the regularized vertex)>= O. (3.3) 

Fermionic parts in this expression are calculated in the same way 

as in the pure gauge case. We work in the weak coupling regime. 

In this approximation the regularized fermion vertex is given by: 

9 



V ([>2) ]AB=\ a { [£>2]n }AB 
xy IJL n xylJ' 

n 
where 

"2 n AB J A2 AC A2 c B [D ] ) = (dz ) •.• (dz )[D ] 1 ... [D ] n-1 
xy IJ 1 n-1 xz1 I\ zn_1y kn_1J 

and 

[02 1AB=(02]AB .o (x-y)={oABo □ +rAB(x) )o (x-y). 
xy I J X I J I J X I J 

In turn, the function r:~(x) is defined as: 

rAB(x)= r<1)AB(x)+ 2 r<2)AB(x) 
I J g I J g I J ' 

Here 

and 

r< 1)AB=i(Ta)AB{(-ier ) (a Aa)+o [(a Aa)+2Aaa ]) 
IJ µIJIJ µv IJ µµ µµ 

rC2)AB=-(TaTb)AB[ (-ier ) Aa Ab + 0 Aa Ab] 
I J µIJ I J µ IJ I J µ µ 1 erµv=['lµ,'lvl• 

After some simplification we have: 

V (02) ]AB=\ a on 
xy IJ L n xy 

n 

n-1 

oABo +\a\ J(dz ) ••. (dz )D □ 
IJ L nL 1 n-1 z

0
z1 z1z

2 n m=o 

AB 
•••□z Z (rlj(Zm)o(zm-zm+l}) ••. □z Z + 

m-1 m n-1 n 

n-2 n-1 

~ an~o ~m+1 f (dzl) •.• 

AC CB 
(dzn_l)Dz z 0 z z •• (rlk(Zm)o(zm-zm+1»··<rki'zm+s> 0 <zm+s-zm+s+l)) 

0 1 1 2 

I AC C c ... □ + ••• +(dz ) •.. (dz )(r_ 1(z )o(z -z ))(r 1 2(z )o(z
1

-z Z 1 n-1 1 k O O 1 k k 1 n-1 n - 1 1 2 

-z )) .•• (rcn-lB(z )o(z -z )) 
2 kn-l J n -1 n -1 n • (3.4) 

Here we have used the notation: z
0
=x, and zn=y. We will restrict 

ourselves to the lowest order of the coupling constant g. For 

the fermionic part we have finally: 

IO 

I 
I 

1 
J 

<{-J(dp) oAco (p
2

+m 2 )rt,c(p) oF[t/1] )>= <{-J(dp) [o m+ip ('l ) ] 
I k k ot/1~ (p) I J p p I J 

*V(p L ) o / (oifJA (p) or/IA (p)) + 19 'l p I J (dp) (dq) (dk)V(q L) 
2 2 2 • (Ta) AB ( ) J 2 2 

J 1 

. 
*Aa(k)8(p-k-q) ___ 2_

2 
__ - gJ(dp) (dp) (dq }8(p -p -q )* 

P oifJ~(q)ot/1:cP) 1 2 1 1 2 1 

(Ta) AC [-i ( er µv) I k ( ql µA~ ( ql) ) +olk ql µA~ ( ql) + 2o I kA~ ( ~) P2µ] 1/J~ (p2) O:A (p ) 
1 1 

+92 I (dpt) (dp2) (dq1) (d~) g (pl -p2 -qt -q) (TaTb) AC (-1 (er µv> lkA~ (~) * 

AC 
*Ab(q )+o Aa(q )Ab(q )]t/lc(p) o _ (g+O(g2))(Ta) * 

IJ 2 lk µ 1 µ 2 k 2 ol/J~(pl) 
n-1 

J(dp)(dq) [oljm + i('lp)IJ.Pp]Ian[ J(dql)[-1(erµ1J~k(q1µA~(ql))+ 
n m-0 

2 
+o Aa )+2o Aa( ) ]( 2)m( 2)n-1-m8 ( ) 0 )* I k ql µ µ ql J k µ ql qµ p q p-ql -q -c A 

ol/\Cq)ot/1
1

(p) 

*F[t/1 ifJ]>=O. (3. 5) 

Now we use expressions (3.3) and (3.5) to calculate the fermi

onic contribution to the vacuum polarization of the gluon field. 

Diagrams giving a non-zero contribution to the vacuum 

polarization are shown in Figures 3. Consider each diagram 

separately. 

