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I. INTRODUCTION 

In the last years interest has been aroused in the models 
of a relativistic point particle the action of which contains, 
besides the length of the world curve, new terms that depend 
on the curvature Ill-S/ or torsion /7- 101of this curve. Such 
geometrical invariants of the world trajectory should be ta
ken into consideration, in particular, by introducing the spin 
factor into the Feynman path integral/1t,t21. In this approach 
there is a possibility of obtaining the spinor propagator by 
making use of the bosonic path integral without introducing 
the Grassmannian anticoinmuting variables at the· classical le
vel. The model of the relativistic particle with curvature 
can be treated as a·one-dimensional version of the rigid 
string /5,13fcind its Euclidean setting is used in the polymer 
theory/14/. In ref./7/a mechanism of fermion-boson transmu
tations has been explored. Scalar charged particle was plac
ed in an external Abelian gauge fielq with the action contain
ing additional Chern-Simons term. In the Euclidean three
dimensional space it was shown that the effecti~e action 'of 
the particle acquires an additional term giv~n by the integral 
along the trajectory of its torsion. By making use of the 
path integral it was snown that the corresponding effective 
propagator is the usual three-dimensional Dirac propagator. 
It is worth-while to construct the canonical quantum theory 
of this model in the operator form which gives us a more com
plete description. The present paper is devoted to this prob
lem. The layout of the paper is as follows. In the second sec
tion the generalized Hamiltonian formalism for 'a relativis
tic particlewith torsion in aD-dimensional space-time is 
const.ructed. A complete set of the constraints in the phase 
space is found, their separatibn into the first-class and the 
second-class C<?ns~raints is fulfilled .. The third section is 
devoted to the canonical quantization of this model. At first 
the general scheme of quantization in D-dimensional space-time 
is considered. Further the case of a three-dimensional space
time is investigated in detail. In the sector with positive 
mass s'quared we obta'ined a spectrum determined by an equa
tion involving the parameters of the-model, the mass and spin 
of a state. The possihH·:ht~-d~:ili-ing-, in the .framework of 
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this model, the states both with integer, half~integer and 
continuous spins is discussed. By making use of the Casimir 
operators of the Poincare group we construct the wave equa
tion and the corresponding propagator. In Appendix A a dis
crete mass spectrum in the model of the relativistic particle 
with a curvature in the D-dimensional space-time is derived. 
Different forms of the wave equation are proposed and the 
corresponding propagator is found. The possibility of descri
bing the states both with integer and with half-integer spins 
in the framework of this model are discussed. 

~ 

2. THE HAMILTONIAN FORMALISM 

Let us consider the action of a relativistic particle defi
ned by 

S = -m Jds -a .(K(s) ds, (2.1) 

where ds is a differential of the length of the world trajec
tory, K(S) is the torsion of this trajectory, m is a COnstant 
with a dimension of mass and a is a dimensionless constant*. 
It xt'( r) , tl = 0, 1, •.. , D - 1 is a parametric representation 
of the world trajectory, then the action (2.1) can be rewrit-
ten in the form /15/ · 

8= -mfdrJx 2 ._a f drvi 2 vd 

( 
•.• 2 .2::-2- .. 
xx) - x x 

(2.2) 

(a) ({3) (a) 

where d =det(daf3), daf3=X fl xtl , x = dax/dra , a, f3 =. 
= 1, 2, 3. The dot means the differentiation with respect to 
r. In the D-dimensional space~time the metric with the sig-
nature(+, -, ••. , -) is used. . 

The action (2.2) is invariant under the Poiricar~ transfor
mation i~ the D-dimensional space-time and under the repara
metrization of a world line. As a consequence of the last 

-1 * It should be noted that the integral ( 2 TT) p K ( s) ds taken along 
. c 

a closed contour C in the three-dimensional Euclidean space is equal to the 
linking coefficient of the boundaries of a flat strip connected with this 
contour /15,161. In order to get an absolute topological invariant, one 

/should take into consideration the writhing of this strip 117,18/ • 

. 2 

--~------.... ~ 
property the Lagrangian function in (2.2) is singular. We 
shall construct now the generalized Hamiltonian formalism for 
this model by making use of the results of papers /1,19~ To. 
begin with we introduce the canonical variables 

q1 =X' q2 =x. q3 =X' (2.3) 

aL dp2 
p =---,---

1 ax ct r (2~4) 

aL ctp3 
p =-------
2 ax dr ·. (2.5) 

p
3 

= _ aL ---a·x: • (2.6) 

where L is the Lagrangian 
(2.6) the Lorentz indices 

·The explicit form of 
be required further. It 

function in (2.2). In eqs.(2.3)
are omitted for simplicity. 

