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S U M M A R Y 

The problem of the transformation p r o p e r t i e s of hadronic 

currents i n the i n f i n i t e momentum fraWe>is i nves t i ga t ed , A ge­

neral method i s proposed to deal with the problem which i s 

baaed upon the concept of group con t rac t ion . The two-dimensio­

nal aspec ts of the I1J d e s c r i p t i o n a re s tudied in d e t a i l , and 

the currenL matr ix elements of a three-dimensional Poincare co-

va r i an t theory are reduced to those of a two-dimensional one. 

I t i s e x p l i c i t l y shown tha t the oovariance group of the two-di­

mensional theory may e i t h e r be a " n o n - r e l a t i v i s t i c " (Ga l i l e i ) 

,'rroup, or a " r e l a t i v i s t i c " (poincare) one depending on the va­

lue of a parameter reminiscent of the l i g h t ve loc i t y in the t h r e e -

dimensional theory. The value of t h i s parameter cannot be d e t e r ­

mined by icinematical arguments. These r e s u l t s o f fe r a na tu r a l 

gene ra l i za t ion Л models which assume Gal i lean symmetry i n the 

i n f i n i t e momentum frame. 



I. Introduction 

In this paper we are going to study the transformation 

properties of local interaction currents in the infinite momen­

tum frame (III?). There is no need for emphasizing the importance 

of the commonly used fact that all unknown dynamical details a-

bout the matrix element of the electromagnetic current between, 

for example, pion states can be condensed into one invariant 

function of the momentum transfer, and the relation 

Jd"x e l q X <р|^(х)[р-> = ( M ' ^ U ' l A n - P ' + q ) (1.1) 

can be deduced from the transformation properties of the states 

and the current. Since ЮТ methods are quite useful in studying 

many physical problems we have found it attractive to investi­

gate the transformation properties of various quantities in the 

1Ы? in order to be able to apply such powerful arguments as in 

(I»l). In a recent paper we examined such questions concerning 

the four-momentum and angular momentum tensors of a scalar 

field theory » In the present paper we want to deal with 

the transformatijn properties it) the IMP of currents integrated 

over the variable ^= —(z-t), 

(Jr(t, x ^ z) d-J , (1.2) 

which are often called the "transverse currents" ' . Our 
s 

investigations are motivated by the review paper of Kogut and 
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Susskind in which the authors give a certain group-theoreti­

cal background of parton models. On the basis of some heuris t i -

cally justified tranaformation properties of the current (1.2) 

in the Ш? they give an elegant and compact derivation of the 

main features of deep-inelastic ep scattering. They emphasize 

the two-dimensional aspects of 1Ы? theories and argue that a 

two-dimensional Galilei group i s the symmetry group of these 

theories, the Galilean space being the transverse space, x,=(x,y), 

and the Galilean "time" i s obtained Dy a "reacaling" of the va-
/2 l / riable t+и * . Their argumentation for the Galilean symmet­

ry has, beyond i t s intui t ive beauty, two somewhat obscure points. 

One of them i s the ambiguous role of z-boosts. In order -f;o de­

fine the current in the ItoF the infinite boost i s followed by a 

change of the scale for lengths in the ^-direction. But this re -

scaling i s not present in the case of successively applied "f i ­

nite" z-boosts ' ' . The second point concerns "time" in the 

IMf. The transverse current (1.2) appears to be a function only 

of x in the IMF. I t s "time dependence", and the "time" i teelf , 

can be defined by means of the"time translation operator" after 

the symmetry group in the IMF has been introduced. The procedure 

described in refs. 2 and 3 to obtaiin the two-dimensional Ga­

l i l e i group i s very much reminiscent of the contraction of the 

Poincare group into a Galilean subgroup. I t i s well-loiown that 

group contraction i s not a unique procedure, therefore the ques-

4 



tion arises whether the Galilean symmetry in the Ш ? is unique. 

The purpose of this paper is to show that the definition 

of "relativistic" quantities ie also possible in the Bff, and on 

purely kinematical grounda the "non-relativistic" transformation 

properties of the transverse current cannot be justified. The as­

sumption, of Galilean symmetry in the IAJT may perhaps be suppor­

ted by that it allows one to deduce many experimentally obser­

ved features of high energy collisions . It is an interesting 

question whether these features rule out "relutivistic" currents 

in the IMF. 

In what follows we give a detailed derivation of the 

transformation properties of "transverse currents" in the IMP. 

Our method will be the contraction of the Poincaro representa­

tions defined on the aatrix elements of currents between physi­

cal states. The crucial steps of this method are the contraction 

of the Poincare group and the "contraction" of the representa­

tion space by means of appropriately defined integrals of the 

above matrix elements. Only after performing both parts of the 

programme we can deduce the transformation properties of the 

"transverse current" in the III'. In LJect.II we summarize the 

basic concepts needed in the subsequent parts of the paper and 

fomulate our programme for the Ш description. In oect.III 

we describe contraction schemes of \.he Poincare' group which we 

will be interested in. In 3ect.IV these contraction schemes 
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are used to construct representation зрасез for the group ob­

tained by the contractions and the corresponding transformation 

lilies are deduced for the "transverse currents" in the IMP. In 

Sect.V. we apply the results to matrix elements between momen­

tum eigenstates. 