The polarization operator is given by the two-point 

correlation function of the gluon: 

d (q ) d (a ) 
<A a ( ) Ab ( ) >= pv 1 ~ '2 

pq1 A~ 2 2 
ql q2 

- ab 0 (q1 +~) rrµv (q1) • 

where d (q)=o -(l+a)q q / 2, q is the momentum of the gluon µv µv v µ q J 

and rr;;Jq) is the usual polarization operator. The diagram shown 

Figure 3a. corresponds to the expression: 

( ) 
J 

A A A V(p2L2 ) 
IT 

1 
ab(q)=-g

2 
Tr(TaTb) (dp) Tr{'l (m+1 (p + q) ]'llJ(m + 1P)) 

2 
2 

µv µ m +(p+q) 

*V((p+q)2L2)/(m2+(p+q)2). 

II 



For the formfactor V (p2L2) of the theory we use the following 

Mellin representation: 

V(p2L2= 

-/3-100 

2~ Jdi; 
u(l;)L2(; 

s1n(rrO [m2+p2](; ( o</3<1) . 
-(3+ I 00 

Carrying out some simple calculations we get 

1 

Il(l)ab 
µv (q) = Mabe ~ +16 Mab( - 2o ) Jd µv 2 qllqlJ q lllJ X x(l-x) [ v' (o)+ 

L 
0 

2 

+ln(m2L2 ) - ln(1-x)+ln(1+ _g_x (1-x))]+a o Mab(m2+ q 2/6) 
m2 µv 

where ~b=g2 cab N/ (161r2) : for SU ( 3) N=3: " and p=,
11

p
11

• 

A subsequent 

gluon comes from 

form is: 

contribution to the vacuum polarization of the 

the diagram shown in Figure 3b. Its explicit 

2 V(p2L2 ) 
rr<2)ab(q)= 92 Tr(TaTb) Tr(av•µ> J (dp) 2m2+p2+(p-q) 2 µJJ 

Analogous calculations give: 

2 ( 2) ab ab 
II _µv (q)=- M olllJ 

4 K. 

L2 
+ Mab o 4m2 [ ( 1 + - 1- _9_) ( V 1 ( O) -1+ 

µv 4 m2 

2 2 3 2 2 
+ln( m L ) ) + -

8
- q /m ] . (3. 7) 

Now we calculate the expression describing the diagram (Figure 

3c) and it has the form: 

Il( 3 )ab 
µJJ (q) = I 9 2 Tr(TaTb) J (dp) 2V(p2L2

) 

m2+ p2 2m2+(p+q)2+p2 Tr{,v* 

• A ab ab 2 
1cr

1311
q

13 
+ q

11
+2p

11
J (m+ 1p)} = M 0

11
" 2ic/L2 -4 M oµvrn [(1+ 

1 

+q
2

/ 2 1/ )(u'(o)+ln(m2L2))- q 2/..,.2 ..2 ]-4 ~bJdx{1/ x(1-x/2}* 
m 6 '" · 9 2 • 

0 

*(q q -o q 2 )[ u'(o)+ln(m2L2 )-ln(1-x)+ln(1+q2/ 2 x/2(1-x/2))]}-
µ JJ lllJ m 

~b 2 J 2 2 -4 o
11
"q 1/2 dx x(1-x) [ v' (o)+ln(m L )-ln(1-x)] 

0 

Finally, we consider the diagramm shown in Figure 3d. The 

corresponding matrix element is given by: 

12 

( 4 ) ab 2 a b J " " II lllJ (q)=1g Tr(T T) (dp)2/[2m2+(p+q)2+p2]Tr[ •v<m+1(p+q))* 

n-1 
(1cr

1311
q/3+q

11
+2p

11
)]{ I an I [(p+q)2]J[p2]nJ-1). 

n J=o 

Further, we restrict ourselves to the second order of the coupling 

constant and to terms proportional to q
2

• In this approximation 

the expression for rrC~tab(q) takes the form: 

" " II( 4) ab(q) = 1g2Tr(TaTb) J(dp) 
µJJ 2 /[ 2m2+(p+q)2+p2] Tr[,"(m+1(p + q)* 

-/3-1 00 

(1cr,, q,,+q +2p )] -
1
-Jdt; ,.,µ p µ µ · 21 
-{3+100 

u((;)L2
(; 

s1n(rr(;) 
(m2 + p2) (; [-(;- + 

rn2+p2 
(; ( (;-1) * 

2 

( 2pq+q2) 

(m2+p2)2 

(; ( (;-1) ( (;-2) (2pq+q
2

) 
2 

+ : ----- ---- + 
1 

6 

(; ( (;-1) ( (;-2) ( (;-3) 

* 2 3 . (m2+p2)3 4 * 

(2pq + q2)/[m2+p2]4] . 

