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SEC.1 INTRODUCTION 

The (QED) 4 Hamiltonian is 

Tr · 
H = H0 e + Hoph + H + HQ + T + H". 

Here Hoe .is the Hamiltonian of a fermion field 

Hoe = ~ E P (~apa + b~abpa) ' 

(1.1) 

( 1. 2) 

:EP = (p2 + m.2) 1/2 , where m2 does depend on the cut-off parame­
ter L, a*, b* , a (and b) are the creation .and annihilation 
electron (positron) operators, p is the momentum, and a the 
spin projection. Hoph is the free photon Hamiltonian 

Ho h = ~ I k I Ck'A c kA • 
P k# O,A 

(1. 3) 

Here G kA and CkA are the creation and annihilation operators 
of a photon with the momentum k and polarization vector e A (k) , 
k eA(k) = 0, . A = 1,2. The HTr term describes the interaction 
of fermions with transverse photons /1,2/ 

T ... . ... Tr 3 
H r = e f t/J*(x) at/J(x) B (x) d x, (1.4) 

v 

t/1 (x) 
1 - ~ (u + a + u- b * ) ipx yV p,a p,a p,a p,a -p,-a e • I PI < L, 

(1.5) 

B Tr (x) = 1 i (C . ; (k) . 1 e ikx 
vv k;i o,A kA A v2lk I 

+ c.c.) • I k I < L ' (1.6) 

here u~ are the positive- and negative-energy solutions to 
the Dirac equation. HQ is the Coulomb term, 

2 

HQ ~ I Pk P k /lt 2 • 
2V k;i o - · 

Pk = f t/J*(x) t/J(x) e ikx .d ax ' 
v 

Q.~·M:1l511euHt-4i\ HHCMY" I 
!1 tm~~m_k .t:r.c:n~l!Oa~u~Q 
· ~HSJit.;."";Ti:Uf' 

(1. 7) . 



T and H" are the terms associated with .. a zero mode of a Bo­
son field 131 

a 2 · 
T = -(-) 12, 

as 
-> -> -
s = .f B (x) d 3x I y' V , 

v 
-> -> 

es -+ 3 es 
H" = ---=- ( 1/J*(x) ai/J(x) d x = - --==[ (11) + (20) + (02)) , 

y'V v y'V 

(11) I(a * a + b* b ) p ... IE pa pa pa pa p ' ' pa ~ 

->-+ 
-+ -+ (pa ) ] 

I * b* l a - p r:J (20) = r:J a p, a -p,-{j R (E +m) a,... , p, a,,... -p p 

(02) = (20) * • 

(1. 8) 

(1. 9) 

(1.10) 

(1.11) 

( 1.12) 

1.We shall consider the expectation vaiue H of the Hamilto­
nian H; 

- 3 
H = .f !l*(s)lHl(s)d siN, ( 1.13) 

N = f!l*(s)!l(s).d 3 s, (1.14) 

where O(s) is essentially the BCS probe function /4/ 

!l(s)=t/;(s)I1(1+AIIa* b* r:Jf(s)f~(s))IO> A;,.=A (1.15) p p p, a -p,-,... a ,... ' P p' 

1/l(s) = exp[ -<1;1 ~ n) 2 ], (1.16) 

Ap = (miEP)4
, (1.17) 

function f(s) satisfy equations 

<; ~> r<s> =I ;I v t<s>. r*.<s> r<s> = 1, (1.18) 

v = sign e. (1.19) 

The state IO> in eq.(1.15) is the state of the fermion and 
boson vacuum, so that 

c k.\ I 0> = apa I o > = b pa I o > = o . (1.20) 
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SEC. 2. EXPECTATION VALUE OF THE HAMILTONIAN 

For the calculation of the quantity H useful are some for­
mulas of the ~ayman's work/51. Equations (1.14), (1.15) and 
(1.18) give 

N =Z.fii/JI
2

d
3
s, Z= I1 (1+A 2P). 

p 

Analogously one gets 

2 EpAp 
. H = 2 I A2 

Oe 1 + p 

Hoph = o' 
fiTr 0, 

2A 
H" =- ev h"K, h" =I --~( 1- 2_ 

y'V 1 +A~ 3 

K = J I 1/J (s) l2d3 s Is I I .fl 1/J(s) 12d 3 s • 

p2 
----), 
EP(E P + m) 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

Equation (1.16) implies the quantity K to tend to +oo as n->+oo. 
Equations (1.19) and (2.5) give ev= leI, h"> 0, h" does not 
depend on s • Thus the expectation value (2.5) of the opera­
tor H" tends .to -oo as n-+ + oo (if the quantities V and L as 
well as quantities A p are fixed). Meanwhile, the exl?rectation 

'values (2.2)-(2.4) of the operators Hoe• Hoph and H r do not 
depend . on n • 

2. It is easy to see that ~xpectation values of epartors 
IiQ and T have finite limits as n ... + oo (these ,!.imits depend on 
V and L). Then it follows that the quantity H (1.13) and the 
total operator (1.1) are not bounded from below. The only 
reason of this phenomenon is that the Hamiltonian contains 

· the zero mode term H " • 
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3acTaBeHKO il.r. 

raMHnbTOHHaH (K3~)4 He orpaHHqeH CHH3 
lJ.neHbi C HyJieBOH MO,D;OH. B raMHJibTOHH~ 

raMHJibTOHHaH HeOrpaHHqeHHbiM CHH3Y (npF 
qeHHHX 06~eMa nepHOp;HqHOCTH H napaMeT~ 

Pa6oTa BbinOJIHeHa B naoopaTopim TeO~ 
OIDIM. 

llpenpHHT 06'heW~HeHHoro HHCTHTyTa H,D;epHl>JX nee: 

Zastavenko L.G. 
, 1 The (QED) 4 Hamil toni an Unbounded from 

We have shown that zero mode terms 
Hamiltonian unbounded from below. The 
V and cut-off parameter L are supposed 
values. 

The investigation has been performe 
of Theoretical Physics, JINR. 
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