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1. INTRODUCTION

Interest in studies in 2D conformal field theory [1,2,3] is permanently increasing. In the
last years, this theory gained general recognition as the basis of (super)string models and
the statistical mechanics systems at criticality.

Important examples of conformal field theory are provided by the Wess-Zumino-
Novikov-Witten (WZNW) group manifolds sigma models and their supersymmetric ex-
tensions. With a special ratio of the coupling constants, the WZNW action exibits both
(super)conformal and (super)Kac-Moody (KM) symmetries and gives a field-theoretical
realization of the Sugawara construction. All the non-trivial rational conformal field the-
ories are expected to follow from WZNW model by the GKO projection [4].

The classical and quantum properties of ordinary bosonic and N = 1 superconformal
WIZNW sigma models were exhaustively analyzed in {5,6] and [7], using the standard tech-
niques of conformal field theory. The first examples of N = 3and N = 4 superconformally-
invariant WZNW sigma models on group manifolds have been constructed in our papers
[8,9]. These models involve, as essential blocks, the bosonic O(3), SU(2) or O(4) WZNW
actions and admit a nice interpretation in terms of nonlinear realizations of 2D N = 3 and
N = 4 superconformal symmetries (O(3), SU(2) and O(4) KM symmetries of the relevant
actions naturally come out as parts of N = 3 and N = 4 superconformal ones). A neces-
sary ingredient of these models is the presence of additional free bosonic fields interpreted
as Goldstone fields corresponding to broken 2D scale or U(1) invariances [8,9] ! . Later
on, a wider class of such models was discovered, starting with a different geometric set-up
[10,11]. The most essential general features of them are, first,that N = 3 supersymmetry
of the action always implies N = 4 supersymmetry and, second, that the relevant bosonic
group spaces in most  cases involve /(1) factors. A complete list of admissible
bosonic target manifolds is given in [10]. The models we have constructed in [8,9] corre-
spond to the manifolds U(1) x SU(2), U(1) x O(3) and U(1) x U(1) x O(4). As has been
observed in {12,13,14], N = 4 superconformal WZNW sigma models of this type actually
reveal a new kind of N = 4 superconformal symmetry which was missed in the paper of
Ademollo et al., [15]. It contains an additional U(1) generator giving origin to the whole
(A/(l) KM symmetry. The latter is realized as shifts of one of free scalar fields present in
the action.

The quantum structure of these higher N WZNW sigma models has been studied
in {12,13,14]. The OPE's (operator product expansions) of the relevant currents have
been constructed and the general expressions for central charges have been found. An
interesting peculiarity of this superconformal theory is the appearance of the Feigin-Fuchs
type terms in the currents. In our letter [14] several important cases were considered when
a fermionization of the KM currents becomes possible. As has been pointed out in [16], the
WIZNW sigma model realizations of U(1) extended N = 4 superconformal algebra (SCA)

!One may add to the sigma model action the Liouville term for 2D dilaton (accompanied by appropriate
Yukawa couplings with fermions) without affecting the underlying superconformal symmetries [8,9}.
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bear an intimate relation to the theory of representations of Knizhnik’s superalgebras
{17,18]. In more detail the representation theory of this new N = 4 SCA was constructed
in [19].

Until now, all these considerations were performed using the language of ordinary 2D
fields. However, the most elegant formalism for handling supersymmetric theories is of-
fered by superfields. The superfield methods, in particular the techniques of superfield
operator product expansions (SOPE),have already shown their worth in N = 1 super
WZNW models {7). The general superfield calculus of higher N superconformal symme-
tries has been developed in (20,21], without referring to particular models. The purposes
of the present paper are to specialize this general formalism to the N = 3 and N = 4
WZNW sigma models mentioned above and to construct the self-contained superfield de-
scription of the latter, both on classical and quantum levels. We confine our study to the
simplest models of this type proposed in [9] because, for the time being, only for them the
basic superfields are known. Besides, they are directly related to the structure of N =3
and NV = 4 SCA’s, originating from nonlinear realizations of the latter. Nevertheless, it
is likely that the remaining models of this kind can also be translated into the superfield
language without serious difficulties.

The paper is divided into two parts. In this first part we begin (in Sect.2) by reviewing
a general superfield formalism of superconformal theories for any N, with focusing on the
cases N = 3,4. As a new development, we give here the basic elements of superconfor-
mal superfield calculus for U(1) extended N = 4 SCA. Further, in Sect.3,4 a superfield
formulation of N = 3 WZNW sigma model is presented. We show how to define the
N = 3 supercurrent through the basic primary superfields, both in classical and quantum
cases, and construct the relevant SOPE’s. We also find out the necessary presence of
one more N = 3 superfield of the supercurrent type which, together with the standard
N = 3 supercurrent, generate U(1) extended N = 4 superconformal symmetry. Finally,
we formulate the superfield fermionization rules corresponding to the cases considered in
[14].

The second part of the paper will be devoted to the superfield description of N = 4
WZNW sigma models.

2. GENERALITIES OF N EXTENDED 2D SUPERCONFORMAL
THEORIES IN SUPERSPACE

Here we sketch the superspace formalism of 2D superconformal theories for arbitrary N,
with a special emphasis on N = 3,4. We basically follow refs.[20,21].
Denote the coordinates of N extended 2D superspace by Z and Z, where ?

Z=1(26), Z=(38), i,i=1,2,..,N (2.1)

*We do not need Z and Z to be mutually conjugated.

and define spinor covariant derivatives D', D

; 8 ; 8 i 3
i2% g8 p_2 sl 2.2
b a6 g 3z’ a8 8z (2:2)
{D', D} = —2§0,, {D' D%} = —2848;, {D', D’} =0.
The basic entities of N extended superconformal theory are the analytic (antianalytic)
superfunctions f(Z) (f(Z)) which are defined by the Grassmann analyticity condition

D'f(2,2)=0= f = f(2) (2.3)
(and analogously for f(Z)). One may decompose them in generalized Laurent series ?

which involve ordinary Laurent series in z and Taylor series in 6*:

=33 (~1)* —lﬁ—lz"o"lnl"a" £(Z2) - (2.4)
"W

For the coefficients in (2.4), the following modified integral representation is valid [21]

( )/R 5 ,,Dl']f f' dzl /dNal

27rz

N O]

Zn+l

f Zl) ) (25)

where the contour C; encircles the point z,.
The possibility to deal with the superanalytic functions in 2D superconformal theories
is related to the property that 2D superconformal transformations preserve analyticity

o F=z248z, 6 56 =6+
. . )
6z = E(Z) — %O'D‘E(Z), 66 =~ D'E(Z) (2.6)

:z+6z, §i - G =+ 561,

wil

§z = B(Z) - -o' ‘B(Z), 66— _%FE(Z) , (2.7)

where E(Z) and E(Z) are two arbltrary analytic and antianalytic superfunctions collect-
ing parameters of superconformal transformations.