the canonical momentum p
3 

will only 
is given by 

pll=a vx2 3 - 3 ex x)2 _ x'2x 2 ..;ct · I 
·a= 1 

d3a (a) 
X ll (2. 7) 

af3 - . {3y y 
where d is the matrix inverse to da(J: daf3 d = Ba • From 
(2.7) we deduce three primary constraints 

(1) 2 2 q~ cP =P +a 1 3 -- - -=0, 2 2 2 
(q2q3) -q2q3 

(1) 
cP =P q =0, 

2 3 2 

(l) 

c/13 =p3q3=0. 

According to Ref. 1191 the canonical Hamiltonian is 

• •• ••• 2 
H = - p x- p x- p x - L· = -p q - p q + m v q

2
• 

l. 2 3 1223 

The Poisson brackets will be defined as follows 
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(2.8) 

(2.9) 

(2.10) 

(2 .11) 



(f,g) 
3 

:£ 
a=l 

. . . 
ar ag ar ag 

(---------). 
apll aq aqll ap 

a a/l a a/l 

The primary constraints (2.8)-(2.10) are in involution between 
themselves 

. (1) (1) 

( ¢1 • ¢2 ) = 0 • 
(1) (1) (1) 

C¢1 • ¢3) = 2 ¢1 ~o. 
..I 

(1) (1). (1) 
(¢ .¢ )=¢ .. o. 

2 3 2 (2.12) 

The sign "' means a weak equality 1201 • 

In Ref./1/ the generalized Hamiltonian formalism develop
ed by Dirac for singular Lagrangians of the first order has 
been extended to the singular Lagrangians with higher deriva
tives. We shall follow this approach. The dynamics in the 
phase space is determined by the equations of motion 

df _ _i!__ +(!,H)+ 
~- ar 

3 {1) 

:£ ,\a(!• ¢a)' 
a=1 

(2.13) 

where! is a function of.the canonical variables and evolution 
parameter r. 

Let us now look.for the secondary constraints by making 
use of the Dirac prescription. Demanding the stationarity of 
the primary constraints · 

(1) 

d¢ a (1) 

-=(r/J ,HT) =0, 
dr a 

a=1,·2,3. 

3 (1) 

with HT = H + :£ ,\b¢b we obtain three new constraints 
b=1 

q2q3 = 0 • (2) a2 2 2 2 
¢ 1 =P2P3 ~ (q q ) -q2q3 . 2 3 

(2) 

¢ =P q =0, 
2 2 2 

(2) . 
¢ =P q =0. 

3 2 3 

(2.14) 

(2.15) 

(2.16) 

'(2.17) 

Further we shall need the Poisson brackets of the con-· 
straints (2.15)-(2.17) with the Hamiltonian (2.11) and.with 
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the primary constraints (2.8)-(2-10) 

(2) (1) 

( ¢1 • ¢1 ) "" 0 • 
(2) (1) (1) 

(¢ • ¢ . ) = ¢ "'0. 
1 2 1 

(2) (1) (2) 

( ¢1 • ¢3) = ¢1 "' 0 • 

. 2 
(2) q3 (3) . 

(¢ ,H)=-[p p +p2 +a 2 1=-¢, 
1 1 3 2 ( )2 2 2 1 

q2q3 - q2 q3 

(2) (1) 
( ¢2 • ¢1 ) = 0. (2) (1) 

( ¢2 • ¢3 ) = 0 • 

. (2) (1) (1) 
(¢ .¢ )=¢ ==0, 

2 2 2 

(2) (3) 

( ¢2 • H) "' H = ¢2 • 

(2) (1) (2) (2) (1) (1) (2) 
(¢3. r/J1) =-2 ¢1 == 0 • (¢3. ¢2) = ¢3-¢2 == 0 • 

(2) (1) (2) . 