II. Formulation of the Ш Р problem 

In general,we shall be engaged in the properties of a 

scalar current a(x) = 3(t,x.,z)', but none of the forthcoming con­

clusions depends on this choice. We shall assume that we are gi­

ven all states, ф , of a physical system, the physical obsarvab-

les being the matrix elements of ,a(x)' between these states: 

f(x) = f(t,Si,zy=((j)^ , з(х)ф^ )> . (II.1) 

As usual, we assume that on the states ф a unitary, irreducible 

representation of the Foincare group is giver»: 

и(в,Л)ф -ф* , ( I I > 2 ) 

и(а„,Л,)и(а,.,Л,.)ф = и ( а 1 Л г + а 1 , Л , Л ^ . 

The relation between matrix elements given in two different Lo- .. 

renyz reference frames comes from the principle of relativistic 

covariance, which says: 

(и(а.Л)ф^. 8{х)и(а,Л)ф\,,)= (ф р, э(хЛ+а)ф ы) . (II.j) 

The relations (II.1-3) can be converted into a representation of 

the Poincare group on all functions f(x), which are all matrix 
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e l e m e n t s of s ( x ) be tween t h e s t a t e s ft : 

T ( a , A ) f ( x ) = f ( x A + a l , ( I I . 4 ) 

o r , i n t h e i n f i n i t e s i m a l form: 

M ^ f ( x ) = - i [ x ^ - x » ^ - ] f ( x ) , ( I I . 5 ) 

P ' - f (x) = - i 3 ^ - f ( x ) . ( 1 1 . 6 ) 

c?x ,̂ 

Ш з r e p r e s e n t a t i o n c o r r e s p o n d s t o u s c a l a r c u r r e n t and t h e r e ­

l a t i o n e ( I I . 4 - 6 ) a.^e t o b e compared w i t h t h e u o u a l o p e r a t o r r e ­

l a t i o n s : 

U " , ( a , A ) s ( x ) U ( a , A ) = s ( i A t a ) , ( I I . 4 ' ) 

[,-, . ( Х ) ] - 1 [ 4 - ^ ] . Ы , (П.,О 
ГР'* , s ( x ) l = - 1 r ^ - s ( x ) . ( I I . 0 ' ) 

The detailed properties, like unitarity, etc., of the represen­

tation (II.4-6) depend very ;nuch on the operator з(х). These 

properties will not be important in this paper, iiut we shall 

need the following properties of the functions f(x): 

i. They are infinitely differentiable with respect to -my of 

their four variables; 

2. 3uch series like 

T(e-i0<G4f(x)=El 7(-i<)"G"f(«) (П.7) 
1 =0 

converge, Gk beinc any oi' the infinitesimal operators. 

These properties annurc that infinitesimal and finite* group ele­

ments can be used on an equal footing. 

7 



I t i s clear that the representation (II.4-6) i s reducib­

le . He sht l l res t r ic t ourselves to i t s irreducible parts proce-

ertinc in the following manner. We consider two fixed physical 

states <j> , <b , and define the irreducible set of functions 
fo<f, (х ; (а ,Д)) of x by 

f^ (х;(а ,Л))= (ф р , s U A + a ) ^ ) , (II.8) 

where a l l functions are enumerated when a l l elements (а ,Л) of 

th« Poincarc group are enumerated. I t i s obvic^s that an irredu­

cible representation of the Poincare group can be defined on these 

functions, the representation being given by the same formulas 

(II.4-6) аз previously. Let us remark that a l l information about 

this irreducible representation i s involved in the two properties 

described above and in the infinitesimal relations (11.5,6) spe­

cifically applied to the function 

I t i s an important consequence of r e la t iv i s t i c covariance that 

the same representation space as (II .8) arises from the functions 

f.̂  ( х ; ( а ,Л) )=(фр ,а (хЛ + а )41) , (И-Ю) 

where ф. = и ( а ' , Л ' ) ф ^ , Ф̂  = и (а< ,Л ' )ф к , and ( а 1 , Л ' ) i s 

fixed. The relation between the functions (XI.8) and (11.10) i s 

as follows: (11,11) 

f^ (х ; (а ,Л)) = T ( a ' , A ' ) f . ; ? Ui ( a ' , Л ' f <а,Л ) (a ' , Л ' ) ) , 

for every (а, Л).. The corresponding representations of the Poin­

care group can also be simply related: 
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Т ' ( а „ , Л , ) f^ ( x j ( a , A ) ) = (11.12) 

= Т ( а \ Л ' ) Т ((а>, Л Т Ч а , , Л, 1 ( а \ Л ' ) ]* 

«f«( P ( х ; ( а ' , Л ' Г 1 ( я , Л ) ( а ' , Л ' ) ) , 

for every ( а , Л ) and (а,, Л , ) . Espec ia l ly , i f we choose a z-boost 
—i £ N 

e s 3 for ( а ' . Л 1 ) , the .irimed funct ions f;,. and opera tors 1" 

give the desc r ip t ion of the physical system, i n comparison with 

the imprimed ones fK-. and T, in a moving reference frame. In the 

l i m i t £-»oo we obta in the desc r ip t i on in the IiuF. In order to be 

able to specify the symmetry p r o p e r t i e s of the theory in the II..F 

one must d iscuss the following problems: 

