


1. INTRODUCTION 

About eight decades separate the appearance of the problems 
indicated in the title. The two problems, however, have much 
in common which is related to the definition on electromagne- 
tic field energy and momentum. Thus, both problems have a com- 
mon solution. Perhaps, an insufficient understanding of the 
advent and solution of the first problem gave rise to an in- 
teresting "paradox" involving the electrostatic energy of a ca- 
pacitor. 

2. ELECTROMAGNETIC ENERGY AEJD MOMENTUM 
OF A CHARGE 

As is known, the 4-momentum of an electromagnetic field is 
given by the integral 

G' = IT"~V, , (1) 

where Tik is the energy-momentum tensor of an electromagnetic 
field 

with Fit the electromagnetic field tensor and dVk the 4-vector 
of an infinitesimal volume which can in particular take the 
form 

1 

2 0 dVk ( d ~ ' d ~ ~ d x ~ , - d x ~ d x ~ d ~ ~ , - d ~ ~ d x ~ d ~ ~ , - d x ~ d x  dx ) .  ( 3 )  

Here x0 = ct, x l = x, x = y, x = z and dVo is evidently an 
element of usual volume (dVo = dV). 

At one time, according to the Abraham's hypothesis of elect- 
romagnetic origin of the electron mass for 4-momentum (I), the 
following formulae have been obtained (see, e.g., /I/) 



where m = &*/c2, & *  is the electrostatic energy in the elect- 1 
ron rest system, y = (1 - P2)-lI2 and BC = V x  is the velocity of 
electron motion. It should be noted that the Lorentz formula 
of volume contraction was in particular used to derive these 
expressions. 

It is evident that eqs.(4) obtained in this way differ 
markedly from the known relativistic expressions for momentum 
and energy of a moving mechanical particle with rest mass m 

Below we discuss in detail the formulated problem. As usual, 
let us first consider a given ch3rge in the proper reference I 

frame (S*) where itis at rest (a* = 0). As the magnetic field 
fi* = 0 and F'fk = (-E*, 0) for the charge at rest, the compo- 
nents T : ~  are defined by the following expressions: 

Based on the condition of spherical field symmetry, we have 
I 

I 

and also 

The charge is at rest in the S* system. Therefore we have to 
require that the components of momentum d* may be reducible 
to zero 

As the underintegral expressions are essentially positive he- 1 

re, the integrals (7) can be reduced to zero only provided 
that 

The last condition is automatically fulfilled if the 4-vector 
of volume element in the S* system is defined by three 4-vec- 
tors of the following form: 

The physical meaning of this choice of the vectors dx:, 
8x: and h i  becomes clear if we apply the procedure of measu- 
ring spatial cuts by the radar method. It is apparent that 
each of the indicated vectors can be presented as a half-dif- 
ference of the two "light" 4-vectors describing the processes 
of propagation of a light signal along the corresponding in- 
finitesimal cut in the positive and negative directions. In 
other words, this choice of the vectors dxi , 8xi and just 
corresponds to the previously considered definition (concept) 
of relativistic length13/. 

The use of the special Lorentz transformations for the tran- 
sition to some frame S moving along the x*-axis of the S*-sy- 
stem with velocity Vx =-BC allows one to obtain 

for the transformation formulae of the components dVi. 
In the considered specific case the energy and momentum of 

a moving charge are defined by the following expressions: 

Using the transformation formulae for the components of the 
energy-momentum tensor T  ik 

one can easily find 



taking (9) into account. 
It is evident that the obtained formulae (12) correspond 

to the conventional relativistic transformation formulae for 
momentum and energy (5) and differ from the known expressions 
(4). Thus, within the frame of the considered approach there 
is no need to ascribe an extra mechanical inertial mass, which ,, 
is due, say, to the existence of nonelectrical forces 
("Poincare stresses"), to the electron / 4 / .  

It should be noted that the question on the covariant defi- , 

nition of electromagnetic momentum and energy and the deriva- 
tion of formulae (12) related to it are considered by a num- 
ber of authors (see, e. g. , 15/  ) . However, it should be stressed 
that one requirement of covariance alone is insufficient to 
obtain formulae (12) as, e.g., the known expressions (4) also 
satisfy the indicated requirement if a:# 0 is taken into ac- 
count in this case. Indeed, the choice of a 4-vector dVi in 
the form of (0, dV, 0, 0) providing Lorentz contraction, in 
the S-frame implies that we have ( PdV y, dV y , 0, 0) or (PdV*, 
dV*, 0, 0) in the S*-frame. As a result, C: = B 6*/3aand, as 
it is easy to make sure, the corresponding quantity is really 
related to the Lorentz transformations. 