30ur notation is basically the same as in [21]

1
(i} =driz..ip, 4 # i, 0S RSN, fp= s R(R-1),

_ 1
" (N —R)
0;2:0; '—0;, Zu:zl—z2+0'i0;.

oll _ gn g2 . gr etc., oN -l

e AN -—mB TRON . 0J1N—R))



Spinor derivatives are transformed homogeneously under (2.6), (2.7)

D = (D'65)D3, D' = (D'8)D*, (2.8)
so Grassmann analyticity conditions (2.3) are covariant and one may restrict oneself to
considering the analytic or antianalytic superfunctions. All this can be expressed as
the statement that the 2D superconformal group is a direct product of two groups acting,
respectively, on Z and Z. Correspondingly, the supercurrents generating these two groups
are analytic and antianalytic superfields. In what follows we shall consider, without loss
of generality, the objects depending on Z.

The important quantities are primary superfields $ which are postulated to have the
following superconformal transformation law

6ed% = —E(8.9%) + %(D‘E)(D‘(b‘;) - A(8.E)¥ - ii(D‘DiE)(T‘J')"%i . (29)
Here A is the conformal weight of $3 and a is an index of the representation of the group
O(N) which extends to the whole é(N) KM symmetry with the parameters contained in
E(Z) (O(N) acts also on Grassmann coordinates which transform as an O(N) vector).The
matrices (T%7)>? are generators of O(N) in this representation.

The superconformal transformations of some superfield ®(Z) (not necessarily the pri-
mary one) are generated by the supercurrent J(V) according to the general rule

b8(Z;) = § 2L [ 440, B(2)I(2,)8(2,) (2.10)
C, 2m1

In (2.10), all the information about the transformation properties of ®(Z) is encoded
in singular terms of the product J¥)(Z,)®(Z,;) at Z, — Z,, because only such terms
contribute to the contour integral. In particular, for the primary superfields $3(Z) the
relevant SOPE is of the following form

(N} a 0{"2 10{; : l G{VZ a ijyaB 12 v fed
TN 20 (Ze) = |-AZE + 57D, - o, 83(Z)+, () -2+
12
(2.11)

where dots stand for the regular terms. Substituting (2.11) into (2.10) yields just eq.(2.9).
The supercurrent J¥)(Z) is not a primary superfield, it transforms with an inhomoge-
neous piece

§pJW™ = —E(8,J%™) + (D ‘E) DIy — (2 - %N)(@,E)J“") +OME  (212)

or, in the SOPE language

N 6y L 16hT

(N) (N) = |—=(2 -
TENONZ) = |2 = gt + 54

. oN
D; - 20, | J¥(22)+C (21, Z2) +- -
12

(2.13)

[

where the central term C(™) and the central operator O¥) are related by

le

(OME)(2Z,) = f /d”o E(2,)C™(2,, Z,) . (2.14)

Jacobi identities impose severe restrictions on the operators O¥) (C¥)) which prove to
exist only for N < 4[20,21]. For N = 3 and N = 4 the operators OW) (C(M) are {21]

c c 1
o® — _EDS, N2y, 2,) = 27, (2.15)
. D* 6}
ow = oDl _a,, c(Z,,2,) = log(Zu) y 270 (2.16)

12 8, 122"
where ¢, ¢, c; are central charges of N = 3 and N = 4 superconformal algebras (¢ and
c1 coincide with the conventionally normalized central charges of corresponding Virasoro
subalgebras) (Appendix A). Appearance of two independent central charges in N = 4
case is relatedAto the presence of two commuting SAU(Z) KM subalgebras in N = 4 SCA
(O(ky o ~ SU(2), x SU(2)uy, k1 = 3{c1 + &2), k2 = 3(e1 — 2)).

To avoid nonlocalities in @™, it is convenient to deﬁne a new supercurrent J'(Z)

J(Z)= D'J"(zZ), (2.17)
which transforms according to
) 1. RV U . i .
bpJ' = —E8,J" + E(D’E')(D’J') + E(D'D’E')J’ + :—;D“'E + I%—D'B,E . (2.18)
This supercurrent has the following SOPE’s with itself
J(2,)Ji(2,) = 277, (-85 + 670157 + 67'035° — 6768, D3} J(2,) +
1 . o Lo
oz O+ 0L tDT 4 28780, Sz + (219)
o (87 8 } o { 8% a:;""} |
+ 269 12 +
12 {le zh) 12 7y
and with a primary superfield %
. 04—:‘ 94—-‘ 1 04 104 -l
J(Z)P%(Z — AIZ i;———ﬁDl - 12 l a _
(21)%3(22) { zy + Zg 7 223 R 712 D;| #3(22)
5} 050:2’ ” i 3012 . B8
S iR Gk S EACARS (2.20)

The general integral formula (2.10) for the superconformal variation of a primary
superfield in the N = 4 case can also be concisely rewritten via the supercurrent Ji(Z).
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To this end, let us pass from the parameter superfunction E(Z) to its spinor "potential”

A(2)

E(Z)= D'AY(2) (2.21)
DiNI(Z) + DiN(Z) = %6‘-"D"A"(Z) : (2.22)

The constraint (2.22) leaves in A’(Z) the same number of independent functions as in
E(Z)

; 1 1 ; | P
AYZ) = -2-,p(z)+Ze*f(z)-bl*'l(z)9‘ - —2—3,;1,’(2)9 6 — 59‘ kn*(z)
+ %a,blm"l(z)e’""“a'*-’ ~ d(2)6" = 2 0,(2)0* (2.23)
E(Z) = f(z)+28.4'(2)0" + sz[ij](zjeijkleq_kl — 2i8,7'(2)8* " + 48,d(2)6" (2.24)

