


1. INTRODUCTION ,

In previous papers“'m we have proposed a nonlocal
stochastic quantization method for the gquantum field theory by
using the covariant-derivative regularization scheme due to Bern
et al.'®® It turns out that the theory developed by Parisi and
wu'”' is useful for an adequate formulation of nonperturbative
regularization of any field of interest, including theories of
supersymmetry, general coordinate invariance and guantum gravity
(for example,vsemeqon.

Here main attention is paid to the gauge theory with
fermions. We generalize a useful regularization method''!! with
meromorphical regulators within the framefork of the regularized
Schwingerjpyson equations. In the stochastic quantization shceme
the two-noise equations developed by Sakita“zx, Ishikawa''*and
Alfaro and Gravela'' allow us to reformulate the Parisi-Wu
programr” for fermionic fields and provide an almost bosonic
stochastic description of fermions and to apply, with stochastic

regularization by fifth—timell&lﬂ,
[14,17-19]

to the study of anomalies in
background gauge fields and vacuum polarization in
QEDllgl(for other satisfactory stochastic formulations of
fermions see (201). It should be noted that in our shceme the
noise term in these equations plays a double role in the theory:
it controls the quantum behaviour of the theory and at the same
time it carries nonlocality in stochastic equations. Further, we
show that the scheme thus obtained is equivalent to the nonlocal

theory with a regularized propagator of the
type

D(X-Y) =54 (2n) 1Id Pe -ip(x- Y)—YLE————

where V(pﬁf) is the Fourier transfogﬁ ;i thie nonlocal
distribution [K(x)]z,

Y (a)

K(x)=) —(T;‘,— (@)" s (%) : (1.1)

n=0

( for details, see Efimov [21] and Namsrai (22} ).
Roughly speaking, formfactor (1.1) generalizes a minimal

power-low regulator R=(1-r:|/A2).'2 used in the

covariant-derivative regularization program for the continuum
quantum field theory by Bern et al.[3-6].
The outline of the paper is as follows. Section 2 has a
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préiiminary character and is devoted to the inVestigation of the
vang-Mills fields by means of the stochastic regularization with
nonlocal formfactors. Here we obtain a useful representation of
which '

theory of

formfactor construct a

particle

“operator-valued allows us to

gauge-invariant finite elementary

interactions . The method is demonstrated for the vYang-Mills
fields . Section 3 deals with  stochastic regﬁlarized
'Schwinger-Dyson equations for the gauge theory coupled to
fermions. The weak coupling expansion of these systems is

discussed. The fermionic contribution to the gluon mass is zero,
thus verifying gauge-invariance of the regularized systems with
any nonlocal white noise-type terms. Finally, in section 4 we
study a simple gauge field model, QED, by means of the nonlocal
covariant-derivative reqularization method with fermions.
2. Yang-Mills Field and Nonlocal Regulator

In this section,
Yang-Mills fields
distribution (1.1)

‘derivative regularization at the

we study stochastic quantization of the
the of the
(for details see [1)). To obtain the covariant

within framework nonlocal

(d+1)-dimensional stochastic

level for a d-dimensional SU(N) gauge theory, we consider the

regularized Langevin equations for the Yang-Mills field

abd
a(x,t)+Da"A"(x,t)+I(dy) Koy (B (Y1)
il
Here the action S given by

a
8A° (x,t) 55

ot 3A

(2.1)

1 a a . _ad
S= —Z[(dx) Fuv(x) Fuv(x) ,  (dx)=d x
and
a - a a abc, b c
Fop(X)=8 A% -8 A'+g £7°A A} .
The Zwanziger term is chosen as
a 1
- A (x,t)=TauA;(x,t),

where o is the gauge-fixing parameter. The quantity IQZ(A) is a
nonlocal distribution for the white noise -and is an entirely
analytic function of its arguments. The covariant derivative is

given in the standard form:

s e -

g it

A;;=J(dz)D&"(x)a(x—z)DZ”(z)a(z-y)=A3b(X)5(x_y)_

ab

The operator A is defined by

ab _gab 2 ab, 2 ab
AT (x)=6"" L |:|x+gl"1 +g Fz ,
where )

ab _r2cabc c
Iy (x)=Lf (3,2

+ a‘
) uy)

and

ab and nbc d c

L, (=Lt £ A (x) A (x).
Further, we use the following notation:
F*®(x)=g " (x)+g® 17 (x),

From the Langevin equations it is obtain the

Schwinger-Dyson equation for the gauge-invariant functional F{A]
at equilibrium: ’

easy to

_ __l a abc b ,c c b
<J(dx)((6uvﬂx 3,8,* ~5 3y 8,) AL()+ g £7°°[0 ( AY A%)- ATH A +
3v2P(a)
c b _ ___l c b, _ 2 adc dnm,c n m 1 X
A, 8, A) - — A% 8, AY]- g° £°9° £47"aC Al Au+J(dy) 7 —¥
3a (y)
+ V;;(A) 2 %lﬂ >=0. (2.3)
BAu(y) BAu(x)
Here, by definition the formfactor:
[}
ab — n, ab
ny(A)-Z ap (A (2.4)
n=1

n, ab

where (A )xy is defined by the contraction operation:



( ‘) xy:J (dzi) cee (dzn-‘l) (Ax 16 (X"'Zl) (A;:Vz ) (ZI—ZZ) )

< b
< (8,77 sz -y)). (2.5)

Taking into account (2.2) and an
operator A we have from (2.4):

n-1

ab a 2(""1)
ey Z L 5 "n" + )al Z I(dzl) ce-(dz ) (O,

n

6(20—21))
0

j=o

‘(D 8(2 -2 ))"(Dz. S(Z 172 ))(F (z )S(Z -2

4 ]+1))..(Dz d(2

n-1

- 2(n—2)
}: E: }: J(dz ). J(dzn_,)(nz 5(2,72,)) (0, 8(2,~2,))
o] 1

j=0 s=j+1

n-1"2n))

.(F ‘(zj)S(zj—

+...4 E:

n

cb
zj+1))...(F (z

%480 (2545 25 4a01)) - (O 8 (2, =2)

(o]

’ ac c :
an[(dzl)...J(dzn_l)(r l(zo)B(zo—zl).)(r‘ ! 1(zl)a(z1~zz))

(o]

n—1b
AT (z__ )8(z

(2.5)
n-1

) n-1"%x)).

-Here we have used the notation gz =x; g =Y. From (2.5) it is seen
ab

‘that

vertex

y(A) has the following decomposition in powers of the
re (x) :

ab - ab ab ab » ab

ny(A)= vxy(n)+ vxy(nr)+ vx'y(mrr)+ c. V().

Xy

Consider the first term of this expression.

ab n - ab 2n
(m) Z a L s Dy ad L [(dz))... (dz__,)*
n

(DXS(x—zl))(Dzls(zl—zz))...(Dzn-lS(zn_i—y)).

It is convenient to work in the momentum representation, where

explicit form of the

SRR 5

I g et g s T s S

B X e

o m———,

=

s(x)=J(dp)e‘1P“ . (dp)=a~p/(2n)
and
Vap (o) = J(dp)e TPy (p2r),
Here V(szz) is given by the following series:
2.2,
V(p'L )—Zan
n

for which the Mellin representation[l'zl] is valid

(pZLZ) n

-B~iw
V'L 3 Jde sty (O (6<p<y,
~-B+imw
where the function vu(€) satisfies the conditions:
u(g)E 0= and u(g) = 0.

Further, we restrict ourselves to the second order of the
coupling constant g and pass to the momentum representation in

(2.3). BAs a result we obtain the Schwinger-Dyson equation at
equilibrium:

3F[A]

2 —
<J(dp)[p suy-pypu+ o SAa(P)
u .

P, B, A (p) >=<(J(dp15(dp2)<dp3)

abc - SF[A]
Vupp ("P,/P,/P,) AP p(Py) A (p, ) §(p,~p,-P,) —5 - ~
sa (p)

8(P,"P,P,=P,) Voo Aj(P,)AT(R,) AT(D,) 6F[A1/6A (p,) +

2n 2,3
+ };anL 2;1 depl)(dpz)cpl) [ J(dq)

(-ig)fa°b5<q—p1-p2)(q—zpz,vAﬁcq)+J(dq,)(dqz)ngaechdbA§<ql)AS(qz)

J(dp,)...<dp4)

J(dp v(p°L?) —BFIAL
| 5273 (-p) 532 (p)

: s B n=2 n=1
n-j-1 6zF A
Bl ) A
sa, (p, )6A (p,)

n  j=o s=j+1

- o,
*8(9,%9,~P,~P,) 1 (p;) J(dpi)(dpz)

*(pyy,) (@) (@K) ()7 (63, )3 (03) "SI (qepy ) Al (q) £37C£0I

8°F[a; ‘
*8(py,, =P, @) (k-2p,) A (K)E (k-p,-py, ) S EAL___ 5o (5.6

a
- 52,(p,) 82° (p,)
here & (p)=(2n)%(p) .



preliminary character and is devoted to the inVestigation of the
Yang-Mills fields by means of the stochastic regularization with
nonlocal formfactors. Here we obtain a useful representation of

‘operator-valued formfactor which allows us to construct a

gauge-invariant finite theory of elementary particle

interactions . The method is demonstrated for the Yang-Mills

fields . Section 3 deals with stochastic regularized
ASchwinger—Dyson equations for the gauge theory coupled to
fermions. The weak coupling expansion of these systems is

discussed. The fermionic contribution to the gluon mass is zero,
thus verifying gauge-invariance of the regularized systems with
any nonlocal white noise-type terms. Finally, in section 4 we
study a simple gauge field model, QED, by means of the nonlocal
covariant-derivative reqularization method with fermions.
2. Yang~-Mills Field and Nonlocal Regulator