( ¢3 • ¢3) == -¢3 "' 0 • 
(2) q2q3 (2) 

(¢ ,H).=-P q +m = ¢3 • 
3 .. 1 3 - 2 

v'q2 

The requirement of the stationarity 
( 2 .17) on .the equations of motion 

(2) 

d ¢ (2) 3 (2) . (1) 
--2-=(¢ ,H)+:£ ,\b(¢ ,¢b),o, 

dr ~ b= 1 a 

results in the three new constraints 
miltonian (2.11) between them 

(2.18) 

of the constraint~ {2.15)-

a= 1,2,3, (2.19) 

with the canonical Ha-

(3) 2 q2 
¢1 = P1 p3 + p2 + a2 • 3 = 0 • 

. 2 2 2 

(3) 
(q2q3) -q2q3 

¢ = H = - p q - p q + m v' q
2
2 = 0, 

2· ll? 23 

(3) q q 
,~.. = -p q + m 2 3 = 0 • ~3 1 3 . 

v' q2 
2 

(2.20) 

(2.21) 

(2.22) 

On this stage the process of generation'of constraints is 
stopped.The requirement of the s~ationarity of the last co~st
raints (2.20)~(2.22) enables us to determine the Lagrange mul
tipliers ,\ 1 and .\ 2 in the total Hamiltonian H T 

5 



.\1 = m 
( 2 2 2 
. q2q3) - q2q....;;..3 __ p p 

.\3= 3 -~1-~ 
p p 

(2.23) 

2 ( pl p 3 ) q; v q; 1 3 

Now we have to separate all the constraints into the first 
and second-class constraints. For this purpose we constrauct 
the matrix n with elements . 

n ij "" c e i • e j ) • 1Si,jS9, ~ (2.24) 

(b) 

where IJ 3 ( b- 11 +a = ¢ , a, b 
written in a 'block-form: 

1, 2, 3. The matrix n can be re-

0 0 A 

n= 0 B c (2.25) 

-At -::- ct D 

where 0 is the (3x3)-zero-matrix and 

·o o - 2P1Pa 

A= 0 0 0 

-P
1 

p
3 

0 0 

plp2 
0 -P1P2 

a2 ___ 
g 

·c = l-2plp3 0 0 

a2m2 
-plp2 0 

Pi y'q~ 
2 2 2 Here g::(q2q3) -q2q3 ' 

known/211, tne num~er of 
Dim Ker _n. If the vector 

0. 0 -plp3 

B= 0 0 0 

p1p3 0 0 

0 

, D= I3P1P2 

p2- m2 
1 

(2.26) 

-3p p · · m2 -p2 
1 2 . 1 

mg 
0 

q2 v7 2 2 

-mg 0 
q2 vQ:F 

2 2 

sign t means a transposition. As is 
the first-class constraints equals 
~ .(;; Ker n ' . ~ = I ~ 1 ••••• ~ 91 ' then 

'6 

~4 =~6 =~7=~9= 0 • 

(plp3) ~3+ 2 (p1p3) ~5-a(p1p2) ~8= 0 • 

2 ( ) 1: - mg /:: -
P1P3 "'1 --"'8 - 0 • 

Thus we get 

Dim Kern = 3. 

q2 v q2 
2 2 

(2. 27) 

Therefore in the model under consideration there are three 
first-class constraints and six second-class constraints. The 
number of physical degrees of freedom equals obviously 3D-6. 
The first class constraints can be separated by the formu-
la /211 

9 (a) 

<II = 2 ~-e. • a= 1,2,3, (2.28) a i= 1 1 1 

(a) 

where ~-• a= 1, 2, 3 are the basis vectors of Kern. By 
making u~e of eq. (2.27) one can easily construct these vec

(a) 
tor up to an arbitrary factor for. each ~ . They have the 
following nonzero components 

(1) (2) (2) 
~2 = 1, ~ = -2, 3 ~5 = 1, 

(3) mg (3) 2P1 p2 (3) (2.29) 
~ = • ~ = • ~ 8 = 1. 1 

2q2 v-2- 3 p1p3 
2 q2p1p3 

Taking into account (2.28) and (2.29) we obtain the first
class constraints 

ci>i =p3q2=0, 

ct>2 = p2q2- 2 p3qa= 0 • 

'lila = - P 1 q 2- P 2 q a+ my' q~ + 
2p·p 

_1_2-

p1p3 
p3q3 + 

+ mg . 2 ·. - (p2 2 q2 (p p ) 2 .I 2 3 +a _2 ) = 0 
1 3 q2yq2 g .• 

7 

(2.30) 