In connection with the above-said, we would like to touch 
on the paper of Gamba in which, in particular, the conven- 
tional procedure of calculation of the electromagnetic field 
energy and momentum of a charge in different reference fra- 
mes (S and s * )  related to integration over volumes for t=const 
and t L =  const, respectively, is subjected to criticism. As in- 
tegration is performed over different hypersurfaces, the re- 
sults of calculations should concern, as noted by the author, 
a variety of physical events whereas the Lorentz transforma- 
tions deal with the same set of events. 

In general, as for the choice of a (space-like) integration 
surface in the calculation of integral (I), it would seem that 
a priori it is really difficult to prefer some surface/7/. 
However, it should be kept in mind that the momentum of a 
charge at rest turns out to be different from zero in all ca- 
ses except for integration over the surfaces normal to the 
world lines. This fact leads us to the physical condition, 
and the requirement of fulfilment of this condition (the mo- 
mentum of a charge at rest equals zero) makes it possible to 
choose an integration surface unambiguously. 

Thus, relativistic electrodynamics (imposing stringent re- 
quirements on the choice of the indicated surface) gives fac- 

tually unambiguous evidence for the extention (and not cont- 
raction) of a moving volume. 

It should be noted that the conclusion of the increase of 
the longitudinal dimensions of fast-moving bodies ("elongation 
formula") is a direct consequence of the above-mentioned con- 
cept of relativistic length13/. 

3. CONCEPT OF RELATIVISTIC LENGTH (CRL) 

It will be recalled that CRL13/ is based on the definition 
of the dimensions of fast-moving objects, in particular their 
longitudinal dimensions, which differs from the traditional 
definitibn. In this case the measuring procedure starts from 
the known radar method of measuring distances. The conseqtlen- 
ce of CRL is the relativistic "elongation formula". In the 
frame of this formula, for example, the length of a rod moving 
fastly along its maximum dimension is defined by the mean dis- 
tance which a light signal covers in the positive and negative 
directions, i.e. from one of its ends to another and back, Let 
the rod move in the S-system with velocity @c from left to 
right along the x-axis, and an observer begins measuring after 
the rod has flown past, i.e. the signal sent from the left: end 
will first run after the right end. Therefore the travelled 
distance is equal to 

with e *  the length of the given rod at rest (s+-system). 
In the negative direction, light goes to meet the left end, 

and so 

Hence for relativistic length we get 

I =L(t, + f  1 = f * Y ("elongat ion formula") 
2 b 

(14) 

Although the considered measuring procedure is "mental", 
it practically reflects a real physical situation in contra- 
distinction to the traditional procedure related to notches 
of the simultaneous position of the rod ends to a subsequent 
measurement of the distance between them by a standard scale. 
The point is that the basic field of applicability of the 
theory of relativity embraces microworld phenomena. In so 



doing, according to present-day representations, the interac- 
tions of microobjects, in particular elementary particles, 
are due to the exchange of field quanta. Roughly speaking, 
these interactions are of the type of quantum sending-recep- 
tion* or, in other words, one can say that they (especially 
electromagnetic ones) are of the radar type. If this is the 
case, it is evident that the effective spatial dimensions, 
which can be called "dynamic1'>k* , characterizing the interac- 
tions should be defined Just by relativistic length (14). 

It should be also noted that in a four-dimensional repre- 
sentation the relativistic length is given by a spatial part 
of the difference between two 4-vectors describing the proces 
ses of light propagation in the positive and negative direc- 
tions. In the above case for the corresponding 4-vector ti in 
the S- and S*-systems we have 

It should be also emphasized here that the problem associa- 
ted with the existence of fundamental (or elementary) len th 
can be practically solved only within the frame of CRL 1188 
which, as one believes, should play a large role in elementary 
particle physics. In fact, the introduction of fundamental 
length contradicts the conventional opinion of the contraction 
of relativistic moving scales / 9/ . Apparently, Pauli /lo/ has 
remembered precisely this fact speaking that the least univer- 
sal lengkh cannot probably exist on the basis of relativistic 
invariance. 

