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LIntroduction and statement of the problem.

There exist different QCD - inspired phenomenological approaches to describe
hadron spectra. Among them the potential model for the heavy - quarkonia spec-
troscopy [1] plays an important role because it is the most theoretically justified one
and it is directly related to the definition of the fundamental parameters of the quark -
antiquark interaction potential. One can say that the heavy - quarkonia spectroscopy
is of the same importance for QCD as the Coulomb experiments for QED.

~ In the last time, the quark - quark potential from (1] has been applied to the
description of the spectroscopy of light mesons in the framework of relativistic equations
~ generalizing the Schrodinger equation (2] - (7]. It turned out that such a potential model
succesfully describes the spontaneous breakdown of chiral symmetry (which is a pure
relativistic effect), constituent quark masses, and the pion as a Goldstone particle, as
well as the great mass difference between p - and r - mesons [4).

The relativistic covariant potential model has been suggested in ref. [8,9] in the
framework of a bilocal field approach to get an unified description of the specira and
the interactions of Light as well as heavy quarkonia ( mesons ). The success of the
relativistic two - body potential model justifies its generalization to many - quark
( gluon ) systems. The investigation of this problem is the purpose of this paper.

For the derivation of equations for the relativistic quark - glaon bound states we
use two, complementing each other, methods : the Green function method and the
quasiparticle operator approach {10]. The Green function method enables one to ob-
tain a self - consistent relativistic picture of the spectra and interaction of hadron
{8,9], whereas the operator approach gives an adequate physical interpretation of the
nonperturbative vacuum for many - quark systems, and other quantum states, and
considerably simplifies the derivation of the many - quark
( gluon ) bound state equations.

The paper is organized as follows. In section 2 we discuss the status of the potential
model in gauge theories and apply the Green function method to the derivation of
relativistic equation as quark - antiquark bound.states. In section 3 we show the
equivalence of the Green function method and Bethe - Salpeter equations applied to
mesons. In section 4 we derive the equation for many - quark systems ( namely, for
baryons ). In section 5§ we consider the application of the relativistic potential model
for the pure gluon sector ( glueballs ).

2.The status of the relativistic potential modei for QCD and effective
chiral Lagrangians.

Itis vndely believed that the potential models are related only to the nonrelativistic
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approximation. This opinion, however, is based on the experience of solving scattering
and dissociation problems in QED, where the Coulomb propagator corresponding to
transversal photon exchange, converts into the relativistic invariant Feynman prop-
agator up to the longitudinal part vanishing on the mass shell. Such a "relativistic
method” of the potential model is incorrect for the description of bound states where
elementary particles are off their mass shells and the longitudinal part of the propagator
differs from zero.

From the experience of the description of atoms in QED one knows that the bound
state ( atom ) is formed by an instantaneous interaction ( Coulomb ) potential ( with a
singularity on the time axis ) whereas the transversal photon exchange plays the role of
a correction which does not destroy the instantaneous property of the bound state wave
function {11]. However, in this case, unlike scattering and dissociation processes, the
sum of the Coulomb and transversal propagators is not relativistic - invariant due to
nonzero longitudinal photon contributions. It should be stressed that the propagators
in manifestly covariant gauges ( with a singularity on the light cone ) themselves can
not describe the bound states conserving their instantaneous property.

So to treat the bound states it is important to choose such transversal variables for

which the instantaneous Coulomb potential separates.

In practice the relativistic description of the spectrum of a moving atom is done by -

means of the Coulomb potential moving together with the atom. This correspondens
to the transformation to new transversal variables reffering to a new time axis ( 7, )
which is parallel to atom’s 4-momentum. To such a relativization there corresponds
the following effective action [8,9] : ‘

Wearlh,$) = [d=lf(@)0 - m*)b() +
+ 3 [E@RKOE I DWEIWL @
Here § = é"'y,., K™ is the kernel a
K | X) = iV (60 - nh (6= 77, )
where z and X are the relative and total coordinates defined, respectively, as

z+
. L 3)

z=z—y,X=

and V(z1) is the potential depending on the transversal (with respect to the time axis
1) component of the relative coordinate, z = z, — nu(2 * n).

" Notice that just such a relativistic transformation law of the fields with a simulta-

neous rotation of the time - axis has been used in the historically first formulation of

. QED [12] ( a consistent construction of the gauge theories with such properties has

been proposed recentlv [13] ).
The next question is how to choose the time - axis in (1) for describing interacting
atoms. It has been suggested in ref. [9] to take in this case as a time - axis the unit
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vector which is proportional to the eigenvalue of the bound state total momentum
operator, i.e.