(2.31) 

(2.32) 



As the second -class constraints <U 
8 

= 0 , . s = 1, • ~ . , 6 one can 
take six arbitrary constraints from the set I 0

1
, i = 1, ..• ,91 

with det II ( <U 8 , <U 8 , ) II I 0 , s , s' = 1, •.. , 6. This can be done 
in many ways. For example,·one may put 

(2) 

<Ua =¢a= 0 • 
(3) 

0 3+a=¢a • a=l,2,3. (2.33) 

In this case the Hamiltonian (2.11) is considered to be the 
second-class constraint. Howev_;r we can substitute H = 0

5 
in 

(1) 
(2.33) by ¢ 1 • At quantum level we shall consider both 
these possibilities. 

3. QUANTUM THEORY 

At first we consider the general scheme of the canonical 
quantization of this model in the D-dimensional space-time. 
We are dealing with a generalized Hamiltonian system in the 
50-dimensional phase space with three first-class constraints 
(2.30)-(2.32) and six second-class constraints (2-33). The 
state vecto~s are defined from the conditions 

<Ila II/I>= 0' a=1,2,3. (3.1) 

The commutators of the operators qa and Pa• a= 1,2,3 must be 
determined by the Dirac brackets constructed by means of the 
second class constraints 0

8
• After this the constraints 0

8 will vanish identically at the quantum level, and they can be 
omitted in conditions (3.1). As a result, the wave equations 
(3.1) can be rewritten only in terms of the primary const
raints 

(1:.) 

¢ II/I>= o, 
a a= 1, 2, 3. (3.2) 

The number of the wave equations (3.2) can be reduced by 
introducing the gauge conditions. For example, the condition 

)(1 =q2q3= 0 (3.3) 
entails considerable simplification. From (3.3) it follows 
that· 

q~ = canst.· (3.4) 

8. 

--~-----

Thus eq. (3.3) is in fact, the proper time gauge. This gauge 
eliminates completely the functional freedom in the equations 
of motion (3.13), and the last Lagrange multiplier turns out 
to be 

>.2=qi/q~. (3.5). 

In principle, we can impose one or two gauge condJtions in 
addition to (3.3) x (q ,p ,r)=O, C=2, 3 demanding that · c a a -

ctet II c x a • ·<Il b) II 1 o , a, b = 1, 2, 3, (3.6) 

a)< 
---a c + c x • H) + 

r c 

3 (1) 

I >.a<)(,¢ )""0, 
a= 1 c a 

c = 2, 3, (3.7) 

where >.a, a= 1, 2, 3 are defined in (2.23) and (3.5). 
Further simplification is achieved when D =.3. In this 

case a relation between the parameters of the model, a and 
m, entering into the action (2.1) and the squared mass M2 = pf 
of the state and its spin can be obtained. Let us derive this 
relation. If D = 3, then three vectors I q

2
, q3 , p

3 
I form, by 

virtue of (2.8)-(2.10),.a complete orthogonal basis. Taking 
into account (2.1~)-(2.17) and (3.3) we deduce 

P:(r)=O, ll = 0. 1,12. (3.8) 

The components of the vector Pf in the basis lq
2 

q
3
.,p

3 
I are 

P P _ ~ P q _ m _, q2 
l 3- q2 , . l 2-. v !2 

2 
p1 q 3 ~ 0: 

Hence one can write 

q2 
piLl = pll _3_ + qll m 

3 2 2 
q2 v q2 

2 

Squaring eq. (3.10) we obtain 

p2 = M2 =m2 +a2 
l . 

-q2 
.3 

(q2)2 
2 

(3.9) 

(3.10) 

(3.11) 

where M
2 

is the mass of the particle with the action (2.1). 
From (3.11) it follows that . · . 

-9 



M2 < m2 
(3.12) 

and M
2 

is not positive definite because q2 <0. Thus, in the 
model under consideration the squared masJ is determined by 
the initial conditions (by the Cauchy data) for variabless 
q~ and it can be either positive, or negative, or it can va
nish. Further we shall confine·our consideration to the sec
tor in this model, where Pi ~M 2 > 0. Obviously, it can be 
made only in the free case. 

Let us examine the angular momentum in this model 
3 ~ 

MW ~ :£ (qa,Pav -qavPa,) • 
a~r .. ,.. 