In this section, we study stochastic quantization of the
fields within the of the
distribution (1.1) (for details see [1]). To obtain the covariant

‘derivative regularization at the

Yang-Mills framework nonlocal

(d+1) -dimensional 'stochastic
level for a d-dimensional SU(N) gauge theory, we consider the
reqularized Langevin equations for the Yang-Mills field
a
oA, (x,t) 5 ab b b

S @ b
o = - 6A3(x’t)+D A (X't“J(dY)ny(A)"u(Y')-

(2-.1)

Here the action S given by

5= —iJ(dx) Fpyp (%) Ffw(x)., (ax)=a’x

and

a a a abc, b [
F,(X)=8 AL -8 A'+g A A] .

The Zwanziger term is chosen as

Aa(x,t)=——c]—"t~auA;(X,t).

where « is the gauge-fixing parameter. The gquantity K:(A) is a
nonlocal distribution for the white noise .and is an entirely
analytic function of its arguments. The covariant derivative is
given in the standard form:

e

A;;=J(dz) D,,” (%) 8 (x-2) D5 (2) & (2=y) =0 (x) & (x~y).

The operator 4% is defined by

ab _g3b 2 ab, 2 _ab

A7 (x)=8 L Dx+gr} +g FZ ’
where

l..ab x =L2fabc ) Ac + c

p () OBy * Bydy)
and

ab and nbc d c

T, (x)=L’f £

, (%) A, (x) A (x).
Further, we use the following notation:

I**(x)=g I7"(x)+g° I (x),

From the Langevin equations it 1is easy to obtain the
Schwinger-Dyson equation for the gauge-invariant functional F[A]

at equilibrium:

1 a abce b c c b
<| - + - + - +
(dx)((6 o a3 av a ) Av(x) g £ (6. ( A A ) A9 A

voviu
sv2P(a)
c b _ 1 ¢ b, 2 ade dnm,c .n .m 1 X
A, 8, A, = —z Ao, Abl-g® £7%° £4°"aC A” Au+f(dy)[5 -
SAM(Y)
+ Vo (a) 2 gy SFAl, -, (2.3)
SAu(y) SAH(X)
Here, by definition the formfactor:
w0
ab - n, ab
ny(A)‘Z ap, 8, (2.4)
n=1

where (An): is defined by the contraction operation:



ab ac

(An)w=f(dzl)...(dzn_l) (8, '8 (x-z ) (Az: ? 8(z-2,)).

c b
s (87T sz _ -y (2.5)

Taking into account (2.2) and an explicit form of the
operator A we have from (2.4):
n-1
2(n—1)
(A) Z L aabDn + YalL Z J(dzl)...(dzn_l) (nzoa(zo-zl))
| " 3=o
(D s(z -z ))..(l:lz 6(z 172 ))(F‘b(z )8 (2, —z]+1))..(D nsfz - -zn))
2(n—2)
/ Z Z Z J(dz ). J(dzn_l) (nzos(zo-zl))(nzia(z;zz))
! _0 S—-J+l .

)6(z (D 5(z n-1"2 ))

;f(F ;(zj)S(zj—zj+l))...(r (z ]+S z 8 n

+...+Z

n

+s zj+s+1))

c.C

, ac .
anJ(dzl)...J(dzn~l)(F 1(zo)<5(z0—z1-))(1' ! l(zl)a(zl-—zz))

o4
n—1

T (2.5)

(z,_)8(z_ ~z)),

wHere we have used the notation z =x; g =Y. From (2.5) it is seen

: ab .
,ihat Xy(A) has the following decomposition in powers of the

vertex re (x) :
ab ab ab ab ' ab

\'s y(A)= ny(D)+ V (DT)+ V (DFF)+ etV y(F).

;Consider the first term of this expression.

ab 2n
(n) Z a L " saby )’:y— as L J(dzl) f(dzn %
n

(Dxa(x_zl))(nzla(z1—zz))"'(Gz a(zn_l-y)).

n-1

It is convenient to work in the momentum representation, where

. e g e T

 ay zzemm

PP=

6(x)=J(dp)e'ipx . (ap)=a%p/ (2m) 9

and

Vo (o)= J(dp)e TIPY) g (),
Here V(pZL?) is given by the following series:
V') =) 8, ()"
n
for which the Mellin representation[l’zl] is valid
-B=iw
Ve = far 2L oS

~B+ic

(0<B<1),

where the function v (£) satisfies the conditions:
U(E)E o= and U(E)E_ 1= 0.