Substituting (2.21) into (2.10) (for N = 4) and integrating by parts one gets

558(2) = }{7 dzl/d‘elD’ (A(2,)I9(20)8(22)) +

+

f d= /d“G A(Z,) DI (2,)8(2,) =
Cy 2

fc %/dw“\i(zl)ﬁ(zl)q’(zz)- (2.25)

It is worth mentioning that the representation (2.25) is actually more general than the
original one and opens up a way of extending the standard N = 4 SCA. To show this, we
first notice that A*(Z) contains more parameters than E(Z). Indeed, the constant parts
of functions y‘(z),n'(z),b[ij](z) and d(z) in A'(Z) do not contribute to E(Z) as s seen
from egs. (2.23), (2.24). For the primary superfields $(Z) having the standard SOPE’s
(2.11),(2.20) with the supercurrents these additional parameters drop out from the ex-
pression (2.25). So, for such superfields eqs.(2.10) and (2.25) are completely equivalent.
However, this ceases to be the case if one assumes a more general form for SOPE of ¥(2)
and J*(Z), nemely, adds one more pole term to (2.20)

JH(2,)28.u(Z2) = (2.20) - w: %&‘;JZ,) , (2.26)

which amounts to allowing a logarithmic singularity in the product with J®
J9(Z,)83 .(25) = (2.11) + w-log Z1,83 (Z2) - (2.27)

Here @ is a new constant characterizing the primary superfield. This term, being sub-
stituted into (2.25), generates an additional U(1) transformation of ‘?ZI‘,(Z) with the
parameter do coming out as the constant part of the function d(z)in A'(Z)

= daz™". (2.28)

The remaining constant parameters uj, 7, b5 do not contribute as before.

Thus, the class of N = 4 primary superfields can be enlarged by allowing them to
carry a new quanturmn number, the eigenvalue of the U(1) generator Up associated with
the parameter dp in A*(Z):

U | ¥3, >=w |2, > - (2.29)

This generator acts only on the superfield as a whole (it does not affect the superspace
coordinates (2, 6')) and is naturally accomodated by the general formula (2.25). It appears
in the r.h.s. of anticommutators of spinor charges and, together with the old generators
U,,n # 0, generates the whole U(1) KM symmetry. This new U(1) extended N = 4 SCA
[12,13,14] is lacking among those listed by Ademollo et al [15]. The generator U, enters
into the supercurrent J(Z) as a coefficient of z! in the decomposition of D*J* {40 in
Laurent series. On the other hand, in terms of the original supercurrent J*) it comes
out as the coeficient of the logarithmic singularity in J®)(Z) g0, which was ignored in
standard considerations.

Thus, on the primary superfields 3 , with@ # 0 just this new U(1) extended ¥ = 4
SCA is realized. It is reduced to the standard N = 4 SCA only for w = 0. Note that
for the superfields with @ # 0 one cannot return to the standard form of variation (2.10).
The reason is that in this case the integral of a full spinor derivative in the first line
of formulas (2.25) does not vanish in view of the presence of log Z,; under 8/8, in the
integrand. As we shall see in Part II, the basic superfields of N = 4 WZNW sigma model
necessarily possessw # 0 and so provide a representation of the U(1)-extended N = 4
superconformal symmetry, in accordance with the component consideration of [12,13,14].
It is worthwhile to say that the supercurrents J*) and J* possess w= 0 and thus are inert
under the action of Up.

In the next Sections we shall also need an integral representation for the normally
ordered product of two superfields at a given point [18]

LAB:(2)) = 3 / m[mze{;m(zl) (Z,) + A(Z)B(Z)] . (2.30)
Here Z, = (2, 6}), Zy = (22, 63).

Finally, we mention that for the coefficients in the z, § expansion of J®) and J' defined

according to

Jhl :fc o [d-"g ifrglil '+1—TJ(3)(Z) (2.31)
o 271

1=y 21rz./ a9 ilnghr+3-47(2) (2.32)

eqs.(2.13) (with N = 3) and (2.19) produce, respectively, N = 3and N = 4 SCA’s. These
SCA’s are written down in Appendix A.




3. N=3 WZNW SIGMA MODEL: CLASSICAL THEORY

The aim of this Sect. is to present a superfield formulation of N = 3 WZNW sigma
model at the classical level. A generalization to the quantum case will be given in the
next Section.

As has been shown in [9], the basic object of this model is the O(3) matrix superfield
¢(2,2)

(2.7) = eVIED (7, 7) (3.1)
53077 e 2B) x 0(3)
qJ(Z,Z) € 0(3—)"“" (3.2)

subjected to the equations
o 9
D'¢v + D¢t = —6"D"ql“ (a)

oy

D'q¥ + D¢ = —6Dq™  (b) (3.3)

Wl

D¢ 'D'qy' = 0. (3.4)
Here the non-underlined and underlined indices refer, respectively, to the vector repre-
sentations of two O(3) groups,0(3) and Eﬁ, which enter the analytic and antianalytic
branches of N = 3 superconformal group realized on the coordinates (z,6'), (2,8). The
renormalization of superfield w(Z, Z) in (3.1) by the factor \/i, k € Z, has been performed
for future convenience.

The meaning of eqs. (3.3),(3.4) was explained in [9] and it is as follows. Eqgs. (3.3)
are the off-shell irreducibility conditions extracting from ¢'/( Z, Z) an irreducible number
of 8 + 8 field components. Eqs. (3.4) are dynamical equations eliminating auxiliary fields
and resulting in the correct equations of motion for the physical components of gY. The
latter are defined as the first components of the following superfields

G 1 [k

qy, Ex:_g\/r( —IDJ |J| X___\/r(q—lDl il |Jl
A Ly, NES WE \/j t d inl ' 5
5—_3\/;(044 X =g 2(qu e, (3.5)

the renormalization factors being included to get a correctly normalized action (see below).
In principle, eq. (3.4) could be obtained by varying a proper superfield action which
justifies the interpretation of the remaining independent components of ¢ as auxiliary
fields. For our purpose, it is sufficient to know the component action with the auxiliary
fields eliminated [14]

1 15, 1, .. 1 1
Sphy' = /dz‘i—z— {Eazuafu + 56-8‘6- + Eflaifl + —Yazi + “XBFX} +

+% (/dzaw;w;+ ik /d’Xc""" ‘J"W‘W’W") (3.6)

8

where

8 _.
axad”
and X4 may stand both for the 2D coordinates z,% and for the 3D ones X*(a = 1,2,3).
The action (3.6) is invariant under N = 3 superconformal transformations and involves,
as an essential ingredient, the action of the bosonic O(3) WZNW sigma model. The
presence of integer k (which is the same as in (3.1)) reflects quantization of the coupling
constant in front of WZNW action.