H

T~ i5x (4)
When this requirement is satisfied the bound state wave functions automatically belong
to the irreducible representation of the Poincare group [14].

It should be stressed that in the relativistic theory the decomposition (3) is independ
both of the variation of the quark masses and of the bound state.

The expression (1) with the kernel (2) and with the time - axis defined by (4)
represents a relativistic covariant action. It seems that a most straightforward way for
constructing a theory of bound states is the redefinition of action (1) in terms of bilocal
fields by means of the Legendre transformation {15] - {17] ‘

2 | ddYBWHEKE NP EHW) =

1 4 4 -1 /
=-g | dzdyM(z,9)K (z,y)M{z,y) + (8)

+ [ d'zd'y($(2)P(y)) M(z,v)

where K~! is the inverse of the kernel (2). Following ref. {16}, we introduce the short
- hand notation

[ @280 - m*W(a) = [dtad'up)d(e)ip - m) Dz -v) = (96,-G3Y),
[d=dv B @IMy) = (#5.M).
Then, from action (1) we get
WolM] = (49, (=G5" + M)) = (M, K~ M). ©)

After quantization over N, fermion fields and normal ordeﬁng, this action takes the
form

W.p M) = --;-N,(M,IC"M) FiNY %@-. | (7)

sx=1

Here ® = GoM, 33, %% etc. mean th-e following expressions
#(z,y) = GoM = /d’zGo(z,z)Mb(‘z.y),
# = [dad'yi @ 0)Ew), (8)
¥ = / d'zdiyd'z8(c,y)8(y, 2)#(z, 7) etc

As a result of such quantization, only the the contributions with inner fermionic
lines ( but no scattering and dissociation channel contribution ) are included in the
effective action since we are interested only in the bound states.
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. The requirement for the choice of the time axis (4) in bilocal dynamics is equivalent
to Markov - Yukawa condition [14] :

, .iaM(z,X) -0

» "o, ©

where 2, = (z — y), and X, = (1/2)(z + y), are relative and total coordinates.
The first step to the quantlzatlon of the action (7) is the determination of its
minimum

N-! 6WQ(M) —_

© TIM KMy Col M) = -K-1M + ————=0. (10)

azml] G - M

We déﬁote the corresponding classical solution for the bilocal field by Z(z — y). It
depends only on the differrence z — y because of translation invariance of vacuum
solutions. :

The next step is the expansion of the action (1) around the point of minimum
M=+ M,

Wo(E + M) = Wo(E)+ N,[-%M'x-w' + -;;-(G,:M‘)’] +
4N HGMY, (6= (6 -D), ()
=3

and the representation of the small fluctuations M’ as a sum over the complete set of
classical solutions [,

BW(E + M)
_3_____6(M, mrwo - T = 0. (12)

Using the definitions (8) and (11) it is easy to obtain the standard form of equations
(10) and (12) :

L(z - y) = m%W(z - y) + iK(z,y)Cx(z - y), (13) -

= iK(z,y) / d‘z;d‘z,dz(z - 2;)['(21,22)Gx(23 — ) (14)

which are, respectively, the Schwinger - Dyson (5D) and Bethe - Salpeter (BS) equa-
tions. They describe the spectrum of Dirac particles in bound states and the spectrum
of the bound states themselves, respectively.

In the momentum space we obtain with

(k)
L(4qlP)

/d‘zE(z)e“',
/d‘zd‘ye”‘*"’e“'f”‘[‘(:,y)

for the kernel (2) the following equation for the mass operator ( & ) and the vertex
function (L) . ‘ ;o

CE®) =mt i [ LV - Gt (15)

(2 A

LkP)=i [ AL (2 z(k*—q*)ﬂ(gsm—)r(qwm(q——)M © (16)

where Gx(g) = (¢ — Z_(q))‘l,}_’:(k"-) means the Fourier transform of the potential,
k,f =k, — nu(k - ) is the transversal with respect to n, relative momentum, P, is the
total momentum.

The quantities § and [ depend only on the transversal momentum

L(K) = Z(x*),L(k|P) = L(&*[P),

because of the instantaneous form’ of the potential ¥ (k*) in any frame.
Therefore, we may integrate in (15) and (16) over the longitudinal momentum
go = (g - n) using the representation

Li(g) = 4" + E(g")5%(a) B (17)
for the self - energy with '
S:qY) = eap{~d 2u(aM)} @ =giflatl (18)

where 5, is the Foldy - Wouthuysen type transformation matrix with the parameter
Ve- ' .
Then, one has

C Gs, = leoh- EdgH)SIHGT =
AM (L AM (oL )
o Auel) (-)a(i ) w9
| go— Eu(gt) +ie  qo+ Eu(gt)+ie .
where
AD(eY) = S.gAD )5 eY), AD0) = (1£h)/2 (20)
are the operators separating the states with positive ( +E, ) and negative ( —E, )
energies.