Further, we restrict ourselves to the second’ order of the
coupling constant g and pass to the momentum representation in
(2.3).
equilibrium:

As a result we obtain the Schwinger-Dyson equation at

SF[A]
a

>=<{J(dp1)(dp;)(dp3)
527 (P)

1 a
<I(dp)[p26uu-pupu+ —& Py B, Aj(P)

SF[A
Vﬁgg(-pl,pz.p ) A (p,) A (p, ) §(p,-p, -p, )——M
5a, (p)

acmn

§(p,~P,=PyP,) Vipoo A (P,)AN(D,) A (p,) SF[A)/8A%(P,) +

, }:aannE: I(dpl)(dpzf(pf)J[ J(dq)
n Jj=1

2 aecfcdb e

J(dpl)...(dp4)

J(dp v(p’r?) —SFIAl__
' 533 (-p) 827 (p)

acbz

(-i9) £2°°5 (q-p, -p,) (a- 2p2)vA§(q)+J(dql)(dq2)g £ as(g,)a%aq,)
n~2 n-—1
*3(q,+a,-p,~p,) 1 (1) "I71__52 F(AL

832 (p,) 822 (p,) E: Ez

n j=o s=j+1
db
*(dpy, ) (aq) (ak) () (03, ) % (p2) "SI 2(q+pj+1) Am(q) S

) 52 F]A]

BA (p, )5A (P )

I(dpi>(dpa)

*8(py,, p,+q)(k—zpz)uAu(k)S(k-pz—p )>=0  (2.6)

J+1

here & (p)=(2n)s(p).



abc

uup(pl Ps. p3)—-19 £2 ([Pl'pzlpéuu
+1Py P31 ,8,,,™ (P3P 3,8, 0+ —= [p, 5 -
2 Y34y vp P33 Faay up o [pap ur
= pzl)aup],'
a b
abed 1 abn cdn
v = -
u v , UUEA g (f [éukéup avpsuk]+
¢ d acn_dbn dn_b
A £ adn_bcn
P £ [a“’\avp 8,08 pAJTE L
b} £r s
; [awaap awaup]).
Py
c b
q =(~19)£*°°A%(q) (a-p,-p,],
v
Py
c)
m .
q 121 )
u 2_.amn _ndb =
=gt £ (2py-q],(k-2p,],8 (k+q-p,-p,)
k Py
a)

Fig.1l The vertex diagram. Defined the gluon-gluon interactions.

c)

Fig.2. The diagrams giving nonvanishing contributions

to the gluon mass in the nonlocal stochastic scheme

Y

T it e

In this equation we have written only terms which contribute to

vacuum polarization diagrams. Let wus consider . each. term
separately. The first and second ternms in * (2.6) define
three-gluon and four-gluon vertices, respectively ( the

corresponding expressions are shown in figures 1a and 1b ). The
third term gives a modified propagator of the gluon. Let
_aa b
F[A]—Au(ql)ﬁl(% )
then from (2.6) we get for g=o0.
9u(9)

a b _
<Av(q1)Au(qz)>_ 2, 2
q,+4q,

V(QiL®) 3 (q,+q,), (2.7)

where _
d,, (0=8, -q

The fourth term in (2.6) defines a contribution to three and

U/ @+ & DY/

four-gluon vertlces due to the decomposition of the nonlocal
regulator (A) and in the fifth term we have presented a

subsequent palr of three-gluon vertices. The corresponding -
diagrams are shown in figures 1c and 1d. )

Now we use the Feynman-like diagramatic rule[4] and calculate
the vacuum polarization diagrams within the framework :of the
Yang-Mills field. The

vacuum

Schwinger-Dyson formalism for the

corresponding diagrams giving contributions to the
polarization are shown in Figure 2.

Thus the matrix element corresponding to the diagram shown
in Fig.2a has the form:

d,p(qy) 4,

(954
225 (a,+a,) v(adrH)n{l) 2P (g

<B3(q)A% (q,)> - )
PRl A2 1
9 92 '

where

(1)ab

(@)= -3Ng? saban'(dp)V(pZLz)/p2=

3Ng

anmfbnm=6ab

N and k=lim v (€)/ (1+€)

£->-1

Here for SU(N) £

Analogous calculation for the diagram (Fig.2b) gives:



a,,(a) 4,,(q,) _

<D (ay) A5 (q,) >= BV M2 5(g)4qy) v(girH M 2P ay)
‘ 9y 93 .

and ’

()P (g)=2 J(dp) v(p??)/ 2 Voh (-a,qp,p) Vipo (P-d.q,-P)

ab

*1/(p°+(p-q) °+q°) = Ng°s? Guv/(16n) k/L® (-5-3a)/4. (2.9)

