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Abstract

On the basis of solution of the differential renormalization
group equations the method 1s proposed for finding out the lagran-
glans possessing some kind of internal symmetry.It is shown that
in the phase space of the invariant charges the internal symmetry
corresponds to the straight-line singular solution of these equati-
ons remaining straight-line when taking into account the higher
order corrections. We have studied the model of scalar fields
with quartic couplings , as well as the set of models containing
scalar, pseudoscalar and spinor fields with Yukawa and quartic
interactions. Straight-line singular solutions in the first case
correspond to isotopical symmetry only. For the second case they
correspond to supersymmetry. No other symmetries have been disco-
vered. For the model containing the gauge fields the‘solution
corresponding to supersymmetry is obtained and it is shown that
this is also the only symmetry that can be realized in the given

set of fields.

1. Int roduction

In recent years the asymptotical properties of renormalizable
quantum field theory models have been studied intenstvely, which
was to a certain extent stimulated by the experimentally disco-
vered scaling phenomenon of strong interactions and theoretically
discovered property of asymptotical freedom (AF). As a result the-
re arised an impression about the exhaustive character of thede
investigations. Thus, for instance, the attempt to construct a
simple gauge asymptotically free model including scalar particles
was not crowned with success. These particles inevitably possess
quartic selfinteraction which destroys AF of the theory.

From this point of view new unexpected possibilities arised
in the framework of renormalizable supersymmetry models. The simp-
lest supersymmetry model by Vess and Zumino/1/ (VZ model) con-
tains three fields: scalar, pseudoscalar and Majorana spinor (see
eq. (11) below) with the interaction of the quartic and Yukawa type.
The coupling constants of these interactions are 1linked by
simple algebraical relations which are not destroyed by radiative
corrections due to the Vard-Takahashi identities following from
the sypersymmetry.

The second renormali:able supersymmetry gauge-invariant mo-
del proposed by Calam, Ctrathdee/z/ and Ferrara, Zumino/5/ (SSFZ
model) contains a set qf scalar , pseudoscalar and lajorana spinor
fields and also Yang-Mills field (see egs. (18), (19) below). The
interaction Lagrangian includes minimal gauge, Yukawa and quartic
interactions with the coupling constants connected by simple
relations (18).

The models of such a type, when the number of matter fields
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(scalar, pseudoscalar and spinor) is small enougl, possess AF
with respect to all couplings.

The essential element here is the presence of supersymmetry
“.ard identities which lead to the strict relations between the
coupling constants of Yukawa, quartic and Yang-Mills interactions.

If now we "unhook" the constants of these interactions from \
one another (i.e. consider them as independent)in such supersym-
metry models, we obtain the models with various coupling conatants
just like the ones we spoke above. It is evident that they in-
clude the corresponding supersymmetry models as a particular
(or limiting) case, The question is: Whether it is possible to see
these particular cases without knowing the symmetry beforehand.
This formulation can be naturally generalized:

Let the Lagrangian be given with a certain number and type of
fields and interactions. It needs to find the particular cases
possessing the unknown, beforehand, internal symmetry.

[t is the very problem we shall consider in the present paper.

e would like to emphasize that we are not going to search
for the symmetry itself. The discovery of supersymmetry shows us
that this direct way may be very complicated. Ve want to indicate
the method for finding out indirect manifestation of intermal
(maybe, still unknown) symmetries.

The analysis of ultraviolet asymptotics with the help of
the renormalization group (RG) gives us such a method. In phase
space of invariant coupling constants internal symmetries corres-—
pond to the singular solutions passing through the origin. Such
singular solutions in the one-loop approximation are well known
and are typical for a wide class of the Lagrangisns with seve-

ral coupling constants which do not possess any internal symmetry.

In the presence of internal symmetry singular solutions in the
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space of appropriately determined invariant charges (IC) are
straight lines and this straightness retains when taking into
consideration the higher (multiloop) contributions.

Thus, the proposed method of detecting the "candidates for
internal symmetry" consists in the following: For a given Lagran-
gian with several coupling constants the phase space of invariant
charges is constructed. Then you search for the singular solution
passing through the origin and remaining straight in a two-loop
approximation.