After some elementary calculations we have: 

II( 4 )ab(q)=-Mab O 2 ic/L2 - Mab O 4(m2+q2/6)-Mabo q2 16/9. (3.9) 
µv µv µv µv 

Thus, it is evident that all sums of (3.6) -(3.9) give the 

following gauge-invariant expression for the gluon vacuum 

polarization: 

4 
nab( )= \ II(l)ab( )= ( -o 2)oabII( 2) µv q 

1
~

1 
µv q qµqv µvq q , 

where 

1 

II(q2) = 92 ~Jdxx(1-x) {u' (o)+ln(m2L2 )-ln(1-x)+ln(1+q
2

/ 2 

rr2 o m 
x(1-x)} 

2 + g 
N J X X 2 2 q

2 
X X - dx -(1- -) [u' (o)+ln(m L )-ln(1-x)+ln(1+ - -(1- -)) ] 

2 2 2 22 2 • 
m m 

0 ( 3 .10) 

It should be noted that the usual fermionic c~ntributiori to the 

vacuum polazization of the gluon field does not violate gauge 

invariance of the theory. 
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•oaoonu ~ttono,o, ~ ~ 

a) b) 

~ 
c) d) 

Fig.3. Diagrams g1v1ng a non-zero contribution to the 

vacuum polarization of the gluon field in the nonlocal stochastic 

scheme, with fermions. 

~ ~ 
a) b) 

c) d) 

Fig.4. Diagrams of the vacuum polarization for the photon field 

in the nonlocal stochastic theory with Fermions. 
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4.Nonlocal Quantum Electrodynamics 

In this section,as an appendix we apply the above-mentioned 

method to the simplest system of fields,i.e. QED. The Euclidean 

action has simple form: 

s=J(dx) (!.. F (x)F (x)+ ¢ ( o +mo )I/I]. 
4 µv µv I I j I j j ( 4 .1) 

where 
A 

D = (; ) ( a +1 e A ] ; lj µ lj µ µ (02] =o D +e r(t~X)+ e2r(2) (x) lj lj X lj lj 
and 

r<t~x)=1{-1(cr ) (a A) + o ((a A )+2A a]} I j µv lj µ V lj µ µ µ µ 

r~~~x)=-51/µ<x)Aµ(x). 

In the quantum electrodynamics the Schwinger-Dyson equation have 

the following form (in t~e momentum representation): 

2 

<{J(dp)V(p2L2
) 

0 + 1e(; ) J(dp) (dp ) (dp) 
oAµ(-p)oAµ(P) µ lj t 2 3 

+p3)q;I (p3)'1'j (p2) 0/0A (p ) }F[A]> 
µ t 

5 (p +p + 
t 2 

I 2 2 0 J A 2 2 o2 

<[ (dp) (p +m )I/I (p)-- ]F[I/I]>=<{- (dp) (m+1p) V(p L )_---
J ol/J (p) 1 

J ol/J (p) ol/J (-P) 
j j I 

I 2 2 - 0
2 I +le (dp) (dq) (dk) (; ) V(q L )A (k) o (p-q-k) _ - e (dp ) * 

P IJ P ol/J (q)ol/J (p) t 
j I 

* (dp2) (dqt) 5 (pt -p2-qt) [-I (CT µv> lk (qtµAv(qt) )+olkqtµAµ (qt)+ 20 tk * 

*Aµ(qt)P2µ11/1k(p2) o/ (p )- e
2
J(dpt) (dp2) (dql) (dq2)Aµ(q~)Aµ(q2)* 

I t 

0 I " n-tI *5 (pt-qt-q2-p2)1/Jk(p2) ol/J (p) -e (dp) (dq) (m+ip]1Jlan ~ (dqt)* 
k t n m-0 

(-1 (crµv> kJ (qtµAv(qt) )+o JkqtµAµ(qt )+2okJAµ(qtAqm] (p2)m(q2)n-m-t* 

2 

o } F[I/I]> 
o¢k(q)ol/l1 CP) 

5(p-q-ql) (4.2) 

and so on. Let F[A]=A (q), then oF/0A ( )=5(p-q)o The correla-v µ p µv. 

tion function of the photon field the zero-order of the coupling 

constant e gives the photon propagator of the nonlocal theory: 
15 



d (q ) 
<A (ql)A, (q2)>= 2 p.\ 1 V(q2L2) ~(q +q). 

p " 2+ 2 1 1 2 
ql q2 

Analogously, the correlationfunction of the Fermion defined the 

nonlocal propagator of the fermion field: 
A 

- [m+iq] jk - 2 2 
<t/J (q)t/J (p)>= - --- o(p-q) V(q L). 

j k m2+q2 

To shown gauge invariance of the theory, we should study the 

simple diagrams shown in Figure 4. 

