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1. The QED Lagrangian is 

~=-{-<all Av- q,AIL)2- t/l*·y4[ yll(all -ieAIL) + m]t/J. 
.... 

Let us introduce new variables B , if; : 

-> .... 

B = A(x, t) +grad A, 

t 
A(x, t, t

0
) = f A 0 (x, r)dr, 

t 
0 

,~.. -ieA ·'· 
'f'· = e 'f'' 

In these variables one has 
.... . ... 

(;) 1 2 1( 2 
.l.. = - (B) - - rot B) . -

2 2 
3 

_if;* y [ ~ . y. (a. - ieB. ) + y
4
a 

4 
+ m] ¢. 

/ 4 1 J J J 

This Lagrangian gives the Hami1tonidn 

(1) 

(2) 

(3) 

1 .... 2 1 ... 2 3 ' ·. . 3 (4) 
h= f[-

2 
(17) +-

2
-(rotB) +¢*y4(~·y.(a. -ieB.)+m)if;]d x, 

. 1 J J J 

here 

"j (x) = - i o I o Bj (x) , j = 1, 2, 3, 

I[ 

[if;;(x), ¢;{3(y)]+ ~ oa{3 o(x -Y). 

Let us note that if 

AIL(x,t)-> A~(x,t) = AIL(x,t) + ea..\(x,t)/axll' it =X4, 

t/1->t/1' =t/Jeie..\(x,t) 
' 

t¥J~nsdeutiMft ~meF.ift'i I 
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·then 
... ... 
B(x, t) ... B(x, t) + e grad ,\(x, to) , 

¢(x, t) .... ¢(x, t) e i eA(x, t 0 ) 

(5) 

The Hamiltonian h is invariant under transformation'(5). Let 
us introduce a cubic periodicity volume V. Let us also intro
duce the decomposition 
... .... - ~tt 

B (x) = grad y(x) + C h./ V + B (x) , ..I 

-ttt .... ... -
JB dx = J ydx =0, C=JB(x)dx/yV,(c.f. eq.(13)). 

(6) 

The quantities C, Btr do not change under transformation (5). 
Operator 

77(X) = ¢(x) e- i e y(x) ( 7) 

gets a constant phase under this ,transformation. Let us con
sider the Schrodinger equation 

(h -E)O =0. (8) 

Here 

0 = 0(¢, ¢*, B) , (9) 

see eqs. (4) and (4a). It is possible to express 0 as a func
tion of variables 71• 71* , B tr, C, y: 

0(¢,¢*, B)= 0(71, 71*, Btr, C, y). 

Let us denote 

. 1 ... 2 
h = hl + 2 r ( 1T) dx. 

One has 

hl = hl(¢, ¢*,B) = h1 (7]; 71*, Btr + C/yV), 

Equation (6) entails the decomposition 

... 1 . ... 'k 
B(x) = -=- ( :I e(k, A)qA (k) e 1 x 

yV k;tO · 
A= 1,2 

" 
2 

+ :I i k q 
3 

(k) e ikx + C) • 
k;tO 

(10) 

(11) 

(12) 

(13) 

t· 

f 
~ 

... 
. \ 

We chose 
~ ....., .... ....., 
e(k, A)= e(-k, A), (e(k, A)k) = 0. (14) 

Then· 

r <-8->2dx = <~>2 + 
.... ... 

8B(x) ac 

.... 2 
- f(rr) dx 

1 a2 a2 
+:I (-- -+ :I -). 

(15) 

k ;to k2 aq 
3 

(k) aq 
3 

(-k) A= 1, 2 aqA(k) aq A (-A) 

· - ... tr ... The derivative a;aq 3 (k) acts on the functional 0(71, Tf*, B ,C, y) 
twi.ce: on y function and on 71, 71* operators .C 7): 

a a . ay(8) -= ( ) -1e {d8 --z(8) 
aq

3
(k) aq

3
(k) aq

3
(k) 

= (_i_-:-)- iefd8eiks z(K)/v'V, 
aq 3 (k) 

8 . 8 
z(8) = 71(8) --- -71*(5) ---

87f(8) a71 *(8) 

(16) 

(17). 

Let us consider, along with the operator z(8), the operat?r 
p(8) ' 

p(8) = 77*(5) 71(8) • (18) 

One has 

[ p(8) , 77(y)] =- 71(5) 8(8 - y) , 

1 
[ p(8) , 77*(y)] = 7j*(8) 8(8 - y) , 

(19) 
[z(8), 71(y)] 71(y)8(8 -Y), 

[z (8), 77*(y).] = -77*(y) 8(8 - y) , 

-Equation (19) provokes to expect 

p(8) = ~z(8). (20) . 
Thus we have got new expression for the QED Hamiltonian: 

~ 
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1 I. 
h=2k;to 

<- a 2 
aq A (k) aq A(-k) + k 2q A(k) q A( -k) ) + 

A=·1,2 

3 

+ f7J*y4 ( I. yj(aj -ieB~r) +m) 7J(X) d3x -
1 

'-+ 

a 2 c ... 3 
_.!.(--:::;-) -ie-==- .f7J*(x)y4 y7J(X)d x -

2 -ac ...;v 

1 1 
-- I. -[ 

2 k-* 0 k2 

.J 

a2 

. aq3(k) aq3 (-k) + 

21e _ 
+ -=-p(-k) a e2 - -...; v aq

3
(k) - -v- p(k) p(-k)] , 

p (x) = .f p(x) e ikx d3x • 

(21) 

(22) 

Equation (21) ·essentially coincides with th~ standard QED Ha
miltonian. It contains, however, an important new (zero mode) 
term, 

. 1 .... 2 ... ... -
-"f(a/aC) - eC f 77*(x) a 7J(X) d 3x/yV. 