It is necessary to note that as the theory contains diver~
gences it is not determined completely by the Lagrangian but
depends also on the choice of regularization and the accepted
renormalization procedure. The cases are known when the regula-
rization destroys the initial symmetry of the Lagrangian. As far
as we are searching for the internal symmetry on the basis of
investigation of renormalized expressions , it is very important
that the regularization-renormalization procedure should not
break any possible symmetry.

"'e use two methods of renormalization: Bogolubov's R-opera-
tion and t'Hooft's renormalization method/5/. In the first case the
counterterms in the Lagrangisn and hence the Gell-Mann-Low-
function of Lie equation can depend on the choice of normalization
points of three- and four - vertices. That is why in perturbation
theory for the validity of the Ward identities dictated by possible
symmetry, it is necessary to choose the normalization of vertices
in concord. However, since we consider lower approximations such
a dependence may not appear. Thus, in the two-loop approximation
(see eqs. (2) and (21)) it is not present and though it is
available in the three-loop one (see eq. (A1)), it does not affect



the final results. «
In the case of t'Hooft's method it turms to be easier to
work not with the ¢>—function of the Lie equation but with the
/3 ~function of the Ovsiannikov-Gallan-Simanzik one. This function
does not depend on the choice of extermal momenta of the vertex
and is distinguished from the QD ~function beginning from the
second order of perturbation theory/s/. Since the dimensional re-
gularization apparently preserves initial symmetry of the theory,
the [5 ~function of O-C-S equation is usefull for finding out the
internal symmetry of the Lagrangian in the proposed method.
If there is an internal symmetry in the theory then the
Lie equations and the Ovsiannikov ones have the straight singular
solutions retaining in higher orders. These singular soclutions
coincide as they are already found in the one-loop approximation,

and in this approximation the functions CP and 15 are equal,

2. Models with Scalar Fields

Consider first the scalar theory with quartic couplings.
Though such a theory is not interesting for application , it
can serve as a good illustration of the proposed method and
is the simplest theory for calculations. We choose the Lagr;ngian

in the form
2
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The mass terms hereafter are neglected due to the
reasons which will be discussed below. The RG equations for the

invariant charges on the two-loop level are:
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Further we shall confine ourselves only to selfinteraction
and binar interactions. The analysis of eq. (2) in this case is
considerably simplified and reduces to the analysis on a plane

:_/:v‘ =

v)_,:

of the variables of two types: A,,.. and .., =4

J'Jn.= ,-(Jiij'
these two types of variables can be quickly obtained from eq.(2).

Yy
» where 5J':1,2,...,n . The RG eguations for

Now we shall search for the singular solutions passing
through the origin of the phase space. Consider first the one-

loop approximation. There arise 3 types of singular solutions:

1) h,.. -independent, hoy, =05 s 42,0 0 n=s2 0,

2) h,..'. = h > }7""” -

3) E’\n,‘ = h , ;”M:nfli—};- 'IJ': 12,0 .0 ne2y, e
There are alsc possible different combinations of these solutions
when n, fields are independent with the cuuplings corresponding
to the first solution, 1", fields are interacting sith the cauplings

corresponding to the second solution and 1, fields are inte-

racting with the couplings corresponding to the third solution.



To answer the question whether these solutions really
correspond to some symmetry of the Lagrangian, we shall consider
the two-loop approximation in eq. (2) and look whether any of
these singular solutions retain straight in the phase space.

The analysis shows that the solutions of the first and
the second type retain straight and the solution of the third

type retains straight only for /1=2 . We have performed also

three-loop calculations for n-2 and-have been convinced that all

the solutions retain straight. The Gell-Mann-Low functions in
this case are given in Appendix. The behaviour of phase curves

for £=2 is demonstrated on the phase plane of variables 4, =£L

and A, = ;L (see Tig.1)
IH:T‘I. L. 2.
3.
" h,=h,
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Fig. 1.

Arrows show the dirrection of increasing argument L= ﬁ1f€
Thus, we have two types of the Lagrangians "suspicious on inter-
nal symmetry". (The solution 1 is trivial as it corresponds to the

system of fields noninteracting with each other ):
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The Lagrangian Qiz) possesses the well known global isotopical
symmetry. Singular solution 2 ts unstable for h >0 and stable
for h<o « The Lagrangian ;f%)at first sight does not corres-
pond to any simple symmetry. However, under the transformation of
the fields @,= %t% @ =% it 15 diagonalized and coin-

2 vz
cideswith the Lagrangian corresponding to the first solution.

