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1. It i s  w e l l  known t i u t  a gauge eymmetry l e a d s  t o  

o o n a t r a i n t  a  of dynamioal v a r i a b l e s  i n  a  theory  [l]. 

Therefors ,  t h e  e v o l u t i o n  of unphyaioal  degrees  of f r e e -  

dom should be given when working wi th  gauge t h e o r i e s ,  

whioh l a  e q u i v a l e n t  t o  a gauge f i x a t i o n .  % e r e  l a  ano t -  

h e r  ww h e r e  t o  paas  t o  gauge-invariant  v a r i a b l a s .  I n  

t h i e  oaaa o o n e t r a i n t s  i n  a  theory  beoome d i a g o n a l ,  I.@., 

some of genera l ioed  momunto a r e  equa l  t o  ee ro .  The pas- 

aags t o  gauge-invariant  v a r i a b l e s  i s ,  i n  g e n e r a l ,  an 

i n t r o d u o t i o n  of o u r v i l i n e a r  ooord ina tes ,  so  changes of 

a o o n f i g u r a t i o n a l  apaoe of phya ioa l  v a r i a b l e s  t ake  p l a o e  

[2,3]. I n  o t h e r  worda, phyeioal  ooord ina tes  t a k e  v a l u e s  

not  on t h e  whole r e a l  axis but  only on i t a  p a r t  ( a  h a l f -  

- l i n e  o r  a  segnant) .  Moreover phya ioa l  degrees  of f r e e -  

dom ( i n  any way of t h e i r  de te rmina t ion)  oan have a  phaee 

apaoe whioh d i f f e r t r  from a  plane[4,5]. It l e a d a  t o  a  

modi f ion t ion  of  PI  [5],  and a e  a  r e e u l t ,  t h e  quaai-olae- 

a i o a l  d e a o r i p t i o n  i e  ohangedL61. 

Aooording t o  t h e  above remarka t h e  fo l lowing  ques t -  

i o n  o m  bs aekedl  i s  t h e r e  any way of PI  o o n e t r u o t i o n  

whioh doea not requLre e l i m i n a t i o n  of unphysioal  dogreas  

of freedom, and t h e  e v o l u t i o n  o p e r a t o r  d e t e n n i n a t e d  by 

auoh P I  would be m a n i f e e t l y  gauge-invariant?  It i s  

shown i n  t h e  preaen t  l e t t e r  f o r  f in i te -d imene iona l  mo- 

d e l e  with a  gauge group ( i d o l u d i n g  t h e  Xang&ille quan- 

tum meohanioa [? I  ) t h a t  t h i e  quee t ion  l a  no t  depr ived  

of  senae,  and t h e  r e o e i p t  of PI  f i n d i n g  wi thout  any oon- 

d i t i o n  i n  a  holomorphio r e p r e e e n t a t i o n  i e  auggeeted. 



2. We s h a l l  e x p l a i n  t h e  main i d e a  of  t h e  n o t e  by a 

aimple example where t h e r e  i s  o n l y  one phys ioa l  d e g r e e  

of  freedom. %e Lagrangian of  t h e  model i s  [4]  
a 

h e r e  b o t h  a n  N&imensional v e c t o r  T = (2, )xp ,.,.,xN) 
and Ya (all  , 2,. . . N) p lay  r o l e s  of dynamical v a r i a b l e s  

of t h e  t h e o r y ,  T a m e  h N  ant isymmetr io m a t r i c e s  whioh 
?4 C 

a r e  g e n e r a t o r s  of  t h e  group SO(N), [TQ,T I =  f,QcT , 
4 fair a r e  s t r u o t u r a l  c o n s t a n t s  of so(r), (T'X)~ = T'j 'Xd 

and V i s  a p o t e n t i a l .  Lagrangian (1) remains i n v a A a b -  

l e  w i t h  r e s p e c t  t o  gauge t r a n s f o r m a t i o n s  
T 

x - Q X Q ,  y - + ~ y ~ T - ~ a t i i T ,  y=ya~:(n) 

where - e K p  %(t) Ta , up a r e  a r b i t r a r y  f u n o t i o n s  

of t ime,  fiT i s  t h e  t ransposed  m a t r i x  R . 
P a s s i n g  t o  t h e  Hamil tonian .iormalism we f i n d  oano- 