The contribution to the two-point correlation function from the
regularized vertices (Fig.2c) for the gluon field is gibven by:

d (g
<3 (q))Ay(a,)>= ~2ig —Eﬁggil J(dp) VaRe(=ay P,y -P) £77%a , (a,) *
© n-1 1 .
S(agray)) anz: (tp-ay) 13 121" g, v2p) 8 g v (2L ek -1ag) x
n=1 J=
(0177 [qy+p] 8 V((pra,) 1 )/ (pra? * (217 0 (p-ap) 21" 37 ts ¢
(p-2a,14V(p°L?)/ 21/ (p%+ (p-a;) 2+ad)
After some simple calculations we get:
d, (a,) 4d,(a,)
<A%(q,)A%(a,)> = —39351— —~—§ —2'5(q,*a,) V() 1% a),
1 2
where
n-1
H(a)ab(q) __gzNaabEZ a, Ez J (dp)2 p SBU[ 2p053u+2pu630_2p66ua]
n j=o

l
) 1/ (p*+(p-q) *+q°) [ (p- q)] [p]n]
This formula is simplified by using the nonlocal formfactor

V(szz):

' T et
U
n‘a’ab<q)——g N %% 1im 51 Jde e J(dp){paﬂele‘l—
£€=>0 -B+ic
2 ab ’ K 1
=-g'N & 8 —_ . (2.10)
ve g2 16 w2

Finally, one can easily verify that the sum of all contribut-
ions is zero, so the gluon remains massless to this order for the

nonlocal stochastic quantization theory as in the previous case[lg
' Thas, we have shown that the new representation (2.5) for the non-
local formfactor Vab(A) constructed with the use of the covariant

Xy
derivative operator A does not change our previous result and

8

allows us to prove gauge invariance of the theory.

3.Nonlocal Stochastic Regularization of a Gauge
' Theory With Fermions
To generalize our formalism to the fermions, we employ a
covariant-derivative methoal1l], Thus, we consider a d-dimensional
SU(N) gauge theory coupled to Dirac fermions. the Euclidean
action is:

_ ‘1 _a a T A AAB AB B
S——J(dx)(—r Fop(XF,, () + ¥5(D 7+ 678 mj¥) (3.1)
where F (x) is the usual Yang-Mills field strength as a function

of the gauge field Au. our fermionic notation is the same as in
the paper[lll. Like the Dirac field W:

subscripts and capital letters which run over the representation,

, 3? carry spinor

while the Dirac matrices (7u)” and representation matrices

('I‘a)AB satisfy:

T ?p)=28yy, 3% =y 5 (-1, -iT =2 (1T, (1) -
In (3.1) we have also used the following notation:

ab ab abe c
=" 8 + g £2° A° ; =
b= ut 9 u lJ (@

) ; DM= %% +;gA“’1 (T*) * 5.
(3.2)

HUH u u

These formulas are the relemant covariant derivatives. We cérry
out standard calculations as in the previous case of the gauge
field and obtain the Schwinger-Dyson equation with fermions. Its
form in the momentum representation is:

2
J(dp)d (®IDAL(P) SFIAL/gpe (> 8 FLA

[(db) V(p'L?) — — +
SA° (-p) 8A (P)

abec SF[A
J(dpl><dp2)<dp3)vuvp( =P, /P,/P;) 3 (B,~B,~P,) A} (P,)A" (p,) ;;—f517

J(dp,)--.(dp4>3(p1-p2-p3-p4) Vivpo A;(pz)A;(Pa)A;(p4)BF[A]éAL(pl)-

J(dpl)(dpz)(dpa)S(pz—pa-p,)ag(vu) ()" (p,) W' (P )-—égﬁil) +
+ a contribution from the regularized vertex}> = 0. v (3.3)
Fermionic parts in this expression are calculated in the same way
as in the pure gauge case. We work in the weak coupling regime.
In this approximation the reqularized fermion vertex is given by:



[V, BP=) a1 <(—j<dp) 8%, PPy ) —ELL e <(-J(dp)[«sl mtip (7)), ]