Thus, in a pure scalar theory the propoded method allows
us to detect the isotopical symmetry which is realized as a
singular solution of the RG equations passing through the origin

of phase space. No other such symmetries exist in these models.

3. The Yukawa Type Interactions

Consider the simplest system consisting of scalar and
spinor fields with the Yukawa type interaction. The Lagrangian
is chosen in the form:

S TN D RAVIRER P2 A - ek (B)

In this section we use the t'Hooft's renormalization method.
The RG equations for the IC*'s here are written down in the
Ovsiannikov-Callan-Simanzik form:
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The f>-functions for the Lagrangian (3) in the two-loop approxima-
tion are/7/
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It should be noted, that in the case when the spinors in

the Lagrangian (3) are chosen in the Majorana representation

the eqs. (5) remain unchanged if we replace 1-#-%% in the

Lagrangian and put K = ;—L s where 1 is the number of
Majorana spinors. That is why we shall search for the singular
solutions of eq. (4) for K being integer or halfinteger.
The analysis of egs. (5) shows that in one-loop approxima-
tion there arise 2 singular solutions of the type £o= 4 52.
However, when taking into account the two-loop contributions,
none of these solutions retain straight for any 4 .

Consider now the Lagrangian possessing 5([(2) symmetry :
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Hereafter we shall put k integer or halfinteger supposing

that some of the spinors may be taken in the Majorana representation.
The +two-loop calculations lead to the following results:
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where T ,

We have analysed these equations for the spinor fields

in adjoint and fundamental representations of 5(}(2). On the one-

- =2
loop level there exist 2 singular solutions h = 41, However, when

taking into account the two-loop contributions all singularsolu-
tions are distorted for any value of K .

Thus, in a system consisting of an arbitrary number of spi-
nor (possibly Majorana) fieldé and a scalar field (or triplet
of scalar fields), any symmetry linearly connecting the constants
of the Yukawa and quartic interactions cannot be realized.

Consider more complex system consisting of scalar, pseudo-

scalar and spinor fields. The Lagrangian is:
§£= %(fbrﬂ)qu i(’er)}:& :‘U-lj);% Iy + 1‘;;J_)(.;\.}»,j)>
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There arise 5 ICs and the corresponding functions have

the form:
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On the one~loop level these equations lead to the existence of 4

pairs of nontrivial singular solutioms:
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Taking into account the two-loop contributions in (9) we obtain
that solution (10a) remains unchanged for K:ai ) 4=3’f: =3 .
All other trajectories are distorted for any K . The obtained
singular solution is the unstable singular solution of the system
of differential RG equations. The behaviour of the phase curves in

‘
the one~loop approximation for k=3 is demonstrated on Fig.2.
2

<.

Fig. 2.
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Thus, for k=§ (one Majorana spinor) we obtain the Lagrangian

"suspicious of internal symmetry". It has the form:
[ AN+ Lq B)z _'A'-»_"Q' 15 5 \P 2ty
L= AV +3B) + 14 oW + T¢(acyB) - AR (1)

Indeed, Lagrangian (11) is that of supersymmetry V7 model/1/

up to the mass terms. The supersymmetry in a given set of

fields is realized as unstable singular solution of the RG equa=-
tions. Since all other solutions (10) do not retain straight on the
two-loop level, there exist no other symmetry linearly connecting
the constants of the Yukawa and quartic interactions in the given

set of fields.
Consider the same system of fields with $Ui2) symmetry:

a2 1 a\2 T 200 o, a |
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There exist 6 IC's, The corresponding f%—functions are
given in Appendix (A2). We have analysed the equations (A2) for
the apinor fields in adjoint &and fundamental representation of

:SU(Z). On the one-loop level there exist some singular solutions,
but on the two-loop one all the lines are distorted for any K .