As a result, we obtain the following equations for the one - particles energy E and
the angle v:

1

2 ),K(*—q*)coﬂv(q*) ()

E (k') cos2v(k) = md 4 =



dqt

7 | ekt - eIk gtsinzu(gt) - (22)

E J(k*) sin 2v(kt) = k4] +1

Let us consider the Bethe - Salpeter equation (16) under such an integration. The

vertex function is given by

f..(kﬂ?) =

(2 )'
where ¢,; denotes the expression

Ren@ Tulg P)ACN(EY) | Rnl@ Talg PIAGn(Et)) (o)
s e

and is the bound state wave function. Here Ey = E, + E, means the sum of one -
particles energies of the two particles (a) and ( b ) defined by (21,22) and the notation

Aaylg*) = 57 (¢4)Aw)(0)S(gY) (25)

¢.'(q.l.) = 'ﬂ

has been introduced. :
Acting with the operators (20) and (25) on equation (23) one gets the equations
for the wavefunction ¢ in an arbitrary moving reference frame

N ET(H);J—')A}';’,.(k*)¢..(k*)ﬂt2,.(k*) =
= ARl G v” L - ¢ )alg AR, . (26)

All these equationn (21,22) and (26) have been derived without any assumption
about the smallness of the relative momentum Ik"'[ and for an arbltrm'y total momen-
tum P, = (‘/MA +P3,P £0).

I the atom is at rest ( P, = (M4,0,0,0) ) equation (26) coincides with the Salpeter
equation [18]. If one assumes that the current mass m° is much larger than the relative

momentum |gt| then the coupled equations (21,22) and (26) turn into the Schré-

dinger equation. In the rest frame ( Py = M, ) equations (21,22) for a large mass
(m®/]g*| = oo) describe a nonrelativistic particle

1K
(k) = f(md + k2 = ml 42—,

)

k
tan2v = i 0; S(k)=1; Ay =
Then, in equation (26) only the state with positive energy remains
AwdAe) = $sa, A)$Au) =0,
and finally the Schrédinger equation results in
1. - dq
[ﬁk P+ (m2+ m) - My)l¢sa(k) = / hT);x(k - q)¥sa(q), (27)

6

L - gl (23)

where p = m, - my/(m, + m;). For an arbitrary total momentum P, equation (26)
takes the form

[- El;(kf)" + (m2 + m{ — VP)psa(kt) = (dzq)l,l’_(k* - ¢ )gsalet), (28)
and describes a relativistic atom with nonrelativistic relahve momentum [k*| << mJ,.
In the framework of such a derivation of the Schrodinger equation it is sufficient to
define the total coordinate according to (3), X = (z + y)/2, independently of the
magnitude of the masses of the two particles forning an atom.

Now we consider the opposite case of massless particles, m$ = m) — 0. Suppose
that in this case equations (21,22) ‘

2E, (k1) cos 2v(kt) = (dz‘I)‘_(k.L - q*)cos 2v(gh) (29)
2B, (k) sin 20(k*) = (¢ + [ = )SV(k'L - Ik gHsin2u(gt)  (30)

have a nontrivial solution u(k+) # 0. This solution describes the spontaneous break-
down of chiral symmetry [2]-[9].

It can easily be seen that equations (29,30) are identical with (26) for the bound
state wavefunction with zero eigenvalue, P3 = 0 and

An$hey = A )¢5(+) =4y |
2B, (k1) (k) (2 ), - q*)-ﬁ(q*) (31)
Therefore, |
¥ = cos 2v(kt)/F | (32)

" where F is a proportionality constant.

In this way, the coupled equations (21,22) and (26) describe the pure relativistic
effect of the appearance of the Goldstone mode due to spontaneous breakdown of chiral
symmetry. Thus in the framework of instantaneous action (1) we get the proof of the
Goldstone theorem in the bilocal variant.

Just this example represents a model for the construction of a low - energy theory
of light mesons, in which the pion is considered in two different ways, as a quark -
antiquark bound state and as a Goldstone particle. So it turns out that our relativistic
instantaneous model for bound states can, in the lowest order of radiative corrections,
also describes mesons.