In connection with the foregoing, we would like to dwell on 
the problem of visible dimensions of fast-moving objects. The 
point is that the deep-rooted notion that rapidly moving 
objects must be always contracted has been first called in 
question in the study of this problem /ll/. In particular, it 
has been found/l2,3/ that a point observer standing in pro- 
ximity to the way of rod motion sees the approaching rod elon- 
gated by a factor of ( 1 + ~ ) ~  and the flown past rod contructed 
by a factor of ( l - ~ ) ~  and so on (according to formulae (13a) 
and (13b).1n this case the "mean" visible dimension(taking in- 
termediate positions into acoount) is given just by the "elon- 

>'r 

J.... 
I.e., the same physical signals. ,.,. 
In particular, taking into account that the influence of the process of 

measuring (interaction) cannot be already neglected in the microworld. 

gation formula" (14). Research in the behaviour of the appa- 
rent form of a relativistic sphere can be of particular atten- 
tian /13/ . 

The most important of all this is that the common process 
of "vision" is a kind of a modification of the above radar me- 
thod related to the interaction of radiated light signals (fi- 
nally, photons) with an observer or a detector. Therefore, vi- 
sible dimensions must reflect the character of interaction 
(in this case - electromagnetic one). In general, one can say 
that according to the present-day representations, radar (or 
"vision") with the aid of photons and gluons, respectively, 
factually forms the basis for the mechanism of electromagnetic 
and strong interactions. Thus, such an ordinary question on 
visible dimen~ions of fast-moving objects turn out to be clo- 
sely related to the deepest processes of the microworld. 

The "paradox" about the electrostatic energy of a capaci- 
tor/l4/ is related to the "problem 4/3". Let us remind its ba- 
sis features. A plano-parallel charged capacitor is normal to 
the x*-axis, the area of its plates A, and the gap between 
them is e*. I n  this case the energy density of an electric 
field is given by p *  = (~;)~/2. The total electrostatic energy 
& * is measured by multiplying p *  by the volume V * = Al* . Let 
us calculate now its electrostatic energy in the S-system 
where the capacitor moves with velocity v,. As E is nottrans- 
formed when passing to the S-system, the energy density re- 
mains unchangeable ( p = p * )  . The areas of the plates do not 
change as well. According to the contraction formula, the gap 
between them must decrease down to !*,ly . Consequently, the 
energy E also decreases by a factor whereas, according to 
all canons, it must increase by a y factor in motion.The es- 
sence of the Rindler-Denur "paradox" lies in this fact 1141. 
It is easy to see that no paradox arises in the frame of CRL 
as the gap of a moving capacitor increases by a factor y ac- 
cording to the "elongation formula" (14). As a result, elect- 
rostatic energy also increases which is in full agreement 
with the common "energy = y  x rest energy" law. 

Nevertheless, strictly speaxing, to calculate energy, one 
should use the covariant expression for Oi which can be writ- 
ten in a simple form 



in accordance with (1). In this case, according to (15), we 
have 

Vk (V*y, BV*y, 0 ,  0). Vt(V*, 0, 0, 0) (16a,b) 

with V* = f * A .  As a consequence, for the electrostatic energy 
of a moving capacitor we obtain 

Taking into account the transformation formulae (11) for the 
components Tik and the existing relation between energy densi- 
ty and pressure T i1 = T ~ O  , it is easily seen that 

Thus, the second term in (10a') vanishes, and we come really 
(already strictly) to the wanted expression & = &*y. 

In addition, it should be noted that no paradox arises pro- 
forma even in the traditional approach. The fact is that in 
this case we have 

instead of (16). Therefore, according to (l'), the momentum 
of a capacitor at rest Q $  does not equal 0(!) whereas, on the 
contrary, G $  = 0(!) for a moving capacitor. 

However, it is evident that the last result is physically 
meaningless. We should put = 0. As above, this condition 
(taking T:' # 0 into account) leads unambigously to the requi- 
rement V* = 0, i.e. this gives evidence for CRL again. 
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5. RESUME 

We have shown that the requirement of covariance itself 
does not solve the known "problem 413". The formulation of 
this solution is the following physical condition: the momen- 
tum of a charge at rest is equal to zero. The last condition 
leads factually to the definition of the volume of a moving 
body which differs from the conventional one.Volume extension 
and not contraction is its c0nsequence.A~ a result,the "prob- 
lem 413" and the Rindler-Denur "paradox" are indeed solved 
completely. 
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