Thus, there exist no symmetry linearly connecting the coupling

constants in this set of fields,

4. The Model Including Yang~Mills Fields

.Consider, at last, a more complete situation including spinor,

scalar, pseudoscalar fields and the Yang-Mills field with various

interactions. The gauge-invariant Lagrangian has the forms
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Here, as usual , F/’“ - /D/AT/-« - Yy
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etc. The fields U;,H Brealize adjoint representation of SU/N)
group, spinors ‘{J are transformed according to the arbitrary
representation. V(A,B) is a gauge invariant potential of self-
interaction of scalar fields. V'e shall suppose it to be renorma-
lizable.

Under the assumption that V (A,B) ~ q"~ 2, ~1g
it turns out that the differential RG equation for ICs 52,3:, "i:j_n
the one-loop approximation are independent of V{A,B) and can be
written in a compact way:
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where the coefficient in the r.h.s, of (14) are determined by:
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Here C’a is the value of the quadratic Casimir operator of the
abc_¢

group for the SU(n) group equals (, = _)\’)- [, T"j =4 T

=7 ,\)Pj"ﬁ b“l’ . In adjoint representation of spi-
2
nor fields we have: T (adj\s N tlady= N . In this

case C= 2N | a: 4N | !):6}\, el = O

4

Except for trivial zero solutions the system of egs. (14) possesses
one singular solution, namely:

Y-} _2 b-C =2 -2

Ty=Ly = 47 ¢ )
for any group S U (~).

Generally speaking, there exists the solution when one of

the Yukawa coupling equals zero and the other is proportional
to 3 . However, this solution does not lead to any simple sym-

metry and further we shall not consider it. The situation is

-2

2 -2
illustrated on the phase plane of variabtles g and 1 on Fig.3.

iz

=—(;'§

Fig. 3.

The obtained singular solution turns out to be unstable
asymptotically free solution. The existence of this solution is
defined by the difference b-C (15) and is possible only when
b>C , which in its turn limits the possible number of spi-
nor and scalar fields in the Lagrangian and their representa-
tion”®, )

Consider now the scalar interactions. Comfining ourselves,

for simplicity, to SU(Z) group, we choose the potential in the

form:
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There arise 4 IC's and the corresponding RG equations in

the one-loop approximation are:
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The solutions of the system (17) essentially depend on the be-
haviour of IC's Ql, ij> and i: . The solutions from the top
sector of Fig. 5. lead to the rapidly vanishing Yang-Mills constant
what is qualitatively equivalent to the situation considered in

the previous section., When the solution is chosen in the bottom
sector of Fig.3 the system (17) has no untrivial singular solutions.
And only when on the plane ( iz,gz)we choose the unstable singular

solution (15), the system (17) has 4 untrivial singular solutions:

1) hpazho=hyy =0 b= éﬁ 1

2) hnsha-he o, Redgt, 3= (18)
n - 1 EAg - ¥ -z -1 _ -2
4) LA:L\B: L\m:_i‘,%‘%z) l:l:_g‘f—%gz) it:gr.

The situation on the phase plane of variables A, and 3

igs illustrated on Fig.4.
F\A:EB‘T\N 5,

Fig. 4.

The 6btained singular solutions are remarkable due to the
fact that they lead to AF in all the coupling constants. AF in
such a theory is closely connected with the existence of unstable
singular solutions of the RG equations and is possible on these
solutions only. In this respect it would be very usefull if there
existed some kind of symmetry strictly keeping us to unstable
singular solution. Consider from this point of view the Lagran-
gians corresponding to the singular solutions (18):

i

;£z=-j;FrfF;+ Fo.p.t+ 20D N+ 50, BYY + 19)
g PIL A PEYY T 5 g eb‘e"‘I‘A&Ae.
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The Lagrangian i} coincides with the supersymmetrical one of
the SSFZ model/2'5/ up to the mass terms. Thus, we again obtain
that supersymmetry in a given set of fields is realized as un-
stable singular solution of the RG equations‘). As for Lagrangians
jz )Z} and 14 one does not know any symmetry with respect to
which they are invariant and more over it is no®t clear if there
is such a symmetry at all.To clear up this question we are to exa-
wine if any of these solutions retain straight on the two -~loop
level. It should be noted that in this approximation the function
9% of eq. (14a) is independent of scalar couplings, while the
corresponding functions YL of eqs. (14b) and (14c) depend on
them. It is evident that the singular solution (15) holds when
the functions 9&1 and S% coincide with each other. Due to the
fact that 9; is independent of Ag this may be realized only
for certain values of Z} ,;;, Z}s and h . Consider the contri-
bution of scalar interactions to the VZA function in the second

approximation:
Yy, . 2 T o .
P, = 1,(30h, + 4%, « 12k v320,h - 200, 3, -z,gghi,,—ﬂ,“;‘)(aw)