This term makes the Hamiltonian (21) unbounded from below (see 
a subsequent paper/51. 

We have got also a new derivation of the QED Hamiltonian. 
This derivation may be applied to the QCD. 

Let us note that introduction of straight-forward cut-off 
in the Hamiltonian (21) 

(7J(X) = _!.__ I. U ipx 
vVIPI<L puA e apuA• 

Btr (x) 1 

...;v 
I k I 7 L • qA (k) e A (k) e ikx 

k ,fo o, A=1,2 

) 

does not contradict the Gauge invariance (see the remarks af~ 
ter eqs.(6) and (7)). 

.·2. Now let me comment on the consideration of item 1. As a 
matter of fact, one can find the derivation of the QED Hamil
tonian (mainly). in old textbooks (by Heitler 111 , Schiff 121, 
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Dirac 131, Wentzel/41. All these derivations use, instead of 
eq. (6), the repre~entation 
... ... 
B(x) = grady + rota, (6a) 

rotS= B tr , of the vector field B(x) , thus omitting the term 
C//'"V which gives rise to new ter1ps in the QED Hamiltonian. 

This .term was neglected in order to ensure the property . ... . 

B(x) -+ 0 as x ... oo of the field B(x). Which of the representa-
tions, eq.(6) or eq.(6a) is correct? As much as I do under
stand~. eq.(6) gives the standard commutation rule 

[ "· (x), Be(Y)] = -io(x- y) o ·e , J . J 

while eq.(6a) gives a wrong commutator 

["J(x), Be(y)] = -iBJe [o(x -Y) -1/V], 

for eq.(6a) implies the decomposition 

. -112 ax 
B j (y) = V I. q. (k) e • 

k;iO J 

(4b) 

(4c) 

2 .1. Thus I dare think that all past derivations of the 
QED Hamilt9nian possess an essential mistake. 

2.2. Transformation (2) enabled me to avoid using asupple
mentary condition for elimination of the field A0 (x, t). I am 
indebted to Dr. V.L.Ljuboshits who has explained me that 
transformation (2) is connected with the De Witt gauge. 

2.3. I do understand that my proof of eq .. (20) is not ex
haustive. 

2.4. Let me stress once again that it seems to .be promising 
to apply the method of the present work to the problem of the 
QCD Hamiltonian derivation. 

ACKNOWLEDGEMENT 

I am deeply indebted to Dr. N.P.Ilieva,»whose remark gave 
rise to this work. I am also indebted to Dr. G.N.Afanasiev 
and Professors B.M.Barbashov, G.V.Efimov, A.V.Efremov and 
V.N.Pervushin for discussions and criticism. 

5 



REFERENCES 

1. Heitler W. - Quantum Theory of Radiation, Oxford, Clarendon· 
Press, 1955. · 

2. Schiff L.I. -Quantum Mechanics, Mc.Graw-Hill Company INC., 
New-York - Toronto - London, 1955. 

3. Dirac ·P.A.M. - The Princip~es of Quantum Mechanics, Oxford, 
Clarendon Press, 1958. · 

4. Wentzel G. -Quantum Theory.of Fields, Interscience Publ. 
Inc., New York, 1949. 

5. Zastavenk~' L.G. - JINR E2-90-281, Dubna, 1990. 

Received by Publishing Department 
' on April 20, 1990. · 

6 

WILL YOU FILL BLANK SPACES IN YOUR LIE 

You can receive by post the boob lfated below. Prices -Jr 
and registered poatap. 
D13;86-793 

D4-86-861 

D1,2-86-668 

Proceedings of the XII International Sympoelum o 
Nuclear Electronics, Dubna, 1986. 

Proceedings of the International School on Nuclea 
Aluahta, 1986.. ) 

Proceedings of the VIn International Seminar on I 
• Energy Physics Problems, Dubna, 1986 (2 voluml!ll 

D8,4,17·86·747 Proceedings of the V International School on Neut 
Physics. Alushta, 1986. 

D9-87·105 

D7-87-68 

D2-87·128 

D4-87-692 
.'-

D2-87·798 

D14-87·799 

D17-88-96 

11,2-88-426 

Dl4.S8.S33 

. D18-88-938 

D10.S~70 

1)9.89-62 

Proceedings of the X All· Union Conference on Chi 
Particle Accelerators. Dubna, 1986 (2 volumes) 

Proceedings of the International School-Seminar 01 

Physics. Dubna,1986. 

Proceedlrigs of the Conference "Renormallzation C 
Dubna, 1986. 

Proceedings of the International Conference on th1 
of Few Body and Quark·Hadronic Systems. Dubna 

Proceedings of the VIII International Conference o 
Problems of Quantum Field Theory. Alushta, 198"4 

Proceedings of the International Symposium on M 
and Pion Interactions with Matter. Dubna, 1987. 

Proceedings of the IV International Symposium .. 
on Selected Topics in Statistical Mechanics. Dubna 

Proceedings of the 1987 JINR-CERN School ot Ph: 
Varna, Bulgaria,1987. · 

Proceedings of the International Workshop on'Mod 
Trends in Activation Analysis in JINR. Dubna,198 

Prociledinp of the Xlll International Symposium 
on Nuclear Electronics. Varna, 1988 

Proceedings of the International School on the 
Problema of Use of Computers in Physical Researcll 
Dubna, 1988 

Proceedings of the XI All·Union Conference on Chi 
Particle Accelerators. Dubna, 1988 ( 2 volumes) 

D4,6,15-89-688 Proceedinp on the International Conference on Bel 
Topics in Nuclear Structure. Dubna, 1989 

Orders for the above-mentioned books can be sent at the 1 

Publfahlng Department, JINR. 
He4d Post omce, P.O.Box T9 101000 Moacc 