The following 

(Fig.4): 
simple expression corresponds to each diagram 

rrC 1) (q) = e2J(dp) µv 
V( (p+q) 2L2) 

m2+(p+q)2 

2 2 ,.,, "' " 
V(p L )Tr[.r (m+1 (p+q) )'il' (m+1p) )= 

2 2 µ V 

o e 2 1 
2 

m +p 

~ ~ 
1 6Tr2 L 2 + ~(q

2
o -q q ) Jax 2 µv µ V x (1-x) [u' (o) + ln (m2L 2) -ln (1-x) + 

rr o 

+ln(1+x(1-x)q / 2) )-o e q / + e o m /(2rr) dx [u' (o)+ 2 22 2 2 2J 
m µv (12 rr2) µv 

2 

+ln(m
2

L
2
)-ln(l-x)+ln(1+ _g__ x (1-x))J-e2m2o /(2rr 2 ) 

· m2 µv 

(2l. 2 . J ( 2 2 e20 
ITµv\q)= e Tr(.r 'il') (dp) 2V p L) = ~ 

µ V 2 2 2 2m +p + (p+q) l 6IT2 

2 2 
*[ (1+ ___g__) (u' (o)+ln(m2L2) )-1- _g__ 

2 2 4m am 

4K 

L2 

2 

e oµv 2* __ 4m 
2 167l 

A 2 2) 2V(p L 
IT(3{q)= ie2J(dp) 2+p2+(p+q)2 µv . 2m 

1 

m2+p2 
Tr{.rµ[ 1<Tpvqp-qv+2pv] (m+1p)} 

2· 
e ogv 

167l2 

2K 

L2 

e20 1 .. 
µv I 2 2 . 2 2 --'-2- dx(4m +q x(1-x) [u' (o)+ln(m L )-1-ln(1-x)+ 

167l 
0 

1 
2 

X X ln(1+ _9_ - (1- -) ) ] 
m2 2 2 

e
2 J 2 - dx[2x(o q -q q )+2q q x(1-x) )* 

16 rr2 µv v µ v µ 
0 

2 2 
2 

X X *[u' (o)+ln(m L )-ln(1-x}+ln(1+ _9_ - (1- -)) ] 
m2 2 2 

16 

and 
2 

rrC~{q)= 1e
2
J(dp) 2 2 2 Tr{.r [m+1 (p-q)] [t<T vqp-qv+2pv] }* 

µ 2m +p +(p-q) µ P 

n-1 e
2o 

*l an I [ (p-q)2]m[p2]n-m-1 ~ 2K 

L2 

e2 - o ( 2 2 4rr2 µv m +q / ) + 6 n m=o 

+ 
e2 

167l2 

2 167l 

5 10 
J qµqv - 9 

e2 

167l2 C0µvq
2
/2+qµqv) · 

The sum of these terms is a gauge-invariant quantity, the 

fermionic contribution to the vacuum polarization diagram for the 

photon field does not violate its gauge invariance. 
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J])-IHettxaH M., HaMcpatt X. E2.:_90-373 
HerroKaITbHOe CTOXaCTHqecKoe KBaHTOBaHue 
Karru6pOBOqHoH Teopuu c ~epMHOHaMH 

IlpegcTaBrrHeTCH CTOXaCTuqecKoe KBaHToBaHue Karru6pOBOq
HOH Teopuu C ~epMHOHaMH, HattgeHo npegcTaBrreHue KOBapuaHT
HOH IlPOll3BOAHOH HerroKaITbHb~ ~OPM~aKTOPOB, qTo Il03BOITHeT 
~OPMYITllpOBaTb KOHeqHyro HerroKaITbHyro Karru6pOBOqHyro Teopuro, 
BKITroqaH ~epMHOHbI, Hawa cxeMa o6o6~aeT Teopuro MepoMop~Hb~ 
~OPM~aKTOPOB' npegrro)KeHHYro rarrbnepHHblM ll AP. 

Pa6oTa BblilOITHeHa B J1a6opaTOPllll TeopeTuqeCKOH ~ll3HKH 
OIDfl1. 

ITpenpHHT 06neimueuuoro HHC11fTyTa RAepHl>IX HCCJieAOBaHHH. ,lly6ua 1990 

Dineykhan M., Namsrai Kh. 
Nonlocal Stochastic Quantization of Gauge 
Theory with Fermions 

EZ-90-373 

Nonlocal stochastic quantization of a gauge-theory with 
fermions is presented. We have found the ~ova'riant-deri
vative representation of nonlocal formfactors which al
lows us to 'formulate a finite nonlocal gauge theory in
cluding fermion fields, Our scheme generalizes the theory 
with meromorphical formfactors proposed by Halperin with 
colleagues. 
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of Theoretical Physics, JINR. 
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