At the quantum level the algebra of the operators M
11

v should 
be determined by commutators of the operators qa and pa, a= 
= 1, 2, 3. In their turn these commutators are defined, as 
mentioned above, by the corresponding Dirac brackets. But 
the requirement of the Poincare invariance of the theory un
der consideration determines the algebra of the operators · 
p and M completely. This algebra must·be the same as the 
aYgebra ofvthe Poincare group. Without calculating the cor
responding Dirac brackets we assume that the Poincare inva
riance takes place. As the scalar Casimir operators of the 
Poincare group we take the following ones/22/ 

P2 M2 
1 "' • (3.13) 

1 MllV 2 (M ll) 2 w = 2 M /lV . PI - po p1 • (3.14) 

It is easy to show that on the surface determined by the con
straints and gauge conditions the invariant W is given by* 

2 ( 2 W.,. a P
1 

2 q2 
a 3 

---). 
q2 q2 

2 2 
(3.15) 

Taking into account (3.11) we obtain 

w .. a2m2. 
In the rest reference 
=(p~ =M,.i\=O),we 

(3.16) 
frame of the particle, where p~ = 
have 

*rn the four-dimensional space-time the invariant W is the squared 
Pauli-Lubanski vector with sign minus, W = -w

11
wll, where w

11 
= (1/2)£/lVp:TMv/Pf. 

/' 

10 

J 

l v 

i 
ta 

. ( o 2 · 12 M
2 O ( ) W = pt.>. M 12 M = T 0 2 (S 2) , (3,.17) 

where 02 (SO (2)) is the squared Casimir operator of the group 
S0(2) (s.ee, for example ·/23/). Hence, there is a general re
lation 

2 2 2 ) 2a m ~ M 0 2 (SO (2 ) • 
'(3.18) 

Now we have to specify the transformation properties of 
the state vector I~>. Here there are three possibilities in 
acco~dance with three different representations of the. rota
tion gr~up S0(2)on the plane /24/ with integer, half-odd
integer .or continuous values for spin j. In all these cases 
we have 123/ 

0 2 (so ( 2)) = 2 j 2 • 1=0,1, ... , (3.19) 

The values J.<a do not fit condition (3.12). Without loss of 
generality we can suppose that a > 0. Therefore relation 
(3.18) should be rewritte,n as follows 

M 2 a 2 <m> ~<r> 'J >a· (3.20) 

If the parameters of the model a, m and the spin J of the 
state are given, then eq. (3.21) determines the mass of this 
state. If one assumes that m, M and j are fixed, then relation 
(3.20) defines the parameter a. · 

It should be noted here that in the model under considera
tion we have to deal with the tensor representations of the 
S0(2)-group only because the initial action (2.1) contains no 
spin variables at the beginning. And even in the case of the 
half-odd-integer spin values the corresponding wave function 
is taken in the Schrodinger coordinate representation instead 
of the spinor one. 

Let us construct the propagator in this theory. After im
possing the gauge conditions we have one constraint on the 

11 



physical state vectors* 

(1) 

r/J 1 ltb>·=O (3.21) 

that can be rewritten as 

(piqi - a 2 ) I tb > = 0. (3.22) 

The operators in the left-hand side are expressed in terms 
of the Casimir operator Pi and~W of the Poincare group. As 
a result, the wave equation becomes 

W- a 2m2 

p2 
1 

ltb>=O. 

The. propagator a in the o"perator form is- defined by 

• 
p2 

a = 1 

W - a 2 m 2 

(3.23) 

(3.24) 

In order to ·transform the operator equation (3,23) into. 
the partial differential equation for the wave function 
tb ( q1 , q~, q3), one has to construct the exact :r;ealization of 
the Cas1mir operators pf and W in terms of a/aqa' a = . 
=.1,2,3. It is easy to write this equation in the rest frame 
by making use of the angular variable ~ 

·· m 2 
+(a -) ] tb ( .1.) = M . ~ 0. (3.15) 

One may impose in principle, three d'ifferent boundary condi
tions 

2 tb(¢)=1/J(r/J+2rr), tb(c/J)=-I/l(r/J+2rr), ltb(!/>)1 =1. 