As usual, N = 3 superconformal group can be realized in a closed form on the analytic
and antianalytic components of fields involved in (3.6). These components are concisely
encompassed by the general solution of the superfield equation (3.4)

(2,2) = ¢*(2) - ¢*(2) , (3.8)
where the index A = 1,2, 3 is inert under both O(3)’s and so under N = 3 superconformal
group as a whole. The latter acts independently on ¢*4(Z) and ¢4/(Z), respectively
by its analytic (antianalytic) branches. Thus, we may confine ourselves to considering
the analytic superfields q4/(Z) (for ¢*4(Z) all the considerations are carried put quite

analogously). The only equation to be satisfied by q47(Z) follows from the irreducibility
constraint (3.3a):

ko
Wi = e (3.7)

Digh + Digh = %FjD‘q" . (3.9)
The superfield ¢4*(Z) is primary with the conformal weight 1/2:
Seqt = —E(9, q‘)+ (D'EYD'¢Y) — —a E-¢* - —D’ Ig . &ilgAl (3.10)

B(Z) = f(z) + 20 (2)6° + 6'(2)6 — 2in(2)6° ,
where the parameters f(z), u*(2),4(z), n(z) correspond to the transformations with gen-
erators L,,G', VI T,, respectively (see (A.1)). Eq.(3.9) is covariant under (3.10), which
can be checked straightforwardly.

So far, we tightly followed the consideration in [9]. A novel point we have not discussed
in [9] is the construction of N = 3 supercurrent J(®}(Z) in terms of primary superfield
q*(Z). Generally speaking, it could be derived: from the superfield action corresponding
to eq. (3.4). However, it is uniquely determined already from the simple dimensionality
and symmetry considerations. It should be a spinor, have the dimension 1/2 , be the
O(3) singlet and contain the KM current among its components. All these requirements
are met by the expression

I(2) = Setg g (3.11)

Being aware of the transformation law (3.10) of ¢#4‘(Z), one may easily find the corre-
sponding law of J®3)(Z). It is as in eq.(2.12) where the central term is given by expression
(2.15)

o) — __iDC*
12



with 3

The definition of the component N = 3 currents and the explicit expressions for them in
terms of fields (3.5) are given in Appendix B.

1t should be pointed out that in the given model the central term in the transformation
of the supercurrent arises already at the classical level. This is related to the fact that
the bosonic part W* = W} (3.7) of the KM current contained in J®) is transformed
inhomogeneously under O(3) KM transformations [5].By supersymmetry, an analogous
classical inhomogeneity appears in the conformal transformation of the stress tensor 7'(z).
This is achieved due to the Feigin-Fuchs term of field u(z) in T(z) (Appendix B).

Expression (3.11) completely defines the supercurrent J)(Z) as a function of ¢*/(Z).
However, this object is merely one irreducible piece of the expression (g~ D'q)?*. There
is another one as well. The constraint (3.9) implies the following general structure for

(¢! Digy
;(q_lDiq)j[ = JONZ)e + 699Y(2) — &% (Z) - &' (Z) . (3.13)

Thus one may associate with ¢#*(Z) one more superfield of the supercurrent type

: k s k_;
¥(2) = X Digy = —Kﬁo'u(m - (3.14)
4 2ve
Different representations for ¥*(Z) follow immediately by applying the constraint (3.9).

From (3.14) it also follows that ¥*(Z) satisfies the constraint

D% 4 DIt = 25"51)‘\1:' . (3.15)

Let us inspect ¥* in more detail. Its transformation law stems immediately from
eqs.(3.14), (3.10)

S5 = —EO,¥ + %(D‘E)(D'\Il') - %B,E W - DB MW SDiE  (3.16)

é=k. (3.17)

Now we observe two peculiarities.

First, as is seen from (3.16), ¥*(Z) behaves, up to the central term, as the primary
superfield of the weight 1/2 and in this respect it resembles J(*(Z). However, the central
term has an entirely different form. To our knowledge, no such superfields have been
considered earlier within the superspace approach to N = 3 superconformal theories.

Second, the transformation law (3.16), in its own right, does not require ¢ to be as in
€q.(3.17); the Jacobi identities of N = 3 SCA are satisfied by (3.16) with any &, so the

10

specific value (3.17) of ¢ is an artefact of the given model in which ¥¥(Z) is expressed
via ¢*(Z) by eqs.(3.14). In fact, one may forget about (3.14) and define ¥(Z) by its
transformation law (3.16) and the constraint (3.15) which is easily checked to be covariant
under (3.16) irrespective of the value of & Then, considering J@XZ) and ¥¥(Z) together
leads to the situation with the two independent central charges ¢ and é.

Thus, the N = 3 WZNW sigma model admits two conserved supercurrents, J3)(Z)
and ¥'(Z). As we know, J®)(Z) generates N = 3 SCA. It remains to learn which
invariance is associated with ¥(Z).

Actually, this question can be answered immediately by looking at the component
structure of ¥*(Z) in the present model ((B.2)) and keeping in mind that the action (3.6)
possesses a wider symmetry, namely that with respect to O(4) x U(1) N = 4 SCA [14].
The coefficients in the expansion of ¥*(2)

il = fc %/d”ﬂ-i’"ﬁ[‘]z"f“?‘ll'(Z) (3.18)
are easily seen to complete N = 3 SCA (A.1) generated by J®)(Z) to the N = 4 SCA
just mentioned (eqs.(A.2)). As was given in Sect.2, the latter possesses twc independent
central charges and this accounts for the appearance of two different numbers ¢ and ¢in the
transformation rules of J®}(Z) and ¥*(Z). These numbers actually coincide with ¢; and
¢; figuring in eq.(2.16) and reflect the two-levels structure of O(4)-KM subalgebra. Let us
stress that the constraint (3.15) is entirely neccessary in order to match the component
content of ¥'(Z) with the set of component currents completing N = 3 SCA to N = 4
SCA. It is also worthwhile to emphasize that, within the superfield approach we deal
with, N = 4 superconformal invariance of the N = 3 WZNW sigma model in question is
directly related to the possibility to construct the second conserved supercurrent ¥*(Z)
out of ¢4(2).