Problem I 

.Ye are to descr ibe the group a r i s i n c from the l i ra i t 

lim [ e 1 1 И з ( а , Л ) е " " И " ' 1 = ( а , Л \ » , ; ( I I . l j ) 

Problem II 

.Ve must specify all the functions 

lim Ke" 1^ И*)Т(в + 1* Н3(а,Л)е" 4 "') f < B (x)= (11.14) 
l + oo p 

= C p (х^а.Л)^ ) ; 
Problem III 

Finally, we mU3t interpret the functions f' (xjCa.A?^ ) as 
matrix elements of an 111' current s<w(x) between states <p all 
having well-defined transformation properties with respect to 
the group (а,Л)оо . 
Problem I is, actually, a contraction problem for the Poincare 
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group. I t has Boveral solutions, the limit gives either the Voi,n-

care group i tse l f or one of i t s subgroups ' . (Strictly spea­

king, these groups are isomorphic to the original Poincare group 

or i t s subgroups.) Contraction into the Poinoard group has bean, 

described in ref» 5 , and into some of i t s subgroups by the pre­

sent author in ref. 1. No a priori reason can be given for cho­

osing one or another solution of the contraction problem. Only 

some physical hints may inspire one to make a definit choice. 

In this paper we look for such solutions of Problem I that 

( I I . ' j ) leado to contraction of the Poincar-ё group into *.ome of 

i t s suogrvups. This choice i s motivated by refs. 2 and j . These 

subgroups « i l l be Galilei and Poincare subgroups which transform 

two "space" coordinates and a non-relativiatic or r e la t iv i s t i c 

"time" coordinate, respectively. (In what follows we use the te r ­

minology of r e f . l , and call 3-Poincare group the one described 

by the formulas ( I I .4-6) , i t s contractions will be called 2-Gali-

l e i and 2-Poincare groups, respectively.) After coming to this 

decision on Problem I i t i s clear that the four-dimensional ho­

mogeneous space x1* of the j-Poincare' group i s to be reduced to 

some three-dimensional one. One may hope to achieve this by in­

tegrating the functions f' (х ; (а ,Л)) over one of i t s variables 

and may reformulate Problems I I and I I I if- terms of these in­

tegrated functions. For a convenient choice of the integration 

variable we change t and z by Tand \ : 
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•}= gr(z-t), T=(t+z), (11.15) 
and, for the functions fj (t,x,,z; (а, Л)) we use the notation 
в'. ( Т ,зс.|-Я;(а,Л ))'s g' (х;(а,Л)). #e shall bo interested In 

d. ft л a *P 
the functions 

g' (TrJi^a.A)); f g' (x;(a,A))dj (11.16) 
in the IKF, that is, for -̂>«, . We must specify the functions 

( 1 Ы 7 ) 
< C ( т , . х , ; ( а , Л ) „ ) s l i o ( T ( e " 1 ^ ' ) T ( e i 5 1 , 4 a , A ) e " 1 № ) g M ( x ) d 1 

- O O 

and deduoe the t ransformat ion r u l e s i n the UriF for the " t r a n s ­

verse cu r ren t " 

js(x)dj . 
Before concluding t h i s sec t ion we make an important r e ­

mark concerning the so lu t ions of Problem I I . In gene ra l , t he so­

l u t i o n of Problem I I y i e l d s d i f f e r e n t r ep re sen ta t ion spaces and 

therefore d i f f e ren t r ep re sen t a t i ons of the group ( а , Л ) ^ , i f 

fail (x) i a changed to some f-g (x) , f " (x) being the matr ix e l e ­

ment of s(x) between the s t a t e s и ( а , Л ) ф о ( , U(a, Л ) ф , i with. ( a , A ) 

f ixed. Problem I I for the funct ion f-,s (x) would иеап the ca lcu-

l a t i o n of 

1 1 т Т ( е " ^ " 5 ' ) Т ( е 1 ^ М а , Л ) е " 1 ^ М т ( а , Л ) £ Л 8 ( х ) . (11.16) 

Since (а ,Л.) i s a f ixed element of the j -Po inca re group, i n the 

l i m i t ^ o o i t becomes, in genera l , a foreign object from the point 

of view of the contracted group ( а , Л Jo» . 

' a l l y , for the r e a d e r ' s convenience, we wri te down here 
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the action of the з-Poincare generators on the functions g (x): 

(M1+Njg(x) = гщ±- уф е(х), 
<.4-H1)g(x) = гцф-lg) g(x), 

(Mx+H,)g(x) = i(x^ - T ^ ) g(x), 

l"i fi(x) = i(y^- х̂ -У g(x), (11.19) 
N3 g(x) = i(j^.-T^.). g(x), 

(P„+P, )g(x) = -2i ̂ - g ( x ) > 

(Р0-Р3)6(х) = ig|- g(x), 

Р 2 g(x) = -i э|- g(x). 