Putting 

tb ( ¢> ) - exp (1 j ~) 

(3.26) 

(3.27) 

---.,...-------~· - (1) ' ' . 
_
1
:we assume that the constraint ¢ 3 '= 0 is ,transformed into the second

class constraint by an appropriate gauge condition that obeys eqs. (3.6} 
and'(3.7). 

12 

we obtain from (3.26) integer, half-integer or continuous 
values for spin j. After substituting (3.27) into (3.25) we 
arrive at the mass formula (3.20) that gives the position of 
the propagator poles. 

Here it is worthwhile to note that a decisive conclusion 
about the permissible values of the spin in the model under 
consideration can be made only after obtaining the connection 
of angular variable ¢ in ( 3. 25) with the canonical vadables 
q , p and choosing on this basis the corresponding boundary a a . . 
conditions in (3.26). We would think that it is interesting 
to remind of the half-integer orbital angular momentum prob
lem in nonrelativistic quantum mechanics that is still being 
under"discussion (see, for example, /28/ and references the
rein). 

As was mentioned in Section 2 one can substitute H = w
5 

(1) in the set of the second-class constraints (2.33) by r/J
1 

• 

Th~s entailes, at quantum level, different form of the wave 
equation. Instead of (3.23) we have 

<ll 3 ltb>=Hltb> .. (-p1 q 2 +mJq~) I tb>=O. (3.28) 

Probably this equation can be reduced to the Dirac ·equation 
more easily in comparison with the equation (3.22) or (3.23) 
(see, for example, Ref. 1250. The mass formula (3.20) can be 
derived from the wave equation (3.28) as well. 

The relation between mass and spin alsQ takes place in the 
theory of the relativistic particle whose action depends on 
the curvature of the world curve (see Appendix ·A to ·this '· 
paper ·and Ref. 121 ) • 

4. CONCLUSION 

Thus, we have shown that at the quantum level the action 
(2.1) describes infinite family of states with different 
spins. The mass of a state cannot be arbitrary but it is de
termined completely by the model parameters a, m and by the 
spin of the state. This picture takes place only•in the sec~ 
tor with positive mass squared. · 

In principle this model enables one to describe the states 
with integer, half-integer and continuous spins. But a deci
sive conclusion requiresmore sophisticated investigations 
here. The extension of this model to include interaction is 
worthwhile also. 

13 



The idea to describe classical relativistic particles 
with spin by means of the Lagrangian with higher derivatives 
without introducing anticommuting Grassmannian variables has 
been proposed long ago 1271• Further development of this ap
proach can be found in Refs. 128- 311. 

As far as the investigations of the boson-fermion transmu
tations in the external Chern-Simons fields are concerned 
here there is another possibility. One can quantize the 
whole system, a charged particle and external field, without 
preliminary construction of·the effective partcile ac-
tion /32, 33/. ~ 
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APPENDIX A 

Here we obtain the quantization condition for the mass 
spectrum in the theory of a relativistic particle with the 
action 

S=-m Jds+a fk(s)ds, · (A.l) 

where k(s) is the curvature of the world curve. The D-di
mensional space-time is considered. In paper/1/ the complete 
set of constraints in this model has been obtained as fol
lows: 

(1) 

¢ =Pq =0, 
2 2 2 

(1) 
¢ = p2q2 + a2 = 0 

1 2 2 • 
(A.2) 

(2) ----
- 2 . 

¢2 - P 1 q 2 - m v q 2 =. 0 • 
(2) 

¢ =PP =0, 
1 1 2 

(A.3) 

The invariant of the Poincare group W on the surface defined 
by the constraints reads 

W·= a (m2 _ p2) = a2 (m2 _ M2) 
. 1 

(A.4) 

Further we shall consider only the sector in the model, whe
re Pi = M 2 > 0 . In the rest frame we have 

14 

w = (p~ )2 

2 

D-1 
I 

i, j= t 

. .. M2 
M .. M1

J =---- 0 2 (SO(D-1)), 
lJ 2 (A.5) 

where C2 (SO(D-l))is the squared Casimir operator for the 
SO(D-1) -group. The eigenvalues of this' operator ·are /23/ 

0 2 (SO (D-1 }) = 2j (j + D-3), j = 0,1,2, ••• , D>3, (A:6) 

where j is the integral spin of the state. We do not consider 
here the half-odd-integer values of j in order not to deal 
with the double-valued'eigenfunctions of the angular momentum 
operator in the coordinate representation. As known, -in non
relativistic quantum mechanics such wave functions are exclu
ded by·means of t4e Pauli criterion /341. ForD= 3 it 'would 
be the function oJ, (a,B,y)with half-odd-integral j (the ro
tation matrices/2~ ). The rejection of the Pauli criterion in 
the model under consideration would be badly undesirable be
cause this admits half-odd-integer values of the ordinary 
orbital angular momentum~~. 