Indeed, there is a number of paper ( cf. [2]-[7] and references therein ) where
equations (21,22) and (26) are used for the calculation of the mass spectrum of light
mesons, the constituent quark masses and the meson decay constants. In the papers
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the potentials are determined from the spectroscopy of heavy quarkonia as sums of
rising and Coulomb potentials, for instance [4]

V(r)= =5 Vor?, ”’ ~ 250MeV,as ~ 0.3 . (33)

Thereby, the heavy quarkonia ( m® >> 250MeV ) themselves are described by Schré-
dinger equation (28) which, as has been shown, can be derived from eq. (26) in the limit
of large masses. In this limit, the effect of spontaneous breakdown of chiral symmetry
also disappeares, and the constituent quark masses are identical to the current ones
[19].

The advantage of such a potential approach compared with all other ones consists
in the first constructive connection between the fundamental parameters for physics
at short distances (the parameters of rising and Coulomb potentials and the current
quark masses) with those of hadron physics for long distances (the pion mass and its
weak decay constant F.}.

The shortcomings of this approach were the following: the nonrelativistic formula-
tion (in the rest frame) of the bound state, the absence of an relativistic meson inter-
action Hamiltonian, and the open problem of the status of radiative QCD corrections.
The first two disadvantages are absent in the new relativistic potential model [8,9]
considered here. This model represents a logical interpretation of relativistic atomic
physics, i.e. an interpretation of the "atomization” of QED.

From this point of view the "hadronization” of QCD qualitatively differs only by
the short - range property of the quark - antiquark interaction potential for light
quarkonia. Furthermore, the effective action for light mesons must be an action for
a chiral Lagrangian. The proof of the fact that (11) leads to a chiral Lagrangian has
been performed in [20] with the help of the separable approximation which can be
used just for short - range potentials. For low orbital momenta such potentials can be
represented with good accuracy as a product of two factors

<l=0[V(p-q)ll =0>= f(p')f(q").

The underlying model (11) becomes equivalent to one of versions of the Nambu - Jona -
Lasinio model [21,22] with explicit indication of the formfactor f?(p) for the ultraviolet

regularization. It is well known [21,22], that this model leads to chiral Lagrangians.

The validity of the separable approximation for short - range potentials explains
the fact of the weak dependence of the low- energy physics for light mesons on the form
of the potential. Therefore, there exists a number of models satisfactory describing the
experimental data.

Here, one should mention also papers dealing with the derivation of nonlinear chiral
Lagrangians from QC D (cf.ref. in [22]). The essence of those proofs consists in a formal

. derivation of the determinant (7), (11) by means of chiral transformation which are

parametrized by the meson field. Thereby, in many cases no derivation of the equation
for the meson spectrum is given to say nothing of its solution. The main aim of
these papers is to find the coefficients in higher order terms in the expansion of chiral

~ Lagrangians in meson momenta and to establish the description of baryons in the form

of "skyrmions” [23] Al] these papers concerning the justification of chiral Lagrangian
from QCD are not devoted to the determmatxon of essential parameters of the low -
energy physics ( Fy, Fx,my, ...) from QCD.

The relativistic model for atoms and hadrons (1) - (26) as compared with the above -
mentioned popular non - relativistic {4] and nonlinear [22] approaches unifies aspects of
both approaches and gives a constructive generalization of chiral Lagrangians to heavy
quarkonium physics, i.e. it allows to describe decays of heavy quarkonia into light
ones in the framework of one unified action of the type (11) with a minimal number of
parameters, defined in the short'- range region where the perturbation theory begins
to work.

The construction of such a quantum relatlvxstxc hadron theory on the basis of the
action (11) has been given in paper [8,9].

3.The spontaneous breakdown of chiral symmetry and the physical vac-
num.

In this section, for the potential model (1) we clear up to which physical vacaum
there corresponds the spontaneous breakdown of chiral symmetry accompanied by the
appearence of the Goldstone mode. We work in the opemtor approach [2}- [7] with the
Hamiltonian given by . ,

K= [axtlion s o+ S [ dsay(ar 0 a0V (e - viat ) 2atr). (54

The first step for constructing the physical states consists in the definition of the one

. - quasi - particle creation { a*,b* ) and annihilation (a,b) operators with the help of

the Bogolubov fermion expansion [10]

wli) = T [ ot o, @l 0) + B (~aal=a, )] (35)

Here p,(q, s) and v,(—q, 8) are the coefficients determined from the Schrodznger equa-
tion for the one - particles energy