I I I . Contractions of the 3-Poincare group 

In order с о make this paper self-contained aa much, as 

possible we give a short summary of those contractions of the 

3-Poineur<'> group which we are interested in. (For more detai ls 

see also r e f . l ) 

The two-dimensional Galilean description in the BlF о terns 

from the following connection betiveen the generators of space-time 

transformations in the limiting and ordinary reference frames, 
/ 1 2/ 0 and 0 ' , respectively : 

3,= Alim }е"^(р(И^11')1)' '( |)] , ( I I I . la ) 
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S^-Xlim j e " S U(J)(M;-Hi)U*'(f)| , ( I I I . lb) 

M J = lim {u{{)M|u"'({)J , ( l l l . l o ) 

H5= ^ . И л ^ е * U(5)(^'+P3')U-'(p] , ( I l l . l d ) 

P i = lim { и ф Р ; ' и " ' ф | , 1=1,2 ( I I I . l e i 

^ 0 = А 1 1 т { е - 1 U(|)(P o--ppu-'(|)} , (III.11) 

lim { e " { U(|)W3'D"'(pj = l im|u(p (M'+B;)U"'(f >} = 
< -, i (Hl.lg) 

= lim ^(^(Mj'-H^U ( p j - 0* 

The symbol U(|) denotes a z-boost, U(|)=e ' , X i s ai- arbitrary 

positive number. These relations jive a mapping of the i-Poincare 

algebra 

K » M'i 3= "["i . Nj] = i £4 kM- , 

[м- , н;] = 1 ц к « ; , ( т . г ) 

onto the 2-Galilei algebra, i t s elements being S t , P̂  , (1=1,2), 

M3 , H and f>.c : 

[s v, s}]= о , [MJ, a 4] = i £VJ Sj , 

k » P , ]= ° • \?> P t l = ° ' 
[S v , H<] = IP, , [ s i f P,] = i / ^ j , ( I I I . J ) 

[iJj, HU] = О , [jl l t P t ] = U l ( P, , 

[3i,/*.i- LM» •/*•] * К »/*•]• LH<; • / * • ] - ° • 
The mapping (III.l) can also be expressed as follows: 
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H q 

p, 

= 
К 

^ 

Гз) 

Г l 
2 \ 

О 

о 

о 

Гл 
о 

о о 

и о 

=lim 

О 1 

о о 

о 

I ;. + P j 

*,' 

р . _ р | 

( I I I . 4 a ) 

О О О 

X О О О О 

О О 0 0 1 

О О О е J О О 

5 л 

О 

0 0 0 0 - е 

О О О О О е' 

ч 
Ml -И ' 

( I I I . 4Ь) 

This i s obviously a tfigner-Inonii con t rac t ion of the J-Poincare 

algebra ' . Now the ques t ion a r i s e s i f o the r iVigner-Inonii con­

t r a c t i o n s of the j-PoinoartS a lgebra may also be of i n t e r e s t . Аз 

i t was shown in ref. 1 i t seems na tu r a l to consider , for example, 

the following con t rac t ion : 

r 

K i 

0 
= lim 

0 

0 

Л о о 

о - л о 

о о 

о о 

о о 

о о 

1 

О е 

0 

О 

0 1 
~4Ас 0 1 

0 0 
1 

0 0 0 

-S 0 0 

0 в"* а 

0 0 * - 1 

мз' 
, ( I I I . 5 a ) 

м1 4-NJ 
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к 
р 

= 
р 

* 

0 1 0 0 

-1 
4X0* 

Р 1 

1 

Р> 

p i _ p i 

( I I I . 5b ) 

( I I I . 6 a ) 

( I I I . 6 b ) 

(111.6c) 

( I I I . 6 d ) 

The " i n f i n i t e momentum l i m i t " charac te r of t h i s mapping becomes 

more obviouB i f one r ewr i t e s (111.51 in tenon of z -boos t s : 

ч~ 11а{.иф[-*э"Ь: -н,''+ i\**h (K' + h i ^'Щ 
HP= l i m { u ( p [ ^ f ( i y +P3') + A c 4 e " f (Po- -P,' ) ] l f \ | ) j 

л = l i m { u ( | ) [ - ^ e f ( P 0 ' + Р 3 ' ) + А е - ] ( Р 0 < - P ' )] u " ( p } 

In (III.5,6) the letters \ , с denote arbitrary positive numbers. 

That this contraction schemej 1в natural to be considered is ob­

vious from the following commutators: 

[s , , K Z ] = - i -^-Mj , [M3 , K V ] = i £ 4 B , , i=i,a 

[HP , PJ= о , [rt , P ] = о , 

[ K V , н>] = iP v , [K V , p , } - i ^ S t i и" , 

[ ^ , HP]= [ ,л , Pi] >[/x. , M,] = [ > , Ki] = 0 . 

This i s a 2-Polncare a lgebra , i t s elements being the genera tors 

of inhomogeneoua Lorentz transforraationa of two apaceliice and one 

timeliJfe coord ina tes . The parameter с plays the same raatheraatical 

ro l e as l i g h t ve loc i ty does i n the usual J+l dimensioua 1 a lgebra . 
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Лпеп с goes to infinity the algebra (III .7) contracts into the 

noni-relativist!с one ( I I I . 3). 