Being aware of the transformation properties of N = 4 superconformal currents {14],
one may derive the transformation law of supercurrents J®)(Z) and ¥*(Z) under the
action of generators belonging to the coset (N = 4)/(N = 3):

5,0 = %eiles—-jAl LT 4 %(DiA")D‘J(a) n %BZA"J(“) _

_Spai+ Seitpig, Al
DA+ el DA (3.19)
| T | o1 .. . c . .
547 = —gDAD - S8 AW - 5e'J’D;‘"AJ\If' - %D‘B,A‘ (3.20)

oo - 2
D'A(Z)+ D’A(Z) = 5zs'JD‘A‘(Z) ,

where the new superparameter A*(Z) collects all the parameters of N = 4 SCA lacking
in E(Z):

A(Z) = d'(z) + 6 p(z) + 7167 (2) — 8 "a(2) + °7'0,d7(2) + 6°8,7°(2) . (3.21)
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Here parameters 8,d'(z),a(z), p(z), and 8,7'(z) correspond to the generators A%, U,, Q.
and S} defined in (A.2), (B.5). Let us emphasize that the transformations (3.19), (3.20)
do not act on the coordinates (z,8') of N = 3 superspace and only change the form of
superfields J(®)(Z), ¥(Z). The defining constraint (3.15) is covariant under (3.19) for any
c.

When deriving eqs.(3.19),(3.20), we did not use the explicit expressions of J®)(Z) and
¥(Z) via ¢**(2) and did not assume any relation between ¢ and & So, these transfor-
mations together with N = 3 transformations of supercurrents can be regarded as the
general realization of above N = 4 SCA in terms of N = 3 superfields. Specializing to
the particular form of supercurrents (3.11) and (3.14) amounts to expressing the central
charges by eqs.(3.12), (3.17) via the integer k appearing in the WZNW action (3.6). With
this choice of ¢ and ¢, the transformations of supercurrents (3.19), (3.20) are produced by
the following transformation of ¢#*(Z)

6AqBJ - 5(l).'i—gAl _ D3——1A1)q8| _ iDlAn . 6_1manan _

- %B,A’“ L gPre™m 4 %(DS-‘A-')fo . (3.22)

It is noteworthy that the irreducibility constraint (3.9) for ¢*' puts severe restrictions
on the structure of supercurrents J and ¥ (3.11),(3.14). The superfield projections of the
latter with dimensions 3/2 and 2 (the ordinary supersymmetry currents and the conformal
stress-tensor) are expressed, in virtue of (3.9),as the composites of the projections with
lower dimensions,viz 1 and 1/2 (KM currents and the additional supersymmetry currents).
Thus the constraint (3.9) automatically gives rise to the generalized Sugawara form for the
component currents of higher dimensions. A more detailed treatment of this phenomenon
will be given in Part I in the framework of N = 4 superspace.

By this we finish the description of classical superconformal theory associated with
the N = 3 WZNW sigma model (3.6) and turn to the quantum case.

4. N=3 WZNW SIGMA MODEL: QUANTUM THEORY

The component action (3.6) involves, besides the fields of bosonic O(3) WZNW sigma
model, only free bosonic and fermionic fields. So we may quantize this system following
the standard prescriptions of ref.[22]. As has been shown in [14] and in accordance with
the general reasoning of (5,7], the basic novel features brought about by quantization are
the changes in the values of the central charges (actually, only in ¢)

3
cq=c+3:§(k+2) e =0 :—k (41)

and possible appearance of anonalous conformal weight A and U(1)-charge w foz ¢%(Z)
The shift of ¢ by 3 reflects the contributions of quantum fermions (¢, ¢ = 2), of bosonic

12

_3k% )

KM current (e = h+2) and of quantum dilaton u(z) (cu =1+ 3555

¢ =Cx¢tow + Cu

The noncanonical contribution from w is due to the presence of the Feigin-Fuchs term
(properly renormalized in the quantum case) in the stress tensor T'(z) (see Appendix B).

The transformation laws are most transparently represented by SOPE’s between the
supercurrents themselves and between the supercurrents and the primary superfield ¢4*(Z)

J(3)(Z )J(3)(Z )= _1&+lesl_;ipi_ 125 1J9(2Z,) + 1 +.
' ’ 22% 22 ' Zn 12 Zu
; 165, 16} 6 ; 163,492, & 63"
(3) i — |22 12 i 12 Vi(Z,) — ~ 12 S92
T2 (2:) [ 225 2 7 D Zua,,] (Z) =377, 12zn

&4 eijkoii—l:

50 6% o 7 ]
+ +... (4.2
le Z]’: ( )

12 i} DJ 3) z _+_
7, Z1a zllz ] (Z)

V(2,)¥(2,) = % [

Iz 2 = [ 10 By Nz Lz 4
e Zh 27y 2 2,
; , 1696, — 561, — 2w. §7'8} 16%;°
i Aj [ 12 12 12 Algp y 2712 ]vnan An(Z 4+
V(21)9%(2) = 5 o (2 - 37 (22)
1 0:1’2 irk Ak
+§Z_2€J q (Zz)+... . (4.3)

12
Remarkably, the underlying constraint (3.9), being applied on both sides of eqs.(4.3),
unambiguously fixes A and wto be equal to their classical values

A: w =

1 1
= - 4.4
e (49)
The relations (4.1)-(4.4) completely specify the quantum transformation properties of
the basic superfields and supercurrents of the N = 3 WZNW sigma model in question.
Note that the infinitesimal (N = 4)/(N = 3) transformations generated by ¥*(Z) are

represented by the following general contour integral formula

5a8(22) = §, 321 [ 0, 4(2)92)8(2)

{ci. {2.25)). In particular, for ¢*/ we have the same transformation law (3.22) as in the
classical case.
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. An important problem is how to define the supercurrents via the basic superfield
g**(Z) in quantum case. The classical expressions (3.13) now make no sense (cf. an
analogous situation in N = 0 and N = 1 WZNW sigma models [5,7]), so one needs to
seek another way of relating the supercurrents to the basic superfields. By analogy with
the N = 0 and N = 1 cases, we define the quantum supercurrents J*}(Z) and ¥'(Z) by
the following equation .