< ou(a)Mlaf (@) >= E(q) < Ofa,(a)aF (@)0 > (36)
They can be represented via the Foldy - Wouthuysen matrix (18) as
Ba(a,8) = S(q)aprs(0:8); va(—q,8) = S(a)asvs(0;9)

wi(h

1+‘Yo

aav(q)[Z par(0,8)u3:(0,3)1S54(a) = (S—— 5") = (A%(a)),ps

Saat(@)[L var(0, )30, 8)] 555 (a) = (s1=2 705“') = (A2(a)),y-



A% and A? are projection operators on states with positive, resp., negative energy.
Then, equation (36) takes the form of the Schwinger - Dyson equation (29,30) which
can compactly be written as

' 2
E(p)5~X(p) = m* + pivi + 35057 (a), (37)
where Iq is a short - hand notation for the integral operator
I (2,).K(p a)f(a). | (38)

Afier inserting (35) into (34) the Hamiltonian can be given in the following manner :

H = Eo+ H+:H,:,
E, = <O[H|0 >,

Hi = Y E(pi)(afai+bfhy), : (39)
(1)
o2
tHy: = 3 E §Y(p; - pa + ps — p)V.(p1 - Ps)
1,234,

{ afbfadbiuvinsvl + afbbiaipivavip, +
+ biasafbfvipausve + basbsaluvspe + b+ o

In : H, : only terms forming colourless mesons as pair correlation {24,25,26] have been
kept. The following abbreviations have been used in (39):

Z / (2dl;:/z’{I} = {prarh I=1,2,3,4.

For diagon;alizing the Hamiltonian (39) with respect to pair correlations (afb7),
(bsas) one defines a new vacuum as the coherent state .

0 >>.= exp{ I (1,2,3,4)[(aF55") (b} a**)]}o0 > (40)

1,23,4
and the creation operator for the bound state (of pair correlation)
Bt(n) = ) 8(py - Pa)[X4(1,2)a (1)0¥(2) - X_(1, 2)¥ (1)a*(1)]. (41)
The coefficient X, and X_ are determined from the Schrodinger equation for the two
- particle energy Mp ,
« << O0|B(n)(H, + H)B*(n)|0 >>a= Mp o << 0|B(n)B*(n)[0 >>., (42)

and the parameter a in (40)is given with the help of the definition of the annihilation
operator for the pair correlation

CBONn)0 >>.=0. (43)
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Equation (42) coincides with equation (10) in the rest frame (the Salpeter equatlon)
for the meson spectrum

(Ei(p) + Ea(p) F Mp)¥1a(p) = ;At(P)[iPQ(¢++(q) +v__(a)Aslp)  (44)
up to the notation

Y= Yus t¥o_i¥as = AsdAg
$4+(Plag = Y X4(P1, P11 81, 82) 8t (1, 01)va(p1, 82), (45)

1,03

Y-—(Pap = E X_(P1)P1s 21, 82)v3 (P11 81)5(P1, 83)
1,63
The one - particle energies E(p), E2(p) in (44) are defined via the Schwinger - Dyson
equation (37).

Notice that equations of the type (37), (44) are well - known from the nonrel-
ativistic many - body theory (Landau’s theory of fermi liquids [24], Randon Phase
Approximation [25]) and play an essential role in the description of elementary excita-
tion in atomic nuclei [26]. Their relativistic analogues describing the Goldstone pion
and the constituent masses of the light quarks are equations (21,22) and (26).

The Green function method discussed in sect.2, and the operator approach lead to
one and the same equations and complement each other. The first allows one to make
easily the relativistic generalization and to construct the effectivé meson interaction.
Lagrangian, whereas the second yields an adequate interpretation of quantum states
and enables one to describe more complicated system, e.g. baryons and other many -
quark states [27].

4. The relativistic equation for many - quark systems.

Let us construct by means of the quasiparticle operator method the relativistis
equation for the baryon as a three - quark system. In the meson "coherent” vacuum
(40) the baryon creation operator consists not only of creation operators for quarks (a*)
but also of annihilation operatora for antiquarks (b) with the same quantum numbers

BY = Y 6(p1+pat Ps)[X444(1,2,3)a' M (1)a’H(2)a' M (3) +
1,23
+ X__4(1,2,3)6 (1)) (2)bH)(3) + interchange of (1,2,3)]eh. (46)

" The baryon functions are as follows:
Yie4(1,2,3)apy Z l‘:(l)l‘g (2)# (3)X +++(1,2,3),

¢-—4(1,2,3)apy Y v (2)vf(3)X--4(1,2,3),

90303

]

11



etc.
Then, the eigenvalue equation for the Hamiltonian operator,

a << O0|BHB*|0>>,, (47)

is equivalent to the following system for the baryons wave functions
Vadtr Voot Yty Y.