In contrast witn the parameter .1 we have an arbitrary po­

sit ive number A in both cases of contractions which, does not ap­

pear at a l l in the commutators ( I I I . 3 ) , ( I I I . 7 ) . Obviously, for 

the different values of \ the mappings (III .4) and (III .5) yield 

different (but isomorphic) 2-Galilei and 2-Poincare subalgebrae 

of the 3-Poincare algebra, respectively. We are going to assume 

that 3-Poi.ncare covariant theories become 2-Poincare covariant 

ones in the IilF with, gome given value of the parameter a. ( I t s 

value i s to be determined phenomenologically. For the 2-Galilei 

covariant case c=*> .) I t seems natural to postulate that a l l 

contractions corresponding to the various values of \ are phy­

sically equivalent, that i s , none of the predictions of the theo­

ry in the IbiF may depend on \ . 

For a comparison with Susskind's treatment of the 2-Ga­

l i l e i symmetry in the IMP we mention that he seems to choose X=l, 

but preserves the N3 generator . Thus the symmetry group in 

the Ш* becomes a 2-Galilei group extended with di la tat ions. Since 

the dilatations correspond to changing the value of A > di la ta­

tion invariance of the theory corresponds just to the postulate 

we formulated above. Our formulation has the advantage that i t 

can be generalized without difficulty to the 2-Poincare case, 

while the N3 generator cannot be joined to the 2-Poincare genera­
tors to form a closed algebra. 
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There a r e , obviously, f u r the r ambigui t ies i n choosing 

the mat r ices on the r i g h t hand s ide of ( I I I . 4 ) and ( I I I . 5 ) . Let 

ue denote by A any of the mat r ices i n ( I I I . 4 a , b ) (or ( I I I . 5 a , o ) ) . 

The a lgebra ( I I I . j ) (or ( I I I . 7 ) ) remains unchanged i f A 1Лл г is 

s u b s t i t u t e d for A, where A t i s any J-Poincare t ransformation of 

the genera tors МДу , РД , and A, i s any 2 -Ga l i l e i (or 2-Poinca- . 

re) t ransformation of the genera tors S^ , 1Ц , H , P̂  (or K t , 

M j , H , F ) . The requirement t h a t the 1Ы? theory should be i n ­

dependent of the choice of A1 and A t i s , i n the сазе of A i ( f u l ­

f i l l e d by the 3-Poincare covariance of the theory before t r a n s ­

forming in to the IliF. In the сазе of A t h i s requirement l eads 

to the covariance of the theory with r e spec t to the г - G a l i l e i ( o r 

2-Poincare) group i n the IMF. 

IV. The r ep re sen t a t i on spaces in the IKg 

In t h i s sec t ion we deal with the s o l u t i o n of Problem I I , 

and cons t ruc t those funct ion spaces which may serve as r ep resen­

t a t i o n spaces for the contrac ted groups. This tasl t , i n i t s o r i g i ­

na l form (11.14) means the c a l c u l a t i o n of such l i m i t s : 

lim He~±'Smb)g J T t L , ) = lim g . . (те~*,х , 1 e& ) , ( IV. l ) 

and we need much more d e t a i l e d p r o p e r t i e s of the cur rent matr ix 

elements as we have used so f a r . To overcome t h i s one may use 
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Susskind ' s proposal ' ' for i n t e g r a t i n g over the va r i ab le X and 

c a l c u l a t i n g by means of the ru l e 

[lira g 4 f (Te" f , x x , j e * ) d j = l i m e ~ ^ g - ( T e " " f . x ^ , j ) d , (IY.2) 

but then one faces the problem that the factor e~ makes zero 
the functions we are looking for. One may use certain "physical" 

/2/ -\ 
arguments to eliminate the factor e from (IV.2) and may 
conclude that in the IliF the correspondence 

oa ©O 
\e^ < 1-, x l t j )aj _^ [ g ^ (o, 5 l, j )d3 (iv.3) 

is valid. One must notice, however, that (IV.3) is part of The 
mapping 

^g ( x j ( a , A ) ) d j = > [ g™ (x;(a,A) M)d^ (IV.3) 

we are to specify when we solve Problem II. It is this mapping 
what really determines the content of the theory in the IM?. 

As a first step to specify the mapping (IV.j) we deal 
with integrals of the following type: 

fcg^ (xjdj . (IV.4) 
where G is an arbitrary polynomial of the 3-Poincare generators 
(11.19)» In practice, (IV.4-) means such expressions: 

{D(r'*l; W* bT^tTf^r, Si,j)d} , (IV.5) 
where k,l = 0 , 1, 2, ..., and D is some polynomial of its argu­
ments. To obtain useful formulas we must assume that derivatives 
with respect to T, x. are interchangeable with the integral in 
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( IV.5 ' ' . Thi3 raeana tiiat the i n t e g r a l 
A 

i t ~ S«K ( X ) d i U v ' 6 ) 

'» must exist for every k,l= 0, 1, 2, ... . Then it follows that 

Ifjfe*? И -^ ° . if ljl-»~ . (iv.7) 
In general, this condition does not fulfill even if the function 
fi<o ' х' -1'3 a matrix element of the current з(х) between normali-
zabli jtates ̂  , ф в . Jince the variable X was arbitrarily chooen 
as integration variable the strong asymptotic behaviour (IV.7) 
must be required also for the dependences on T and x.. But this 
class of functions is mapped onto itself by Fourier transforma­
tion, therefore, if 

e.<3 ( q ) = fe, B <*> e i q x d*x » (".8) 
— <n 

then it follows, for example, that 
U\zf g (q)-»0 (IV.9) 

for any n=0, 1, 2, ..., if (q2(~*oo . If, especially, g (x) is 
a matrix element of s(x) between normalizable superpositions of 
momentum uigenstates, the condition (IV.S) means, in general, 
that the form factor 

FUk-k'f ) = <"k'[s(0)|k> 
decreases faster than any inverse power of (k-k') , if (k-k1) \-?<". 