3 I AMEY
n , (P)
where *V(p2L?) 52 - + i a, AB
S 2 ac re e s BT /(s mrswt (o) * 1T L) (ap) (aq) (akyv(aPL?)
¢ (D717 )7 y=|(dz,) ... (dz _ ) (D jj1...(D St ‘
. 1 1 n—1 n—1 - .
2
*A° (k)8 (p-k-q) ~——2 - gJ(dp ) (dp,) (dq,)3 (p, -p,~q, ) *
and [ 5W?(q)5W:(p) 1 2 1771 T2 Py
N N a, AC 3 a a a [ _ﬁ —
(07,3;)=1021]5. 8 (x-y)=(5"8 0 +T*%(x) )5 (x-y). G TR0 ) (B (9,00 48,8, By (9,428, By (9, )P, 1Y, (P g
: AB . . -
fn turn, the function I (x) is defined as: } +‘JZJ(%,) (dp,) (d9,) (49,) § (P, ~P,~q,~q,) (T°T") (=1 () Av (q,) %
s o £ 00r g r e, D e a5~ (arorstyy o™
Here Av(q2)+5‘kAu(ql)A“(q2)]Wk(Pz) ——7—;— = (g+0(g7))(T") *
I"l(:)AB=i(T°)AB{(—iqu)U(a“A;)+5x’[(a“A;)+2Azau]} _ =
1 a
and j(dp) (@q) (8, ;m + 1(x,), p1) a [(dqi)[-x (T}, (4, A% (@) +
» n mn=0
(2)AB=_ anby AB. .. a ,b a .b - n=1-p= 82
Oy =TT TL(d0,) Ay Ay + 88 AT, 0,=09,,7,1. 89,8y, 9,428 | AR (a9, 1) "(a) T T8 (g mq) 2 s
After some simplification we have: sy (q)éy (p)
» n-1
A2, AB_ n AB T o=
( V,,(D ”U_Z ag, 3 aU+Z anz I(dz‘)“'(dz““)DzuﬂD’fz *F[y P1>=0. (3.5)
n n _ m=o : Now we use expressions (3.3) and (3.5) to calculate the fermi-
| onic contribution to the vacuum polarization of the gluon field.
- n~z2 nm Diagrams giving a non-zero contribution to the vacuum
"'Dzm_lzm(ru(zm)s(zm'zm-+1))“'Dzn_lzn+ E:aQE: E: J(dzl)... | polarization are shown in Figures 3. Consider each diagram
n m=o  s=mh J separately.
The polarization operator is given by the two-point
AC cB : . .
(dzn_l)52021g2122.,(rlk(zm)a(zm-zm+1))_,(rkj(zm+s)5(zm+s-zm+s+1)) correlation function of the gluon:
: d,,(q) 4, ,(q)
| v'3 AL 3 ab
AC _ e o . '- <A’ (q,)A, (g,)>= £ 3(q,+a,) T (q,),
”'D-zn-lzn+'“ +J(dzl)...(dzn_1)(I"”:(zo)a(zo zl))(Fk:k:(zl)a(zl 1 p 912319, " o 1 w9

where duv(q)=6 _(1+a)qvqu/q2 , qj-ls the momentum of the gluon

uy

“2_))e..(TSn=1%(z _ )8 (z o2 )). (3.4) o an . . . .
2 k )5 n-=1 n n and Hqu) is the usual polarization operator. The diagram shown

n-i

e et ————

Here we have used the notation: z2,=x, and z =y. We will restrict
ourselves to the lowest order of the coupling constant g. For

Figure 3a. corresponds to the expression:

— 3 i . . A A A 2,2
the fermionic part we have finally: )" (@) =—-g* Tr(TaTb)J(dp) Tr(7,[m+i (P + Q) 17, (m + 1D)) ——E———Z(( = ;2
) n+(p+q

*V ((p+q) °L%) / (¥ + (p+q) ?) .

10 11



For the formfactor V(pﬁf) of the theory we use the following
Mellin representation:

-B~10

22 1 v(e) L&
VT o [ag SRRl m®ep®)®

( o<B<1).
-B+i®

Carrying out some simple calculations we get

1

) ab — ab 4 K ab —r® ’
v (a)= M Suv — +16 M (quqv q auv) Idx X(1-x)[ v’ (o0)+

n(?
33
2 [o]

+1n(nfL?) - ln(i-x)+ln(1+ L x (1-x))1+e & " (n®+ q°/6)
m

uv
where M““-—g2 au’N/(wnz); for SU(3) N=3; and §=7upu.

A subsequent contribution to the vacuum polarization of the
gluon comes from the diagram shown in Figure 3b. Its explicit
form is;

2.2
2)ab 2 V(p'L%)
n(2)® @)= ¢ Tr(r°T) Tr(e,r) [(aR) ———

am’+p + (p-q)

Analogous calculatiohé>give:

H(z)ab ab 4 K ab 2 1 q2
my (q)=- M auv _—_I?— + M aupun[(1+-jr-—;F)(u'(o)-1+
+1n( m’L%)) + ——q’/m°] . (3.7)

Now we calculate the expression describing the diagram (Figure
3¢) and it has the form:

3 b 2.2 1
n(ul))a (@) = 1 gZ Tr(Ta.Tb)I(dp) 2‘27(}) ]2:-' ) 5 —— Tr(7p*
m+.p 2m” +(p+q) +p
s - _ 44ab : ab 2
[ 10,93 + q,+2p,;] (m+ 1p)) = M7US ), 2K/p2 4 MU mU([(1+

