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The pion is the light quark-antiquark bound-state tor

med b1 the potential dUI to the gluon tie1ds, An exaot torm 

ot thl potential is not ,et dlrived trom QeD, Nevertheless, the 

1attioe oa1ou1ations and iuvestigation ot the hadron speotro

sooP1 b1 means of the quark models indioate that the potential 

oan be repre eented approximate1, as a sum ot the Coulomb and 

the rising potentials (whioh d08inate among heav7 and light 

quarks, respeotive1,). 

The attempt oonsistent17 to desoribe the bound~statee of 

mass11ss quarks in the instantaneous risiag potential has been 

made in rlfl. [1,2] where b, the oombined solutions to thl 

80hwinger - Drson (8D) and Bethe- 8alpeter (BS) equations thl 

authorl show thl spontaneous ohira1 s,mmetr1 breaking 

(appearanoe of thl dTnamioal quark mass) aDd genlration ot thl 

Go1dltone mode (mass1lss pions) in thl enlr!T speotrum of 

meaons. ~esl rlsu1ts, in rlf. L2] , have been exemplifild b1 

the osoi11ator potlntial. Bowevlr, the authors of these works 

oou1d not solve the problem of re1ativization ot the bouDd

statl wave-funotions. 

Thl re1ativistio genlra1isation of the potential model has 

bIen proposld in ref,['J, in thl tramework ot thl bilooal-tield 

formalism [4,,] tor the gauge-tie1d theor1 quantized in thl 

Ipaol ot ph7sioa1 variables (defined b7 tile explioit solutions 

to the Gauss equation to the temporal oomponent ot the gauge 

field) [6]. mbl re1ativ1aation of the bound-states is aohilved 

i) bT the Heisenberg - Pauli transtormations providing 

in the Lorenb transformations (P«I1,o,o,o)..R(P.,i\~a ohange ot the 

.. ~1t''''~~'''_'-;1'-""",~", '~_.'''l.t ,In. ,;' ~,' 
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potential together with arb1trary time-like veotor (the time

ax1.) 'lJL (1 =- 1 ), Ao$ 'tA -.. ~"" l..A (vL:1",1) and 11) b7 the 

oho1oe ot the t1me-a.x1s ( 1,u ) to be "Parallel- to the total...mo

mentum of the bound-state, 1.e., 

pJl 	 'jA.,. L-	
(I)rt.}l N fj?"i' '1. N ~ 

~e oOndition (1) is in faot equivalent to the Markov - Yukawa 

prinoiple t 71 for the bllooal field. \.8]. 

In our approaoh, the aD- and BS-equat1ons are derived fram 

the etteot1ve aotion tor the bllooal fields t)"t M (::Cp :X:2.), 

SeHl MJ -::. Nc{ ~ (M, K~~) M) - i "hln (- G-~. +M)} . 
-1 ..j' 

!fere Jf0 - ) is the oolour number, Gmo"'" i 0 ~jJ. - rno i. the Dirao 

operator for the quark of bare. man mO , and (A, S), h .ean in

tegration over oontinuous variables aDd traoe over indioe., and 

K t l) is the BS-kernel whioh in an arbitrar7 Lorentz-frame oaD.
( 'tl 

be written as 

ktl'plt)«,tto(l.t2.= ~c('~l\ht.L) &(i~) ~c(lY'l (c~ ... "ljA- 'tAC!?)) 

where c(i and ~ i are the set, of flaTour and Lorent•. 1II4ioes,

tl ;. rt ~Ji (1n the rest frame tt -(1,0,0,0), tt - to ), V(II) 

i8 the PQtential, for 8D11ple, 

(2)"'\l (r) = Yo r2. <. V"= \~J.I) 
with 	the tree parameter Vo • 

~e SD-equat1on hal the follonna torm t)1 

2 I 

llg,....., '" " 
Lf{p) 	=mf + J(,2.!ii)"I \I tp.L-9.1.) rt G~~)YL () 