n i o a l  momenta Jrh - a%; o (primary o o s t r a n t s  [I]), 

P = 3%; - i - y a ~ " x  t h e n  m i l t o n i a n  i s  

4 
w e  Ga= %a = { T ~ ,  H) = pLTLJxi = 0 a r e  seconda- 

r y  c o n s t r a i n t s  ( a r e  Po isson  braoke ta )  whioh 

f o l l o w  from t h e  requirement  of t h e  c o n s i s t e n c y  of t h e  

theory[l]. Al l  o o n s t r a i n t s  a r e  of t h e  f i r s t  o l a s s  

t h e  q u a n t i z a t i o n  o f  t h e  t h e o r y  i s  o a r r i e d  ou t  by t h e  

change of bo th  t h e  momenta and ooord ina tes  t o  opera tora  

w i t h  t h e  conmutat ion r e l a t i o n s  [xi, P,] = i SjK , 
[ yQ ,xc]= i, SQe and o o n e t r a i n t s  o p e r a t o r s  p i c k  ou t  

phys ica l  s t a t e s  [II 

m e  seoond e q u a l i t y  i n  (4) means t h a t  wave f u n c t i o n s  

do n o t  depend on Yo_ ; s o  below we shall n o t  t a k e  

t h e s e  degrees  of freedom i n t o  cons idera t ion .  Other  

equa t ions  of  (4) oan be e a s i l y  solved i n  t h e  holomor- 

ph ic  r e p r e s e n t a t i o n  which i s  in t roduoed  by t h e  d e f i n i -  

t i o n  of  o p e r a t o r s  dd a d  

*+  B(o*,= P ? + ( ~ * )  kiQ(~*)='/aat $(a*) a e  a. 
d d 1 

s c a l a r  product  w i l l  be d e f i n e d  i n  a s tandard  way 

rJ * - d  d  d 
where d (a , G) = ( 2 ~  i) d aZd a ey  (- af A d '  Q .) 
h y  s t a t e  i n  t h e  holomorphio r e p r e s e n t a t i o n  deoomposes 

EJ W h  
over  t h e  b a s i s  <a4/ h i )  ...) n,,,) = nirA (ai) /w 
h e r e  n - O , l , .  . . . This  b a s i s  i s  orthonormal w i t h  r e s -  

peo t  t o  t h e  s o a l a r  ~ r o d u o t  ( 5 ) .  C o n s t r a i n t s  o p e r a t o r s  
P A +  

beoome G,=T;- a; a Note t h a t  t h e r e  i s  no problem 
d d '  

of  t h e  o p e r a t o r  o r d e r i n g  h e r e  as TQ a r e  ant isymmetr io 

mat r ioes .  

Obviously, t h e  vaoPum <a*\ 0 )  = i s a t i s f i e s  (41, so  

any phys ioa l  s t a t e  i s  d e t e r m i n e d  by t h e  a p p l i o a t i o n  of 
* + 

a f u n o t i o n  of  o p e r a t o r s  a whioh commutes w i t h  a l l  
d 

o o n s t r a i n t s  G, . It i s  easy  t o  understand t h a t  any 

f u n o t i o n  o f  t h a t  s o r t  depends o n l y  on t h e  o p e r a t o r  

it it . l o t u a l l y ,  gauge t r a n s f o r n a t i o n s  (2) a r e  r o t a -  
d d 

t l o n s  of an ~ & I m e n s l o n a l  v e c t o r  and G, a r e  genera- 

t o r s  of  t h e s e  r o t a t i o n s ,  on t h e  o t h e r  hand, any q u a n t i t y  

i n v a r i a n t  with r e s p e o t  t o  t h e  r o t a t i o n  group i n  @ * 
i s  formed out  of  t h e  o n l y  v a r i a b l e ,  t h e  square  of a veo- 

t o r  i n  Q N  . Consequently, we f i n d  t h e  b a s i s  i n  t h e  

p h y s i c a l  subspaoe .- 



'Ihe n o r m a l i e a t i o n  f a o t o r s  Cn can be c a l c u l a t e d  

Non-negative i n t e g e r s  n i (1=1,2,. . . , N) enumerate t h e  

t o t a l  b a s i s  as t h e  system o o n t a i n s  N degrees  of freedom. 

Basis (6) i s  d e f i n e d  by t h e  only i n t e g e r  n ,  i .e. ,  t h e r e  

i s  only one p h y s i c a l  degree of freedom i n  our  system. 