1
+a®/p2 1/,) (U7 () +HIn(@ L)) - a¥e 52 14 W0 [ax(1/, x(1-x/2) >
' o

-9

*(q,9,-3,,0°) [ v’ (0)+1n(m°L*) ~1n(1=x)+1n(1+q’/ 2 x/2(1-%/2)) 1)~

1

-4 1% 0% 1/2 Idx x(1=x) [ v’ (0)+1n(n’L?)-1n(1-x) ]
o}

Finally, we consider the diagramm shown in Figure 3d. The
corresponding matrix element is given by:

12

n(:u);ab(q)=192Tr(TaTb)f(dp)2/[2m2+(p+q)2+p2]Tr[ 7, (1 (p+a) ) *

n=1
2.,n}=1

(196,35+9,*2R,) 1 ) 2, ¥ L) *1 P

j=o

).
Further, we restrict ourselves to the second order of the coupling

constant and to terms proportional to qz. In this approkimation

the expression for H(;L”(q) takes the form:

n(4)ab(q) - xngr(TaTb) I(dp) 2 /[2n3+(p+q)2+p2] Tr[?v(m+1(§ + a)*

MY
-B-1
N TR SRR S £(£-1)
(iaﬁ“qfq“ﬂp,“)lz‘_éi SIS Rl Rl N
(zpatq’) | E(E-1) (£-2) (epa+a)® | E(£-1) (€-2) (€-3)
mPip?) 2 * 3z 3 (Erpt)? M Z

2 2 2.4
(epg + q)/[m+p )] -
After some elementary calculations we have:

(4)ab

— ab
o (@)=—M" 8

2 ab 2 2 ab 2
i 2 /L - M7 8 4(n+g /6)-M8  q"16/9 . (3.9)

1Y
Thus, it is evident that all sums of (3.6) -(3.9) give the
following gauge-invariant expression for the gluon vacuum

polarization:

ab _ S (i)ab _ _ 2, cab 2
Mo (D= ) T (@ (9,9,78,,d) 87,

where
1
H(q2)= g2 4? fdxx(1—x)(u’(o)+1n(n€1?)—1n(1-x)+1n(1+q2/m2 X(1-X) )
: n .
0
1 2
+ g2 4:2 Idx %(1— —;)[u’(o)+1n(n31?)—1n(1—x)+1n(1+ —ﬁ; é(:— ?))]_
° (3.10)

It should be noted that the usual fermionic cbntributioﬁ to the
vacuum polazization of the gluon field does not vioclate gauge

invariance of the theory.



SN

b)

I

mmv,@m

Fig.3. Diagrams giving a non-zero contribution to the
vacuum polarization of the gluon field in the nonlocal stochastic
scheme, with fermions.

..

b)

e @t

c) ) d)

e O

Fig.4. Diagrams of the vacuum polarization for the photon field
in the nonlocal stochastic theory with Fermions.
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+ie[ (ap) (dq) (aK) (v,), V(LA (k)3 (p-q-k)

4.Nonlocal Quantum Electrodynamics
In this section,as an appendix we apply the above-mentioned
method to the sihplest system of fields,i.e. QED. The Euclidean
action has simple form:

s=[(ax) [} F, (X)F,, (x)+ §,( D+ m 5, )v 1, (4.1)
where
D = 3 . 2y = (1 2 (2)
D,,=(¥,), [, he A,1: [D*) =5 o +e rij}x)+ T (x)
and
(l = —
rlj¥x) 100 ), (B,A,) + 8, [(39,A )+2A 0,1)

rfi}x)=-5”Au(x)Au(x).

In the quantum electrodynamics the Schwinger-Dyson equation have
the following form (in the momentum representation):

52

8A,(-P) A, (P)

+p3)¥‘(p3)wj(p2)6/5A“(pl))F[A1>

<([ (@p)v(p’L®) +1e(r,), [ (@) (@p,) (dp,) F(p+p+

-8 2

sv, (p)

<t[ (ap) (P*+n®) v (p) JF(¥]>=<(-[(dp) (m+1p) | V(P°L}) —

3%, () 8y, (~P)

2
—2 - ef(ap)*
87, (a) 8%, ()

*(dp,) (dq,)3 (p,~P,~q,) [~1(0,,,),, (q, A, (q,))+8, a4, A, (q)+ 25 *

*A,(a,)p, 10, (P,) gw?Tpl)' e?[(dp,) (dp,) (da;) (da,) A, (a])A, (q,)*

A n=1
*3 (p, ~q,-q,-p,) ¥, (P,) EW%TBT) —ej(dp)(dq)[m+xp]1,Zaan°j(dql)*

[-1(0,,) (@, A, (9,00 +8 ) a, A, (a,)+28, A, (a,)d,1(p") (a7 "

2 -

8 ) FI¥1> (4.2)

8%, (9)8¥, (p)
and so on. Let F[A]=Av(q), then 5F/6Au(p)=6(p-q)6u . The correla=

& (p-g9-q;)

v

tion function of the photon field the zero-order of the coupling

constant e gives the photon propagator of the nonlocal theory:
15



d ) (4,)
2+ 2
1 2

2.2 3
<Ap(q1)AA(q2)>— 2 V(g L") 6(q1+q2).
Analogously, the correlationfunction of the Fermion defined the
nonlocal propagator of the fermion field:
- [m+iq]Jk _ 22
<Y (DY (p)>= - ———= &(p-q) V(qL) .
3 " 2, 2
n°+q

To shown gauge invariance of the theory, we should study the
simple diagrams shown in Figure 4.