-1 

where Gz. <'<{)'::. [ q- ?~l9~ is the Green function of the quark 

nth the fl~VdUl' if- , 9"" 9f if' ~ F rt ~f' ( rt is defined 

by (1», L. (9) is the mass-operator, 9.1.,...,iS the transversal
f 

momentum I 9;:9)4- 9~ , ~::. 7! (91.) and YO:/.) is the 

'ourier~transform of the potential, for (2) it 1s 

- 4 ~ .t.. 	 (4)
VCk)-::. IVo ll'k..t..o(k) (~",~=l~\0 ) 

In order to solve this equat10n 1t 1s oonven1ent to use the 

. following representations for L. and G::!. I 

2 (p.I.) 	~ p.1. + Sf(Pl EflP) , (5) 
t 

G (p):_ Slfl"l ",,: St(P') _ Stlp"> ,,~ S,( p'l 
(6)

~f cf<p.L)-pl'I-i €. Ef(P.l.)+p~-it 

where 

SftpA.) -::. expt~ Pi Yitf{pJ.)_ ~11 (Pi: pd\ pI. I) 
(7) 

'1.."1: are the 	projeotors, 
'l i( "''\ (8)"1:. ": 2,\1 ±. rt)· 


Then, equation (,), in the re st frame tt -(1,0,0,0), takes the 


form 

I I

(p2. ~(P)) : 2~ !.)in'5'f<'P) -2. ~m: cos 'fflp)- 5in 2.~t lp), 

Ef(P) '" mfsin~t(p) +P(os~<'P)-kl'-5l;(P~ 
2-

- ~ C.ol~lp) (9) 
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where the prime denotes differentiation nth respeot to p""\ pl.l. 
This equation in the oase of a massless quark ( l'nf :'(l ) 

has been solved numerioally in ref.(2)where the spontaneous 

broaking of chiral symmetry (i.e. generating of the 4~1o~1 

quark mass) is shown. 

We have obtained the numerioal solutions to equation (9) 

in the oase of a III~ssive quark ( m; '+ 0 )t91. To this end, we 

have developed the computat10nal soheme which allows one to 

oaloulate this equation within a wide range of values of the 

parameter Yn; . This scheme is based on the applioat10n of 

oombination of the oontinuous analogy of the Newton methodlI01 

and the method of oo.D.tinqation 1n the paraJlleter [111. ~ re
, . , 

sults are depioted in Pig.l. they repr.oduoe the solutions of 

ref.[21at m;_ O. We have found that the effeot of the ohiral 
" ( 4 \'/3symmetry breaking disappears for ~ \:r \/0) •mf 

The BS-equation 1n the momentum spaoe, for the vertex

funct10n ~ (piP) has the following form tJ11 

~ (pI P) = -iJ::;')'1 \J(p~-ct) 1GZf(q+~) ~(q\P)Gz~q-t)~ ('0) 
, Ta. 

where Pis the 4-momentum of the bound state (lI) formed of 

the quarks with flavours f 1 and fz • If we suggest that the 

vertex-funotion hasno dependenoe on 9't then one oan oarry out 

the integration in (IO) and arrive at the three-dimensional 

relativistio covariant equat ion (of the Salpeter tne)lJ1 

" 


tET\g~~~)J\~ SI'(ct)~\oI(q~)S~(91.)J\; =T, 2. 

(11) 

£ pJ. \I .I. J. I\'t. S .I.' \) 1. C .L I\I't 
- 5~2:~d' 'I.J (p - tf) ± ~,( 9 ) 'fl; <.. p ) 0+2.( q) + 

here E,.tq):. E.~lq\) + E f lq) 18 the sum of the quark 
1 ,2. .h 


emrgies (solut1on ~to eq. (9)), and TH (9.1.)1S the integral 


'PH \9.1.) ; is d..1tt. G~ (9+~) \~ (91.\ p) G"" lq- e') = z2.m- «-.. '~ ,., . a 

't 
51,(9.1.) /\+ Sfl(g.L)r~ 19J.\P) St <.g.l.) /\: ~2~91.) lC 

z 

l E,.(9J.)- ff- it.1-t 
+ 

S+,(9J.) A~ S~1(9J.) rH(91.\P)S~z«t) /\~ St (9.L) ~ 
L 

-\ 

[ E.T (91.) +{Pt+ it1 

lor the pseUdosoalar meson (p1on) 1t haa the torm 

'" (12)
~H(9.L)~ ¥s[L 1 (qJ.)-t Jp~ L2l91.)l 
where Li, are funot1ons of 9.1.. ·Su.bst1tut1on of (lV into 

(11) leads to the oou.pled equat10ns for pion whioh 1n the reet 
.I. 

frame tt • (1,0,0,0), p. (II ,0,0,0),9 • (0, 9i) oan be written 

a. 