Rea l ly ,  i t  f o l l o w s  from t h e  law of gauge t r a n s f o r m a t i o n s  

(2) t h a t  t h e  r o l e  of  a phys ioa l  v a r i a b l e  p l a y s  t h e  abso- 

l u t e  v a l u e  of t h e  p o s i t i o n  v e c t o r  'L - ( r 2 f h & 0  , and 

bes ides ,  t h e  phase space of '2 and oanonioal  conjugated 

momentum 
Pz 

i s  a cone [4]. Thereby f o r  PI f i n d i n g  one 

should i n t e g r a t e  a v e r  t h e  semiax is  'L 20 0 . However, even 

a Gaussian f i n i t e - d i m e n s i o n a l  i n t e g r a l  over  t h e  s e m i d s  can- 
n o t  be  c a l c u l a t e d  expl ic i t ly .The  l a t t e r  problem is u s u a l l y  

ignored i n  t h e  PI c o n a t r u o t i o n  f o r  gauge t h e o r i e s .  I n c i -  

d e n t a l l y ,  as i t  has been shown i n  [5J, i t  l e a d s  t o  a PI 

modif ica t ion ,  and as a r e s u l t ,  t h e  q u a s i o l a s s i o a l  deso- 

r i p t i o n  i s  changed [6]. This  problem, never the les8 ,oan  

be avoided i f  one u s e s  t h e  r e c e i p t  of P I  f i n d i n g  sugges ted  

below i n  which unphysical  degrees  of  freedcm a r e  n o t  

e l i m i n a t e d  e x p l i o i t l y .  

Using t h e  Feynman-Kac formula we w r i t e  t h e  k e r n e l  

of t h e  e v o l u t i o n  o p e r a t o r  i n  t h e  p h y s i c a l  subspaoe 

where aurmnation r u n s  over  t h e  whole p h y s i c a l  speotrum of 

Hamiltonian H (Hamiltonian (3) wi thout  t h e  last  term), 

1.0.. $Eph(Ct') s a t i s f y  E ~ . ( I ) .  ~f i n  EQ. (8) r e  sum over  

a l l  e i g e n s t a t e s  of  H, we g e t  t h e  k e r n e l  of t h e  e v o l u t i o n  

o p e r a t o r  ut(a4, a) i n  t h e  total  H l l b e r t  space of 

s t a t e s .  Our purpose i s  t o  e s t a b l i s h  a o o m e c t i o n  between 

Ut and U: without  e x p l i o i t  e l i m i n a t i o n  of unphyai- 

c a l  degrees  of freedom by a gauge f i x a t i o n .  
ph * 

Note t h a t  a t  t = O  Vt (a ,a )  = Q (a: Q) i s  t h e  

p r o j e o t o r  on t h e  physioal  subspaoe, f o r  t h e  f u n o t i o n s  

$EPh(Q')oompose a complete orthonormal system i n  t h e  

p h y s i c a l  subspaoe because of  h e m i t i o l t y  of H and oommu- 

t a t i v i t y  of 0, and H,i.e., t h e  e igenveotor  spaoe o f  Ii 

oan be expanded i n t o  t h e  or thogona l  sum of  bo th  p h y s i o a l  

and unphysioal  subspaces. According t o  t h i s  remark we 

deduce t h e  e q u a l i t y  

l e e . ,  t h e  pro j e o t i v e  o p e r a t o r  Q removes c o n t r i b u t i o n s  

of unphysical  s t a t e s  t o  t h e  e v o l u t i o n  opera tor .  There i s  

a s tandard  r e p r e s e n t a t i o n  f o r  t h e  k e r a l  Ut((i: Q) by 

PI [ e l  

where a*(t)=~*, a(0) = a a r e  s tandard  boundary oon- 

d i t i o n s  f o r  PI i n  t h e  holomorphio r e p r e s e n t a t i o n ,  $ = 

= i t d c [ & ( i : ~ i - ~ b i )  n - ~ ( a ~ a ) ]  I, t h e  

a o t i o n  of t h e  system i n o l u d i n g  unphyeioal  degrees  of 

freedom too ,  H(a*) a) i s  t h e  k e r n e l  of Hamiltonian H 

t o  be ob ta ined  from t h e  o p e r a t o r  H by t h e  ohange of ope- 
4 

r a t o r s  a+ and 8.  t o  oompler numbers 
d d 

0; and Q,j , 
A 

r e s p e o t i v e l y ,  a f t e r  a n  arrangement of a l l  & .  t o  t h e  
* +  d 

r i g h t  from . 
A *  

%us, t h e  t a s k  i s  reduoed t o  f i n d i n g  t h e  k e r n e l  

~(a:a) . s i n o e  Q 18 a p r o j e o t o r  on a  p b s i o a l  s u b ~ p a o a  

and v e o t o r s  (6)  form a oomplete or thogonal  system i n  