If do not want such an unduly restricted theory, we must accept 
that the integrals (IV.5) diverge, and we must decide on the mea­
ning we are goin.'j to attribute to them, 'fhis is, in fact, a re­
formulation of thn problem of the mapping (IV.j). 
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.»ith special attention to the purpose of describing 

functions in the IMF we define (IV.5) as follows: 

JD(T, £ l , £r, 51-)^^ г е^( х)а 3н ( I V > 1 0 ) 

-o(r, KJ £• , g|-) e^ ( r , xt> , 
where 

denotes the canonical distribution theoretic value of the integ-

ral / 6 / . 

Firs t of a l l , i t follows from the definition (IV.10) that 

lira \ T ( e _ i * W 3 > g ^ ( T , S l , } )d j = g^ (0 , x ^ . (IV.12) 

This i s the function in the IKF which corresponds to th-_ unit e-

lement of the group (а,Л)оо » independently of the actual group 

contraction scheme we want to choose. Let us notice that in 

(IV.12) we arrived at a function of two variables only. 

In order to construct the other g°° functions one must 

calculate the action of the generators of the group 

(а .Л),^ on g (0, x , ) . In the 2-Galilei case we proceed by 

using (11.17), (11.19), ( I I I . l ) , (III.10) and obtain: 

S i Z^lO.xJ = 0 , i= 1, 2 , 

м з e^to.Si) - i C y ^ - • * £ > g . f (o ,x) , 

н с в ^ ( о , £ 1 ) . - JL J L в в | | ( O , 5 A ) . 

(IV.11) 

20 



from these r e l a t i o n s one can ea s i l y recons t ruc t a l l the funct ions 

(IV.12) 

g ~ ( T , x ^ C a . A U U g ^ ( O f x i ; ( £ , L ) ) £ B ^ ^ l f 4!* + - U * 

where ( ( , 1 ) denotes a genera l , s ix-parameter element of the 2-Ga-

l i l e i group. I t s homogeneous par t L s (H , v ) involves r o t a t i o n s 

S and G a l i l e i t r a n s f o r a t i o n s in the two-dimensional plane x , = ( x , y ) . 

I t s inhomof;eneous par t E = ( i t , _t,) corresponds to "time" and 

зрасе t r a n s l a t i o n s . Altogether the t ransformat ion r u l e : 

{%, x )( I ,L) = ( t 0 + l t , xH + %x + 1 ) , 
( I V . U ) 

ооаб - s i n 6 

I s in в cos 

The funct ions (IV..12) depend on the v a r i a b l e s x =>(x,y) only, and 

look l i k e the funct ions 

*% (*o. * j / ( i ,L) )= е " ° Н g< (0 , £ i ; ( i f L)) (IV.14) 

of the v a r i a b l e s ( t 0 , x ) fo r zero value of the n o n - r e l a t i v i s t i c 

"time" t 0 . I t follows from the cons t ruc t ion of the funct ions 

(IV.14-) t h a t a s c a l a r r ep r e sen t a t i on of the 2 -Ga l i l e i group can 

be defined on those funct ions by the r u l e : 

T C ( t ' , l / ) f^ ( t 0 , x i ; ( t , D ) = f^ ( t 0 , x A ; ( t ' .L ' ) ( « ,L)) = 

= f^ ( t c < , х^нЧ t „ v ' i + | 4 . ( £ , D ) . ( I V ' 1 5 ) 

This procedure can be repeated also when (ajA)^, is the 2-1'oin-

сагё group, jiquations (IV.ll) remain unchanged in the case of M 3 

P 
and £ , the action of the generators ^^(K, , К_ г), H on g (J.x^J 
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in аз follows: 
Э &± **p ( 0' Sx) - -i ib-^x Tr ««e ( 0' sx) . 

1ЛР „ /n « Л _ - 1 _£_ 
ЭТ "«j» 

H' е-, С. 5i) = -i -fr 57 е ц. (о, xx) 
(IV.16) 

Instead of eq. (IV.12) now the functions 

e " t ( b ij.jfa.A)^ )•= g£ (о. г^Са.Л)) - €<,,(* Л +a) (iv.17,) 
appear, where ( а , Л ) denotes a general element of the 2-Poincare 

group, A. being a 3x3 matr ix for the homogeneous 2-Lorentz t r a n s ­

formations, the t h r ee -vec to r a = ( a 0 , a ) r e f e r s to the t r a n s l a ­

t i ons of the 1+2 dimensional Minkowski space-time x = ( t , x ) . 