Ve use the fact that
R (22)
(n
for -1 -= . - . = = ‘

97 BT, hesbysho=o, hsfg® - Then Y= o546
Consider other solutions (18). From (21) it follows that equality
(22) is broken down.

Thus only the first solution of four singular solutions (18)
retains straight if one takes into account higher corrections of
perturbatuion theory, and realizes the supersymmetry in the given

system of fields. The other trajectories on Pig.4 are distorted and

=) .
This fact for the SSFZ model was for the first ti
by M.Suzuki /9/. L ime noted

do not lead to such a kind of symmetry. Therefore there exist
no other symmetry linearly connecting the coupling constants in

the given set of fields.

5. onclusion

So, the considered different models and types of interac-
tions confirm the efficiency of the proposed method. In all the
cases when some kind of the known symmetry (isotopical, super-
symmetry)can be realized in the theory, %Vthis symmetry was revea-
led on the phase plane and the corresponding symmetrical Lagran-
gians were "reconstructed".

It also follows that the accepted regularization-renorma-
lization procedure in all the cases does not destroy the initial
symmetry of the Lagrangian.

Unfortunately, in the models under consideration we have
not succeeded in obtaining any new symmetry, except for already
known isotopical one ( § 2) and supersymmetry (§§3,4). There
exist no other symmetries linearly connectiﬁg the coupling
constants in the considered sets of fields. However, while the
scalar and Yukawa couplings have been considered rather comple-
tely, the incorporation of gauge fields contains wide possibilities.

A general property of arising syametries is that all of
them are realized on unstable singular solutions of the RG equati-
ons. The exception forms only scalar interaction (1) with kgu<<0
(see Fig.1). However, such a theory is usually considered to be

unacceptable as it has no ground state in the quasi-classical li-

mit,.

In all the Lagrangians under consideration we have not
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written down the mass terms. This is explained, *firstly, by

the fact that in logarithmical theories all the magses always
become dimensionless by the powers of momenta and vanish in
ultra-violet region and, secondly, by the fact that in such
theories the renormalization procedure can be formalated and

is really formulated in such a way, that the counter terms in a
Lagrangian are independent of masses. Therefore, to the obtained
Lagrangians we can always add the mass terms which are symmetri-
cal or softly breaking the symmetry. They will not lead to the
distortion of the phase trajectories and will not break the

symmetry of the interaction Lagrangian.

We are grateful to A.A.Slavnov, B.L.Voronov, I.V.Tjutin,
A.A.Vladimirov, A.V.Efremov and V.V.Belokurov for many helpful

discussions,

Appendix

1. Here we represent the expression for the Gell-Mann-Low
functions of eq.(2) for the binar interactions, when /-2 -
The Lagrangian (1) in this case looks like:
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The LP ~functions in the three-loop approximation are') :

) The details of calculations see in /8/.

z 1 oy 5, L T I -
(Ph :fﬁ— {nrend) - *')L( b sk L*U'»L +(’W,>z}_((‘?'3) -5T
3 >

3

gy, 22 >
PR LRI e (B BT kR e (0 -

[
-

_ 3 2% 9 N1 2 sy
r(zq;(;) r &I O-J}\'L‘l,i + { %L- %-L’}L‘;)L\l i +(q-‘:;)k‘\\,}\,,_ 124, hy; j’

G, = Yy, (2 =2)

(4.1)
N N T T
2 200
VA b ez T s L) el (e (23m - ST L.
FL

Fha (W R (6300 5T 8 03] v b (32T ¢

SIS S S T
t W Mg ﬁ\)j,

where ?/(5);:.1,2 , I = 314,

2. The f?: -functions of the Ovsiannikov equations for the

Lagrangian (12) on the two-loop level are:
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