SD'gM(2) = [JO(2)M*(2) + B (2)q*(2) - 8784 2)¢*M(2) - $(2)q"(2)] :,
(4.5)
where the symbol :  : means the normal ordering (i.e., it is assumed that all the singular
pieces have been subtracted). In the classical case, eq.(4.5) with @ = % is just another
form of eq.(3.13). In quantum case, the value of constant a is different. It can be evaluated
by resorting to the standard arguments of refs.[5,7). Namely, one defines the supermatrix
state

1Q*(2)) = ¢*(2) | 0) (4.6)
and demands it to obey the conditions (JI, ¥l are defined in (2.31), (3.18))
JH) QY (z)) =¥ | Q*(2)) = 0 - (47)
1
Tz -,
-2

which are required for consistency with SOPE’s (4.3). Eqs.(4.3),(4.7) and (4.5) further
imply

QU4 = (F_%e“‘j +57 8% sk 8ty iaa'_éai") 1QA*(Z)>=0  (438)

OiA = (Q_%ﬁj" + Ej’""G"_"%) | QAk(Z) >=0 (4.9)

(for the definition of generators I', S, G, Q see Appendix A). So, the states @4 and Q74
must be interpreted as zero-norm states. For conmsistency of such an interpretation the
following relations should be valid

J.!i]@m - J.!i]QjA =0, ‘I’!."]l@m - WE][QjA -0
r> l
-2

from which, just as in the N = 0 and N = 1 cases, the constant e is unambiguously fixed
this time to the value

_k+2
T2
thereby completely specifying the supercurrents JB)(Z) and ¥'(Z) in terms of ¢**(Z). 1t
is worth mentioning that in the quantum case it is impossible to define two supercurrents
via g4’ separately; they are introduced simultaneously by the matrix equation (4.5).

a

(4.10)
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The rest of this Sect. is devoted to discussing of two important particular cases
of the N = 3 WZNW supermultiplet, corresponding to the two versions of its partial
fermionization.

The first option is

k=0 = ¢=3, ¢=0. (4.11)

This choice makes sense only quantum-mechanically. In this case the bosonic component

W'(z) of KM current does not contribute to all OPE’s {12,14] and the whole N = 3 and

N = 4 SCA can be realized on a shortened multiplet consisting of scalar field u(z) and

spinors x(z), £'(z) [23]). The relevant currents can be obtained from the general ones by
putting elsewhere k = 0 and

Wiz)=0. (4.12)

Eq.(4.12) at k = 0 can be shown to be covariant both under N = 3 and (N = 4)/(N = 3)

transformations [14] %, so it may be considered as the additional irreducibility condition

which singles out an invariant subspace (u, x, £') from the N = 3 WZNW supermultiplet.

Our aim is to translate eq.(4.12) into the superfield language. Before all , we need to
correctly choose the superﬁeld‘representation adequate to this situation. Clearly, ¢4*(Z)
already does not suit for this purpose as the above shortened multiplet contains no trace
of the bosonic WZNW fields. On the other hand, the constraint (3.15) is valid as well in
the quantum case and one may still represent the supercurrent ¥¥(Z) as

¥i(Z) = %D"a(Z) : (4.13)

where #(Z) is unconstrained for the moment and is not obliged to coincide with the
superfield u(Z) figuring in our previous consideration °. What one actually needs is
that #(Z) starts with the field «(z). Also, the field x(z) enters as the first component
into J@)(Z), so we are led to include the relevant supercurrent J®)(Z) together with i(Z2)
into the sought minimal superfield set. It remains to write down the superfield constraints
equivalent to eq.(4.12). Looking at the component content of J®)(Z) and ¥i(Z), such
constraints are easily found to be

Dij® — ie'jk :DIgD* . = 0
e*DID*i+4:J3. D' = 0. (4.14)

Indeed, the lowest components of the Lh.s. of these equations just coincide with the
bosonic part W¥(z) of the O(3) and O(4)/0(3) KM curtents, which proves equivalence of
(4.14) and (4.12).

“In the language of N = 4 SCA, W*(z) is the bosonic part of the current %(V‘(z) + A¥(z)) generating
first of SU(2)’s entering into the product O(4)xs1,1 ~ SU(2)k41 x SU(2)1 (for definition of V*, A® see
Appendix B). The second SU(2) is generated by the combination L(V¥(z) — A(z)) which includes only
the fermionic parts. The fermions x,£* contribute 1 to the levels of both Sb(?) KM algebras, because
they can be assembled into doublets with respect to each of these SU(2)’s.

SExpression (4.13) is the general superfield solution of (3.15). Any other possible structures are
reduced to (4.13) after performing some D* algebra.
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The transformation properties of @(Z) and j(3)(Z) subjected to constraints (4.14) are
easily established by substituting the representation (4.13) into the general supercurrent
SOPE’s (4.2), putting there k = 0 and taking off one spinor derivative from @(Z;)

J®Z)a Gay . 16355 - :
( l)u(ZZ) = _Z az)u(ZZ) + §—Z—Dzu(Zz) + ... (a,)
12 12
= 6% - 16
V(Z)a(Zy) = — 2L BN Z,) + =222 4 .
(Z1)u(2,) 70 (Z2) + 22 (b) (4.15)

The supercurrent j(s)(Z) still satisfies eqs.(4.2) with k = 0.
It is instructive to see how eqs.(4.14) necessitate k = 0. Applying D' on both sides,
e.g., of the first of these equations and summing over index i one gets

D'DJ® = _35, ¥ = %e‘j" : D'D- D*a o= —2 (: JB) Dy :) D*a (4.16)

where we have used the second of eqs.(4.14). In the classical case the r.h.s. of this
relation identically vanishes, which leads to 8,J®) = 0 = J® = const. The set of
eqs.(4.14) becomes meaningful in the quantum case where (4.16) in view of SOPE’s (4.2)

merely fixes ¢, to the value ¢, = 3 => k = 0 (the r.h.s. of (4.16) is evaluated with using
the definition (2.30)).