In (IV.17) a lso the fol lowing no ta t ions are used: 

x = (0 , x ) , a = ( гт' a„ , a ) . Again, the two-variable 

funct ions (IV.17) can be provided with "time dependence" by means 

of the d e f i n i t i o n 
p 

f^ ( t , х ^ ; ( а , Л ) ) н e i t H g* ( O . x j (а , Л ) ) . (IV.18) 

On the funct ions (IV.18) i t i s easy to define a s c a l a r r ep re sen ta ­

t ion of the 2- to incare group: 

T P ( а - , Л ' ) f^ {x;{a,A)) = f ' p (x; ( a - , /\ •) ( а , Л )) = 

= f j p (хЛ 1 • а ' ; ( а , Л ) ) . U V ' 1 9 ) 

Only the l a a t po in t , 1roblem I I I , of our programme r e ­

ga ins , namely, to express the equations (IV.15) and (IV.IS) as 

t ransformation ru l e s of the t ransverse cur rent \s( T t*Lt I ' d 3 

in the lfci'. In the 2 -Ga l i l e i сазе we i n t e r p r e t the funct ions 
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f=<» ' * » ' £ . i ( ' i b ) ) a s matr ix elements of a 2 -Ga l i l e i зса !аг cur­

ren t 

S ( t o f £ i ) = U ~ 4 e i 1 i > H )» (IV.20) 
ex? q 

»[ l im J B " ' { p e ( r , xL,i ) U ( f ) d j J u ( ; ( e i 1 i ' h ) 

between the s t a t e s ^ ( l . L ) ^ , Ц.(1,Ь) ф„ , where ^ ( { . L ) s tands 

fo r the opera tors r ep resen t ing tho 2 -Ga l i l e i subgroup, generated 

by ( I I I . l ) , of the j -Po inca re group on the phyaioal s t a t e s A, 

By s imi l a r d e f i n i t i o n the opera tor 

- c t l S i ) S u - ; ( •"«") . ? ( I V > 8 1 ) 

«{lim f »'([ЫТ, xx,J )Щ)<Ч ] 0 р(в" И ) 
is a scalar operator with respect to the 2-Poincare group. As we 

have shown, the integral in both cases assumes a careful definition. 

Before concluding this section we shortly discuss vector 

currents з ( T > x.» J ) i i a t n e !**• В У repeating the arguments 

described in detail for the scalar current one obtains the follo­

wing results. 

1. If the J-Poincare group is contracted into the 2-Galilei one 

the following quantities have simple transformation properties 

in the IMF: 

I ^ t o . x j s tlVce"»" >[ i im{if , qU i (T,x l ,3)a3Ju c ( e

l t ° u ), (iv.гг) 
- T O 

» { l l m e t j f ( u " ' ( | ) [ j o t 3 3 J u ( f ) d 3 ] и с ( е " ° " ) . (IV.23) 

The t ransformation r u l e s fo r J , , y t and P a r e those of the two-
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momentum, energy and гаазз densities, respectively, in a non-re-

lat ivist ic theory. (Uee also ref.2 ) 

2. .Yhon ths j-I'oinoare group is contracted into the 2-ioincaru 

one in the It.P a vector current J(x)=.( J (x), J,(x)) and a sca-

lar one з(х) can be founds They can be expressed by foiTQulaa s i ­

milar to eq. (IV.21), only the quantities 

~ e S ( j c + J , ) + Ao le_ i (j,-^) , 1 L (IV.24) 

and Ae~ ( j 0 - j 3 ) - ^ i ^ (J 0+J.,). (IV.25) 

respectively, are to be substituted for s(T i£,, \ ). 

finally, we must remark that, naturally, the results ob­

tained in this section for the current transformation properties 

defend very much on the solution we have given for Problem II , 

or, explicitly, on the definition (IV.10,11). Other prescriptions 

for the restriction of the 3-^°incare uiatrix elements to some IbiF 

functions can, of соигзе, be proposed, but, in general, then one 

finds more complicated expressions instead of (IV.11) or (iv.16) 

which are of basic importance in the conatruction of all functions 

in the Ibil'. Also, the relations (IV. 11) or (IV. 16) ,..o.?.e un able 

to reco^iize definit transformation properties, which would other­

wise be complicated and of no use. 
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У. A simple application 

In this concluding section we illustrate how the proce­

dure described works in practice. The simplest possible objects 

to consider are the matrix elements of a scalar current between 

momentum eigenstates with zero spin: 

e ^ ( T i x ^ t a . A ) ) = J < p ' | a ( x A + a ) | p > d J , (V. l ) 
— CO 

xhe s t a t e s <p and Ф being l a b e l l e d by the four-momenta 

P^ = (P + t£ x »-P.)» P^ =P t P_- E^= a 1 , a nd рД*= (p f ' .£[.P_')» РД*"= ^ , 

r e s p e c t i v e l y . In the ordinary reference frame and for ( а , Л ) = ( 0 , 1 ) 

the function (V.l) can be wr i t t en as 

S ^ C T . X J . ) = 2Tlf ( (p-p ' f je + L ^ ( P . - P j ) . (V.2) 

As usua l , the dependence of F on m i s not denoted. Now we examine 

the funct ions (V.l) in the ОД? in t h a t саве when the 2-Poincure 

scheme of con t rac t ion i s used. According to the conclusions of 

the previous sec t ion the counterpar t f (x) of g (т»х_ ) I n the 

IA.F appears as the matr ix element of a 2-Poincare s c a l a r cur ren t 

s(x) between some s t a t e s jbc , Д / and |k ' ,yu . ' ) > corresponding to 

jpy a n d l p ' S , r e s p e c t i v e l y . A s t a t e |k , у,\ i s a momentum eigen-

s t a t e in an i r r e d u c i b l e 2 - ro incare r ep r e sen t a t i on space with 