+ + '+ -
L5 {Eof D e D le@] t [male .\ (2,3)=
- + + + -—+
_+_
+ - -
= ., WA\ @8\ 6)
- - +
—_— + -—
+ \ — / -
{ j;.z['/’r+++\(LL3)+¢(__+\(1,Z,3)]+
-+ +++ |
-+- | +--
B P B Gty
+ Iu[¢r+++\(1a2.,§)+¢{+__\(1,2»3.)]+ ‘ (48)
--+ -+- 1
-+~ --+
\ +-~—) \ +++
+ fu[¢r+++ YL2DHG @23
-+- +++
\ + -~ \ = -+
where
ha¥(L,2,3) = /é%ﬂﬂﬂﬂm-qmr+mm)
Pr + P2+ Ps=0. o (49)

Equatmn (48) is the analogue of the Salpeter equation (44) for a bound state consisting
. of three particles. The nonrelativistic reduction [18] from (26) to the Schrodinger
equation (27),

2

i 4 p7 = 1

12

S,(p) = 17 ¢+++E¢>>'Pb(+__ ]
_+_)

i

--+
leads in our case to the well - known nonrelativistic equation for the wave function of
three particle bound states

Pi_, Pi ., P}
[ 2m1 + 2m7 t 2m, 2m

= Q&wmvamn+awwh&¢g+awmpm@m." (50)

Here, the condition (49), which means the choice of the rest frame P, = (Mg, 0,0,0) ,
has to be fulfilled.

Notice that the Jacobi coordinates, which allow to write the Hamiltonian in the
term of two relative momenta, have sense only in the nonrelativistic limit.

For the description of baryons in an arbitrary relativistic reference frame, one needs
to generalize the Markov - Yukawa condition (9) for the bilocal field to the N- local field
®(z,,z3,...,zy). By the example of a bilocal system we have seen that the definition
of the total and relative coordinate X = (z; + z,)/2 and z = z| — =, respectively is
universal for quarks with arbitrary mass, including also constituent masses depending
on momenta. By analogy, we introduce for the N- local field the total and relative
coordinates :

- (Mg —my — m; — ms)}¥(py, P2, Ps) =

X, ——Ez,,,z =z,-X, (51)

which are connected by the identity

N ;-
E z'(.') =0.

i=1

Then, the generalization of the Markov - Yukawa condition takes the form

q-(z(l) @, .z =0 (i=1,2..N). ' (52)

Let P, be the elgenvalue of the operator for the total 4-momentum, and n, be the unit
vector in the direction P (n, ~ P,). Owing to the condition (52) the N- local function
&(pfM,pt@ ..., pt(M|P), being the Fourier transform of ‘!_(z‘(,‘),X,,) with respect to
all coordinates, depends only on the transversal relative momenta

piM = p0) — g, (p1 - ), ZP““O, , (53)

=1
To describe the baryon in an arbitrary reference frame it is sufficient to substitute in
(48) all relative momenta p; by the transversal ones, P L) and the projection operators
Ai(p) by the operators

As(pt) = s(pHy MREL 551yt
2Mg
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In the same way one can generalize the equation (48) and its relativization for an
arbitrary N- quark state.

The method for constructing relativistic wavefunctions of many - quark system
explained above unambiguously enables one to build from the nonrelativistic bound
state wave function

-e'.ux“ ’Qal.az,.. an(p 1Py e s P )’ EP(‘) =0

Xa; a3, ... aN

relativistic wave functions for the same bound states with tota.l momentum

P, = (v = P2+ M2, P),

VXG;,az, w.any e.‘rx : A+ala{ (p(”lA-H:,a', (P(z)l) s A+a~a'~ (P(N)J.) ’
o Qa’l,a',, e aly (P(l)lvp(,)l p(N)J.)s

( E pi"'”- =0).
1]
Here Xay,az, .. ay 18 the matrix selecting one or another representation of the Lorentz

group with a definite spin. ( A representation of the Poincare group that preserves the
one - time dependence of wave functions see in ref. [29] ).

5. Relativistic equations for gluonic systems.

The quantization method considered above for fermion systems can also used to
calculate the parameters of gluon states described by the QC D Hamiltonian [13,30]

H!’M

[ axJUET + (B2 +
+ %/ dx [ dyfherh BT (x)AT4 1)V (Afx - y) e BT (y) AT (y) +
+ Schwinger terms. (54)

Here V(A4|x) denotes the potential satisfying the equation

(V4(4)30) 35(V5(A)3,)V (4lx) = ~578(x), Vi = 8 + 94

and the Schwinger terms are defined from the Lorentz covariance condition. It is
important to note that the field operators in the Hamiltonian (54) are Weyl - ordered
{13,30] due to the condition of relativistic invariance.