Let us return to the Casimir· operator 0 2 (SO(D-1 )). If 
D=3, then 

0 2 (S0(2)) = 2j 2 , j ~ 0. (A. 7) 

In this case the spin of the state is arbitrary. From (A.4)
(A.7) we deduce the relation between the spin j and the mass 
of the state 

ffi2 M2 (A.8) • 
l'+a-2 j(j+D+3) 

and for,D = 3 

M2 = .. 
m2 

j ~ o. • 
l+(J/a)2 

(A.9) 

,.,Nevertheless the authors of ·paper 1~11 considering .the analogous:prob
lem, proposed to use the wave functions oJ , (a. f3 'y) with the half-odd-
integral j. m m · 
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If the spin j in (A.8) and (A.9) increases, then the mass of 
states descreases. This contradicts the properties of the 
elementary particles known until now. The same comment con
cerns the mass spectrum (3.20) too. 

For quantization it is important to split the complete 
set of constraints (A.2) and (A.3) into the first-class and 
the second-class constraints. As is shown in Ref. /1/ , the 
first-class constraints are defined by 

..J 
U) (~ 

~1 =(m2 -p~) ¢1 + 2 P·~ (plq2) ¢2·= 0 ' 

(A.10) 
·~2 = p2q 2 = 0 0 

The second-class constraints can be picked out in two ways. 
In Ref./1/ this was made as follows 

(2) 
(t)l =c/11 • 

(2) 
(t)2 = -H = ¢2 ' (A.ll) 

But one can take as the second-class constraints the follow
ing ones 

(2) 

())1 = ¢1 
(1) 

(t) - ¢ 2 - 1 0 (A.12) 

Equations (A.10) and (A.11) determine the same submanifold 
of the phase space as the constraints (A.10) and (A.12).How
ever these two ~ets of the constraints entail, at the quantum 
level, different wave equations, at least in appearance. 

After imposing the gauge 

· q2 = canst· 
2 (A.13) 

the constraints (A.10) and (A.11) result in the following 
wave equation: 

·<Pi -rn2
) (p;q: +a 2

) It/!>= Oo (A.14) 

As usual we assume that the second-class constraints vanish 
as the operating at the quantum level due to the use of the 
Dirac brackets instead·of the Poisson brackets. The wave 
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equation (A.1) can be rewritten on the constraint surface in 
terms of the Poincare group invariants 

( p
2 

- m2 +a- 2 W) I 1/J > = 0 o 1 . (A.15) 

Hence it follows that the propagator in this model is 

G ( 2 2 -2 W)-1 · = p
1 

- m +a • (A.16) 

By making use of the representation where the.Casimir opera
tors PI and W are diagonal we easily obtain the formulae 
(A.8) and (A.9) that determine the poles of the Green func
tion G. 

If we shall quantize the model under consideration using 
the second-class constraints (A.12), then· instead of the wave 
equation (A.14) we get 

q2J1 . 
( p 11 - m ) l.r/J > = 0 o 

11. .Jq~ (A.17) 

On the constraints surface it can certainly be reduced to 
the form (A.15) with the same poles of the propagator. How
ever, as we think the wave equation (A.17) can be related to 
the Dirac equation more easily in comparison with the equa
tion (A.14) •. As. the y-matrices one could probably . take 

q~ / J q~( see the analogous problem in Ref. /25/); 

REFERENCES 

,1. Nesterenko V.V. - J.Phys.A: Math.Gen., 1989, 22, No.10, 
p.16'Z3. 

2. Plyushchay M.S. - Mod.Phys.Lett., 1988, 3A,. p.l199;, 1989; 
4A, No.9, p.837; Int~ J. Mod.Phys., 1989, 4A, No.15, 
p.3851. 