The following simple expression corresponds to each diagram

(Fig.4): 2.2 s
\' + L v L

Uﬁ;)(q)= ezj(dp) ((p+q) ) (p_L7)

Tr (7, (m+ (p+Q)) 7, (mhip) ]=

m2+(p+q)2 m2+p2
8 vez 4K e 2 1 2.2
- _uyo + -2(q% -qgq )de X (1-%) [V’ (0)+1n (m®L?) -1n (1-x) +
2 2 2 py Cudp
16M L n o .
+1n(1+x(1—x)q2/m2)]—6uue2q%/ + ezauumz/(znz)de [u’ (0)+

(12n2)

2
+1n(m°L?) -1n(1-x)+1n(1+ L x (1—x))]—ezm26uu/(2n2)
. m

2 2

2.2 e’s e’s
¥ "4 L vV 4K Yy 2
mipta= o mrera) [oap OIS e e e,
® ® 2m+p -+ (pt+q) 167 L 167
i 2 - qz
*[(1+ —L) (U’ (0)+1n(n’L?) ) -1- -+
am sm

2.2
2V(p°L°) 1 g - b
v,[ 10 .a -q +2p ](m+ip) )
2m2+p2+(p+q)2 m2+p2 " pv-p v v

mista)= e[ (ap)

2. 2 1 >
e s e 8 & .
By de(4m2+q2x(1-x) (v’ (0)+1n(m2L?) —1=1n (1-x) +

167 L 16T
- o

2
e 2 -
s Jaxtex (s, a*-a,a,)+2q,a,x (1-x) 1
o]

X

2
*[vU’ (0)+1n(m°L?) -1n(1-x)+1n (1+ % =
m

(- )

16

and
nistar= 1% (ap)

2

Tr (7, [m+i(p-q) 1 (10 q_-q +2p. ] }*
2m2+p2+(p—q)2 u prvip v Fp

n=1 e’ 8 - 2
m 2. N-m-1 uy 2K e 2 2
*y a {(p-0)*1™(p%) = —2F 2E__ € 5 (n’+d?/ )+
Z "mZ; 1612 L2 an® MY 6
e2 5 10 e2 2
t— 3594, - = — (8§ g/ +a.q.).
167'[2 3 u-y 9 16112 uy 2 u-y

The sum of these terms is a gauge-invariant quantity, the
fermionic contribution to the vacuum polarization diagram for the
photon field does not violate its gauge invariance.
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OuHefixan M., Hamcpair X. E2-90-373
HenokanbHoe cToxXacTuHyeckoe KBaHToOBaHHe
KanubpoBOYyHOH TeopHHU C depMHOHaMHU

IIpencTaBinsaeTcsa CTOXacTHUYeCKoe KBAHTOBaHHe KaJHM6poBOu-
HoH TeopuH ¢ depmuoHaMH, HalimeHo npencTaBjieHHMe KOBapHaHT-—
HOM UDOM3BOAHOH HEIIOKANbHHIX d0opMbBaKTOPOB, 4TO MNO3BONSET
bopMyIHPOBATE KOHEUHYI0 HeJIOKanbHYW KallH6POBOUHYI0. TEODHI0,
BKIIuaa ¢epMuHonnl, Hama cxema o6obmaeT TeopHw MepPOMODGHLIX
dopMbakTOpoB, npemylIoxkeHHYKW [ampmepHHbLIM H Op.

Pa6oTa BbinonHeHa B JlabopaTopHH TeopeTHUyecKoH GH3HKU
OWAH . ‘

MpenpiHT O6BeANHEHHOrO HHCTHTYTA ANEPHLIX Hccnenosanui. Ty6Ha 1990

Dineykhan M., Namsrai Kh, - E2-90-373
Nonlocal Stochastic Quantization of Gauge
Theory with Fermions

Nonlocal stochastic quantization of a gauge .theory with
fermions is presented. We have found the covariant-deri-
vative representation of nonlocal formfactors which al-
lows us to formulate a finite nonlocal gauge theory in-
cluding fermion fields. Our scheme generalizes the theory
with meromorphical formfactors proposed by Halperin with
colleagues,

The investigation has been performed at the Laboratory
of Theoretical Physics, JINR,
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