Let us represent the gluon fields as Bogolubov expansion in creation and annihila-
tion operators ’

EP(x) = / b S ol M (p)es - ol M (plegle ™™,
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. e
ATV(x) =
&) = | Goym ‘/——w(
where the function ¢(p) is to be calculated from the diagon’aliz,ation condition of the
Hamiltonian (54) with respect to the operators a(*),a(-),
In the formal form, the gluon Hamiltonian reads as,_.

——=[a{" ¥ (p)ef + ol M (p)ef]e='Px, (55)

H=E+ / dk[ ( 'agj)(-k)af;;’(k)+a5,;’(k)a N~ k)) '(“
’ + a(+)a(-) alaz(¢)+0(a4)] (56)

Here C(¢) and w(¢) are some-defined functions the dependence on ¢ of wlnch is
determined from the expression of the Hamiltonian (54).

The diagonalization condition for the Hamiltonian (54) means that the coeﬁments
C(¢) vanish

ci4)=0 - (57)

For the solutions (57) the function w(¢) defines the gluon energy spéctrum in the
same way as the Schwinger-Dyson equation (37) defines the energy spectrum for the
quarks.The Green function for the transversal gluon AT corresponding to equations
(55) and (56) is given by

” - v(a) 1 (6 — aiba) :
D'J(ql”q) = ¢(q) qg _ w:(q)‘_ ie\a'l qlqqu)' (58)
From its meaning the quantity § = Z(q) can be called the infrared renormalization
constant of the wave function. .

The Green functions for the quarks, eq. (19) and gluons, (58), are elements of a new
quasiparticle perturbation theory in terms of which all matrix elements are calculated
including the "running” coupling constant. :

The phenomenon of dimensional transmutation appearing in the ” mnmng coupling
constant should be investigated in accordance with the logic of quantum theory at the
stage of defining the quarl: and gluon energy spectrum and their one-particle Green
functions.

Let us illustrate this scheme by calculating the one-particle energy of the gluon and
its bound states for the simplest example of the theory (54) where the operator for the
potential is substituted by an effective potential. This means we consider the sum of
the free Hamiltonian '

= 5 [ ax((ET) + @:aT)?,

and the Hamiltonian of potential interaction between colour gluon currents

H = —% /dpxd¢I1dP:d¢Iz6(P1 -pz+q1— Q:)K(lzzl;i;pz)yl ZE::;Z:Z:; :

fehila peaa [a('”(—l) - a(')(—l)][a("')(Z) + a(')(—Z)] .
@(=1) - dO W (2) + 0 =2
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Here, the short - hand notation (£py,by,i;) = (£1),(£qy,61,51) = (:I:2),
(£Pp1,b1,42) = (£1'),(£q3,¢3,42) = (£2') has been used. In our case, the coefficients
C and w are given by the expressions ;

k%6; + (M2(k))¥ ¢

o) = (g e (K)ef (k) = 0,
wa1m(¢) = [k 6'J+g24’(k))' u] al(k)eaz(k) (59).

with

meyyi = Tt f (2“ z(k (@65 - 553,

(o) = Ne A6 - ata),
24(p) = 6ij + —- 2 (2= )3K( q)¢(q)(6u qlq,ql)' (60)

Since {wo gluons perform the simplest bound state, by analogy with the mesons
(cf. (41) ), we introduce a glueball creation operator

=X [dk [ XGDEer (k)P (-k)al(k)al (k) +
[}

+ XD (K)eP ()ef (-k)al (k)al M (k)]

mnmn

and a "coherent” vacuum
[0>>.= exp{z I dk,dk,a(k,,k,)(a(+)°(k,)a(+)°(k,')) .
(@S ku)atf P (ka))Ho > .
" Then, the Schrodinger equation for eigenvalues of the Hamiltonian operator
o a<< 0|GHG*|0 >>,= Mg . << 0|GG*|0 >>q | (61)
is equivalent to the equation for the glueball wave fanétion
(2w(k) - Ma)X$H (k) ,
= °fkq{(w+(q|k))’X‘+*’(q) (W=(alk))*X*(q)}

| (62)
(2u(k) + Ma)X{7(k)
= %fkq{(W*(qlk))’X.«(,-""(q) - (W (a)k))*X§ (q)}
(63)
with
W (alk) = [i{‘; jf:
hatla) = [ st - a)f(@). (64)
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Furthermore, one can write by analogy with the baryon (48) also the equation for the
wave function of a antisymmetric three - gluon state $444(¥4ec ¥y, ¥-4-) with
eigenval}les Mpgg