One may directly check that €qs.(4.14) are consistent with SOPE’s (4.15) and (4.2).
It is also a simple exercise to show that J®)(Z) and %(Z) subject to (4.14) include just
the necessary set of independent fields (u(z), x(z), £'(2))
4(2) lo=o= u(z)
D'i(Z) |g=0= S'(2) = €'(2)
D'DPi(Z) lg=o= i[67U(z) + €7* 4*(2)) (4.17)
U(z) = i8.u(z), A'(z) = ix(2)€'(2)

D*U(Z) [g=0= iQ(2) = ée'f"g'eg" +ix(2)Bu

JNZ) lezo= 31(2) = 2x(2)
DIONZ) lowo= SVi(2) = beitgieh (4.18)

DT I2) lo-o= §6'(2) = fl-itug’ + Sxeergt|
) 1 ‘9,6
DJAZ) lo=o=T(z) = =3 {: Ooudiu + €06 + :xBux 1} -

The components S'(z), U(z), A*(z), V(z), I'(z), G'(z), T(z) satisfy the standard
OPE’s of U(1)-extended N = 4 SCA {13] with ¢, = 3,¢, = 0. Note that the superfield

16

%(Z) (4.17) is just the one conjectured by Schoutens [23]. It is worth mentioning that the
set irreducible under N = 4 SCA is formed by both superfields J-(s)(Z) and 4(Z); as is
seen from egs.(4.15), the (N = 4)/(N = 3) transformations mix these superfields among
themselves 6.

One more interesting peculiarity of the superfield N = 3 representation considered is
related to the following interpretation of the constraints (4.14). One may construct their
solution starting from the supercurrents J®)(Z) and ¥*(Z) with k = 0. Indeed, one may
check that the expressions

J® = & _g(D T — ek gk )+
- : 1 . .
AR L 50"&‘1(61“0’"\1’" +4:J99 )4 (4.19)

(the higher terms can also be easily restored) satisfy, in their own, the SOPE's (4.2) at
cqg = 3, = 0. So, we may realize on the original set of fields (involving the bosonic
current W¥(z)) two N = 3 (or N =4) SCA’s, both with ¢, = 3,¢, = 0. Their realizations
are quite different, but the most important point is that the second SCA closes on the
shortened multiplet (u,x,£'), while the first one mixes the latter with W(z)?. With
respect to this second SCA the supercurrents J®), ¥' are not superfields, but J® and
¥' are. On the other hand, the newly defined J® and ¥ are not superfields with respect
to the previous N = 3,4 SCA’s generated by the supercurrents J® ¥ This manifests
itself as the presence of explicit 6’s in the expressions (4.19). Note that it is impossible
to invert eqs.(4.19) and express J(3), @' through J®) i gsince the latter objects involve
a lesser number of independent fields than the former ones.
The second interesting case corresponds to

k=2= cg=6,¢=3. (4.20)

With these values of c,,& the contributions of the bosonic KM current W¥(z) to the
central charges of the Kac-Moody and Virasoro subalgebras equal 1 and :—; respectively,
and thus this current can be fermionized in terms of the O(3)-triplet of extra fermions (*
[22,5]

Wi = _;Eukcjc“ (4.21)

(this corresponds to fermionizing the bosonic part of KM current for one of SU(Q)’S
entering into O(4)as11 ~ SU(2)k41xSU(2);; another SU(2) is realized from the beginning

SThis property becomes manifest in N = 4 superspace where j“”(Z) and 4(Z) turn ont to be acco-
modated by the single N = 4 superfield 4(Z,8,) = 4(Z) + 04.7-(3)(Z) (Part II).

"Generally speaking, the currents of this second SCA, being functions only of the shortened multiplet,
can be constructed out of J(3) and ¥* with arbitrary k& , but the expressions for them look more com-
plicated than (4.19).The possibility of such a construction is closely related to the general observation of
Goddard and Schwimmer {16).
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only on fermions x,£*). The relevant superfield constraints look as follows

DB = 55 B 2 A .-,-,. D CICk

DI = 2. JOP +%€‘jk ¢ (4.22)
¥t = ?D‘u R
where we have introduced a new superfield (}(2)
C(2) lo=o= ¢'(2) - (4.23)
As the integrability condition for (4.22), one gets the constraint for ¢(*(Z)
Di¢i(Z) =: [JO(Z)e™ + 5w (Z) - 8994(2)) (M(2) : . (4.24)
It is not difficult to figure out the relevant SOPE’s (up to the regular terms)
. 43 ) 9 93 k
(3) 1 _ 12 1 9
JNE2)C(2r) = *ZTZ%C (22 2Z’ ¢'(Z5) + n D (%) -
. . 3 i 3—1
V)02 = g [00120) - 5905 200+ B2 a2+ ‘; IO (2,):
12
3—| 3
J(“(zl)u(z,) Lt 3,,u(zz) T 4 D‘ w(Z,) L%

22 22,
. 1 655" 16
¥z Z) = —— 12 1(3) ‘12
(Z1)w(2Z,) = 2 %1 - JNZ:) + V32 (4.25)
It follows that the superfields (*(Z), u(Z) and J®)(Z) are mixed under (N = 4)/(N = 3)
transformations. Just these superfields accomodate the irreducible set of fields in the
present case. It can be shown that after imposing the constraints (4.22),(4.24) the only
independent fields in these superfields are
w(Z) lo=o= u(z),
1
IOZ) lo=o= TX(Z)
D'u(Z) lo=o= €*(2),
CU(Z) lo=o= ('(2) - (4.26)

The‘remaining components are expressed in terms of (4.26) and their derivatives. In
particular, the conformal stress tensor is given by

1 1 Do s ;
D¥IONZ) Jgo= T(z2) = — 5l B:ud.u : +7583u+ €08+ xBax s+ PO ]
(4.27)
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The presence of the Feigin-Fuchs term in (4.27) results in the noncanonical contribution
5/2 from u(z) to the central charge of Virasoro algebra.