"spin" zero and "mass" m , mfc2'= m2 tu^c 2 , (V.j) 

/* = XP. " J ^ P + . (V.4) 
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Bancd upon the standard ar^unient3 we may wr i t e : 

< к ' , л - | а ( х ) | к , л ) = i? (^ ,^ ' , (k - (c-)Me i (~c -S')iS , ( V J 5 ) 

where 

( k - k - ) l = ^ . C . - k J ) 1 - ( к ^ - к ^ ' н С р - р - ^ + о ^ ^ - ^ с ' ^ ,. (v.6) 

( k - k ' l p f k ^ - i g l t + ( k ^ - k ^ x ^ , (V.7) 

k t = e j m ' c S ^ j ' ' 1 , kj = с [ ; ' 1 о ' * J £ ^ J V . (v.8) 

i tot ice, f i r s t l y , tha t we did not provide the function P with a 

dependence on A • This i s explained by the arguments of i j e c t . l l l . 

Secondly, one must no t ice t h a t while in the ordinary reference 

frame one could ехргезз the matrix element (V.2) by means of an 

unknown function К of one va r i ab l e only, now in (V.5) the funct ion 

F of th ree var iubJas has appeared. Carrying out , however, on 

(V_l t 2) the procedure v;e have described in the previous sec t ion 

for the reduct ion of j - i o i n c a r o covariant funct ions to 2- lo incarn 

covar iant ones the dependence of F on u. and ^ can be made ex-
2 

p l i e i t . iVhut remains i s a^ain un unknown function of (p - p ' ) 

F i r s t we consider the specia l case when p_ = 0. >'rom the 

general l'onnulau (V.4) and (V..8), and from 
k o = Tx" p* + * ° l p - ( V "' ) 

it follows that 

2 ,\cp_ = fJ. с + [in1- + /J-""clj l . (V.lu) 

Once the value of the parameter A is specified the quantity p. , 

or, the 2-1'oincar!) mass in , can be determined as function of p_ 
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and c. Furthermore, by Identifying k' = £' , and using 

h - x p - - 4x^p ; • ' • v - i i > 

the argument p - p_l of the Dirac delta in (V.2) gets easily ex­
pressed in terms of и ru. and (p - p 1) : 

How we may write the eguality: 

F<^f,^';(k - k'f ) = гТр((р-р')Ъ<Г(р_- pj) . (V.13) 

Let us remark that in the l imit с-»сю eqa. (V.3,12,13) reproduce 

the for.iulas of the 2-Salilei oymraetrio case familiar from ref . J . 

I t i s also worth mentioning that while in the 2-Galilei сазе а 

simple scaling property of ? follows from the "no Л-dependence" 

assumption , in the 2-Poincare case a rather complicated imp­

l i c i t relation can be extracted from eqs. (V.10,11,12,13) for 

the function P. 

To complete the discussion of (V.2) in the IMF only the 

case £ / 0, p_' / 0 remained to be dealt with. (For simplicity, we 

s t i l l assume that £ = (p , 0).) rte make explicit ly use of the 

freedom in choosing the matrices (III .5) up to arbitrary fixed 

3-Lorentz transformation. For the matrix Aj, (see the discussion 

at the end of Sect . I l l ) we choose the one corresponding to 

- i * (M,+ H,) 
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with 

It 1э not very hard to verify, that eq.s. (V.12,13) remain un­

changed, only the mapping between -the momenta p^ , p and }c , Is' 

must be modified. The mapping in this case is аз follows: 

j£x = 0 , k'L= (pf' +ы?^ , p^ )• , (V.14) 

h- = *PJ " J ^ K + 2*P.i +^P'- ) ' ( v' 1 5 ) 

and eqs. (V.8,10) suxvive. 

In possession of these results one may already start 

with making models for the calculation of various physical pro­

cesses. These models will contain the free parameter с whicj* -re­

mained completely undetermined, tfhat actually happens when trans­

forming into the B.F is that we restrict the surface (p - p') = 

const, to its subsurfaces, to its intersection with the surface 

u. = cor.st. To each given value of M. corresponds a two-parameter 

family of surfaces in our construction, the parameters being A 

ar,d c. On the basis of the assumption that the IkP world is of 

reiuced dimensionality one can argue for the equivalence of sub­

surfaces with different A , but nothing can be said about the 

value of c. It ia possible that dynamics prefers the "relativis-

tin" subsurfaces with some given c. In this case all such pheno­

mena, like scaling, etc. , which agree with the result of cat-
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cu la t ions making use of the Galilean symmetry, must bo oonslrtered 

as the " n o n - r e l a t i v i s t i c " l i m i t s of " r e l a t i v i s t i c " phenomena. 

There i s no a p r i o r i reason to be l ieve tha t t h i s i s n *, the case . 

If t h i 3 i s , then an enlargement of the present experimental i n ­

put f i gu re s , probably the enlargement of energy, must be accom­

panied by remarkable changes i n the present experimental t r e n d s , 

by the breakdown of s ca l i ng , and so on. 
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