[w(1) + ©(2)+w(3)- Maa]¥s+4(1,2,3) =
N, . -
= T{Il.z(”ﬁ“;g¢+++(lag,3)+ whwaat--4+(1,2,3))+ .. }.  (65)

For an estimate of the solution to equation (62,63) we make use of the separable
approximation for the potential

1 2 1
J @ ek - 98 - 0 g50) = 3o | (m,

with the parameters describing the physics of light quarkonia ( L = 1.6GeV, pgop =
0.35GeV ). Equation (60) take the form

1 L dp
VZm? = —— (2’),‘/p + m3,

H#gcp 70
vZ & dp 1
Myop Jo (27) \/p’ + m;"

w(p) = VZ/pi-m}

and have the solutions m, ~ O.BGeV,ﬁ =~ 1.18. For the scalar glueball mass as an
eigenvalue of equation (62,63) in the separable approximation

VZ /G Fmi - MalX =
N.
4pdcop (2 )’

VZ\[k +m] + MolX =
N, [t _
= ol T ),[(Y X)W(kla) +2(X +Y)],  (68)

k?+ m? + q’ + m?
q? + m} k? + m3’
one obtains the value Mg =~ 1.6GeV.
The appearance of consituent masses for quarks and gluons does of course influence
the determination of the "running” coupling constant which in the new theory cannot

have any singularities in the whole Euclidean region of the transferred momenta, among
them also at q? = 0 [9,31].

o ()b, (66)

Z = 14 (67)

(X - Y)W (k|q) + 2(X +Y)),

W (k|q)
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6.Conclusions.

By analogy with @ED in QCD one can separate the gluon interaction into the
instantaneous and the retardation parts.The relative contributions of these components
depend on the physical task under consideration. For the problems of scattering and
dissociation they are of the same importance,whereas the definition of the bound states
suggets the dominance of the instantaneous part. ( The dominance is provided by the
singularity of the instantaneous term at the equal-time limit.)Just this suggestxon was
the starting point of our work.

We gave the relativistic generalization of the instantaneous bound states in ac-
cordance with the condition of irreducibility of Poincaré group representation for the
nonlocal objects proposed by Markov and Yukawa for two-body systems and extended
it this paper to many-body systems.

This generalization includes the separat:on of the total coordinates for any current

particle masses, the definition of the coherent vacuum for pair correlations and the

construction of relativistic wave functions in an arbitrary frame.
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Kamunosckut 0.JI. u gp.- . E2-90-354
PenaTuBucTcKHe cBA3aHHme cocTosHHA B KX]I

CraTbs nocsAmeHa NOCTPOEHHE HelloKalbHOH Teopuum appo-—
HOB KaK CBf3aHHHX COCTOSHHI KBapKOB M IJIOOHOB. HCXOIHbIM
NYHKTOM ABJIAETCA PEJIATHBHCTCKHM KOBapHaHTHOe olpenereHue
OJHOBPEMEHHBIX CBfI3aHHHIX COCTOAHHII M BhHTEKawmee M3 Hero
BOMMHAHTHOCTB OZHOBPEMEHHOIr'o TIJIIOOHHOI'O B3auMOAEeHCTBHUSA.
My 0606muii olMcaHiie HeJIOKANHLHOro PeIsiTUBHCTCKOro NHOHA
Ha cJlyuail MHOTOKBApPKOBHIX M MHOTOIJINOHHBIX KOHGMTIYypauuii,
YTO BKJINYAET IpPaBHila IIOCTPOEHHS pPEeJIAITHBHCTCKHUX BOJIHOBBIX
¢yHKIMIA B IIpOH3BOJIBHOH cHcTeMe OTcyeTa.

Pa6oTa BhinosiHeHa B JlabopaTopnu TeopeTudyeckoil ¢U3HKH
0)5651 R

Hpenpunt O6beaMHeHHOr0 HHCTHTYTa ANePHBIX HecnenoBanuii. [lyGua 1990

Kalinovsky Yu.L, et al. ‘ E2-90-354
Relativistic Bound States in QCD

This paper is devoted to the construction of the non-
local theory of hadrons as bound states of quarks and
gluons, The starting point of our investigation is rela-
tivistic covariant definition of instantaneous bound sta-
tes and the supposition of the dominance of an instanta-
neous gluon interaction. We have generalized the descrip-
tion of the nonlocal relativistic pion to the case of
many-quark and many-gluon configurations using an opera-
tor approach. This includes the rules for the construc-
tion of relativistic wave functions in an arbitrary fra-
me, :

The investigation has been performed at the Laborato-
ry of Theoretical Physics, JINR,
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