Finally, we note that one may construct new representations of N =3(N = 4) SCA
by tensoring independent copies of the superfield g%(Z). Each g enters with its own
integer k and makes an independent contribution to the supercurrents and, respectively,
to the central charges. The corresponding component action is a sum of actions (3.6),
with the product bosonic manifold (U(1) x O(3))", where n is the number of ¢’s.

So much for N = 3 WZNW superfields. In the second part of the paper we discuss
analogous issues in the framework of N = 4 2D superspace.

APPENDIX A

Here we write down N = 3 and U(1) extended N = 4 SCA’s in terms of generators JH
(2.31), ¥ (3.18) and IV (2.32).

N=35CA
‘]n — "an Ji= —l-l’G' , e‘leJJk — “T:‘, iletng:Jk — _Fr
T 27 n 3 2
[Lns L] = (2 = M) Lngm + 15(2° = Wrimo;
[LVHG‘] = (‘_ - T)Gn-h-’ [Lﬂ? VY:I.] = _mvri+m; (Al)

. ¢ is
{GL, 6} =269 Leyq + ilr — Q)M VS 4 2(r7 = 1/4)87604 00,
n N t
= = 4 e [T =045, 07) = Vo
\% yGJ] — ,e’J"G; —mé I‘m+,., {r,. T, } = 38q+4r0;

ny '

[V‘ V"} = lE'kak -t §Tl5 /B0

1
i k=123%nmeZinqel+ .
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Completion to N = 4 SCA

a1 5 o
V=28 + 5(a—1/2)eV s,
i3l _sik _’ __flk thkj 43 1 ik yiikl i
WS = 6 — VAL, et - -55
n i n i
[Lm Qr] = (5 - "')Qn+r; [Lmsr} = _(E + T)Sn-h-;
[Lrn Um] = _mUn+m - lsn(n + 1)6n+m,0; [an AI ] - =

(G S]} = 87U,y — Ak, + 3(r+1/2)5"1'6.+q.o;

{G Qq} = -1(1’ - q)Ar+q1 [G 1U ] = nS
[Gi, Al] = 16"Q,,+, ~ ne'tkgk

n+r1

n+r|

V3 520 = GeAS2 i V2, 0] = e A 4 5898

Vi Q.= _nSrlH-rY Vo Un] = {F,,S;} = (I, U] = [S;:
1 e E

[T., 4] = »'Sr+n; {rr,Qq} = Uryg + ‘g(r —1/2)b1q0;

{55,57} = 2696000; (8%, 43) = —isT

r4n;

ntr !

[AL, AL = ie*vE 4 §n6‘16,,+,,,'0; (4%,Q,] = iG
c
[UnyUm] = §n5n+m‘0; [Uny Qr] = nFn+r;

{er Qq} = 2Lr+q + §(T2 - 1/4)6r+q.0;{S:1Qq} = _VI

r4q

O(4) covariant form of N = 4 SCA

n+m|

Unl = [A:;, Unl =0

(A.2)

i | L 3
T -w‘c:. 86 - Hg+ )enm,
L ikt gis 1
3_!6Jl¢l1"_:)m — _E[eln:tTnt 6anm] |JI¢11|;I¢ln - —%F?

(L, L] = (2 = m) Loy + C—‘(vﬂ ~ 1)bntmoi

[Ln, Gl] = ( —T)anILmF:,]——( + Ty
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{Gi,Gi} = 26 Leyq —i(r — T, + c—'(r’ —1/4)6Y6,1,0;

[Ln, Um] = TnUn+m - l_n(n' + 1)5n+m 0 [Lm m] = —mT:l{*'m;

(A.3)
T" Tkl] _ &[ka]J n 5,[1.T1]- )+ { s it _ &:l‘sjk)% B Eijlel%&’ rm o)
(T5,G*) = ne™I ,_ ~i(§*Giy, — 67*GL,,);
(T2, T4 = 6"‘1" e MO
1 1. ...
{Gi, q} & 'Uppq + EG‘JHTﬂq - i_2(7_ + _)5”6r+m0;
[Uvn-Um] - n5n+m01 {Pq) r} — —"6‘ r+q01
[G';,U,.] = nr:u+rv [qu n] = [T:IJ7U’"] =0
-1
nikl=1234nmelirqel+; .
Comparison of (A.3) with (A.1), (A.2) yields
c=¢, ¢=c. (A4)

APPENDIX B

Here we give a general definition of the component currents appearing in the §-decomposi-
tion of J®)(Z),¥¥(Z) and their explicit form in terms of the fields u(z), £(z), x(z) and
W'(z) entering into the action (3.6).

I(z) = 2J%(2Z) |s=0= ﬁx(Z);

Vi = 2D U2) loao= [Wi(z) - S|

G'(z) = —=2iD*JNZ) lo=o= — [if‘(Z)Bzu(z) + \/gx(z)v"(z)Jr (B.1)
+ \/geijkﬁj(z)W"(z) + ii;:\/ga,g*(z)]

T(z) = D*J(Z) |omo= -% [; (8.u(2))?: + : §aju(z)+ D E(2)0,6(2) - +

+ i x(2)8.x(2) ‘% W)W (z) ;]
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S'(z) = 29%(2) lo=0= \/gg‘(z); [fo(z) + e‘f"A"(z)] = —2iD'W(Z) |goo=
= [i&‘j\/ga,u(z) + € (W"(z) + ix(z){"(z))] ; (B.2)
Q=) = 3D ¥(2) loo=

- {—‘/gei(z) [wi(z) - éeijkéi(z)fh(z)] +ix(2)du(z) - ig\/ga,x(z)} .

The remaining components of ¥*(Z) vanish or are expressed as derivatives of (B.2) in
virtue of the constraint (3.15). The values of the central charges are

c=¢

k (B.3)

I
N W

in the classical case and 3
. 3
c=5(k+2),c= Ek (B.4)
in the quantum one.

For the reader’s convenience, we also recall the general z-expansion of the currents
Si(z)=%" z_'_%.":; I'(z)= Zz""%l',;
Vi(z) = YW ANr) = Yz lAL Uz) = Sy,
Q)= 2775Q, Giz)= Y iC;

T(z) = iz‘"'an ' B9

1
ne Z: r€Z+§.

The coefficients in (B.5) obey the relations (A.1), (A.2) as a consequence of SOPE’s
(4.2).
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