3. Battlle C., Gomis J., Pons,J.M., Roman-Roy N. :-:J.Phys.A: 
Math.Gen., · 1988, 21, No.12, p.2693. , · .. · 

4. Pisarski R. - Phys.Rev., 1986, D34, No.2, p.670., .. 
5. Alonso F., Espriu D .. - Nucl.Phys., 1987, B283, No~3,4, · 

p.393.. . 
6. Arod~ H., Sitarz A., Wegrzyn P·. ->Preprint TPJU-17/89. 

' . ' ~ 
Cracow: Jagellonian University, 1989. 

7. Poiyakov A.M. -Mod. Phys.Lett., 1988, 3A, No.3, p.325. 
8. Imai N., Ishikawa K., Tanaki I. - Preprint EPHOU 89-003. 

Sapporo: Hokkaido University, 1989. · 

17 



9. Iso S., Itoi C., Mukaida H. - Preprint TIT/HEP-152, NUP
NUP-A~89-12. Tokyo: Tokyo Institute of Technology, 1989. 

10. Plyushchay M.S. - Preprint IHEP 89-136. Serpukhov: IHEP, 
1989. 

11. Alekseev A., Faddeev L., Shatashvilli S. - J.Geometry 
and Physics, Gelfand volume, 1988. 

12. Alekseev A., Shatashvilli S. -Mod. Phys.Lett., 1988, A3, 
No;.16, p.l551. 

13. Nesterenko V.V., Nguyen Suan Han. - Int.J.Mod.Phys., 1988, 
A3, No.10, p.2315. , 

14. Warnew M., Gunn J.M.F., Banmgartner A.B. - J.Phys. A:Math. 
Gen., 1985, 18, No.15, p.3007. 

15. Aminov Yu.A. - Differential Geometry and Topology of Cur
ves (In Russian). Moscow, Nauka, 1987. 

16. Fenchel W. - Math.Ann., 1929, 10, S. 238. 
17. Frank-Kamenetzkii M.D., Vologodskii A.B. - Uspekhi Fiz. 

Nauk., 1981, 134, No.4, c.641. 
18. White J.H. - Amer. J. Math., 1969. 91, p.693. 
19. Ostrogradski M. - Mem.Ac.St.Pet.ersbourg, 1850,VI,4,385. 

See also: Whittaker E.T., Analytical Dynamics (Cambridge 
University Press, London, 1937), fourth edition, p.265. 

20. Dirac P.A.M. - Lectures on Quantum Mechanics. New York: 
Yeshia University, 1964. 

21. Nesterenko V.V., Chervjakov A.M. - Preprint JINR, Dubna, 
P2-86-323, 1986. 

22. 

23. 

Schweber S.S. - An Introduction to Relativistic Quant\.un 
Field Theory. New .York: Row Peterson and Co. 1961. 
Barut A.O., Raczka ·R. -Theory of Group-Representations 
and Applications. Warszawa: Polish Scientific Publishers, 
1977. 

24. Weyl H. - The Theory of Groups and Quantum Mechanics. 
Dover Publications, 1931. 

25. Pavsic M. - Phys.Lett., 1989, B221, No.3-4, p.264'. 
26. Biedenharn L.C., Louck J.D. -Angular Momentum in Quan

tum Physics: Theory and Applications. Massachusetts: 
Addison-Wesley, 1981. 

27. Bopp F. - Zeitschrift fiir Naturf., 1948, B.-1, S. 197; 
B.3a, S. 537. · 

28. Weysenhoff' J. - Acta Phys. Pol. , 1953, 11, p. 49. 
29. Sredniawa B. - Relativistic Equations of Motion of "Spin 

Particles". Cosmology and Gravitation, Spin, Torsion and 
Supergravity.· Eds. P.G. Bergmann, V. de Sabbata. New York, 
London,Plenum Press, 1980, p.425-434. . 

30. Rivas M. - J.Math~Phys., 1989, 30,· No.2, p.l38. 
31. Hanson A.J., Regge T. - Ann.Phys., 1974, 87, No.2, p.498. 

18 

32. Dunne G., Jackiw R., Trugenberger C. - Ann. Phys .•. 1989. 
194, p.197; Phys.Rev. ,1990, D41, No.2, p.661. 

33. Matzuyama T. - Phys.Lett., 1989, B228,. p.99; Preprints 
RIFP- 803, 822,.823, 1989. . . 

34. Pauli W. - Helv.Phys.Acta, 1929, 12, p.147. • 

Received by Publishing Department 
on March 22, 1990. 

19 

.• 