M" l2,(,\) lq) -= E T (9) L,\l2.) (9) -\0 

(13)

Slq "'\I ( )Y -~+) -(.+) -(,+) . -l+) - - 1 L ()
CHI):!. P- 9 t c, Cp + S'l Sp Piq iJ H2.) P 
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where Defining the quark oondensate as 

c-r·) '" CoOS l "f/P.) -r1,-\\) ~-f~lp)l 
(~(pj.';' H1-~~lp)l) 

sp\.+J: sin("f,(P)- l+) ""'2.lp)1 
and 1

f 
lP) is the solution to equation (9), !the solutions to )

equations (U) must be normalized aooording to the relation (31 

(14)2::; J~2:l.tl L,l~J.)L2tqJ.) + L,l9.L) L2l 9.L)] = 1 . 

lor the osoi11ator potential (4) equations (13) take the 

. following forml 

Mn L2.lntp) + {-l:::."fI + E.,.lP) +i{J;,lP) -1.+)(JLlP)! ~ 
(1') 

~ l _l+)l2.} Lpi Sp j 1tl) <"p) =o. 

These equations in the ohiral l1m1t , mf. ""- O,ban the solutionst3] 


L,(p)\ -: .!.. ...in 'BflP),

mf.:o F 

(16) 

L2. lp)\. '= 0 • 
I'nr=o 

and l~ad to the Goldstone theorea. the normalization parameter 


is equal to the pion oonstant F31' whioh is giTen b7 the 


expression obtained froll the 3r ..jt \) deo.., prooessL31. 


(17) 

6 

<9f.q~,>:. iNc hfi9
A 

h. (9) -::; - 2 No. (' ~:'9~ ..in ':95 l91.),J \.2.) '""1:~ j ,271) 

and using the solutions in the neighbourhood of the oh1ra1 po1nt 

L ~ i ~if1 'B. , F:II" T 

Lz. = 2 rn'f/( F3r M,,) 

(where higher order oontr1butions in m; are negleoted) we 

get the well-known low-snergy relat10n 

518)2.L m~ (q~9f) ~-M~F:'. 
f""',d 

fa solTe the equations (1') numeri.oa117 we have used the 

substitution 

L 1(2) (9) -= ~ \JH2.) lq) (19) 

whiah leads to the equat10ns 

(?o)"
U" W 1\ - 01l2.) + 1\.1) \J1(2.) + M3f U2 1.1) 

where 

.0,' I a a. 
W, = Vf,l.~)+'il.lq)+ ~z.(t;) +ETlq), 

.0,' , 2. - 2W 2. ~ v/lt~)- "fl.<'(9)i" ~l \.5,) .,. E.,.l~). 

the bounda17 oonditions for equations (20) are 

U1 \2.) '9.. 0 ) --+Q .• 
1 ~ - Y'i .sJl. - tf'i ( . ,'l/Z)l (21) 

U1\.2.)(9 ... 00) --+~l~ exPl-~s )+l-)O"" ~P,~() 
wAare 

1~ 1/3 M,x- \ ~= 2. 19- ~) , (t",.2. lq"" "2 ). 
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lit' 
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We have solved these equations bT means ot our oo,putational 

soheme applioated to' the SD-equation. In the oase ot massless 

quarks (m; = rri~o:. 0 ) our solutions ooinoide with thu. of 
, . 'I 

ret.t2)'for ~he Goldstone pion. !lhe set of solutions obtained in 
() 0 .. )

the oase of equal masses ot quarks (m.g.
1 

"" m,...': mf ". 0 is ehOWll 

in 11g.2 whioh are rep;esentsd in terms ot (1 Vo)~' ~ese solu

tions ars given for th;i:'ee values ot the parameter m; 
We have estimated ths parameter mj. and (; V o)% oomparing 

the solutions for M,.. and F", (Oaloulated bT (17) ) with their 

experimental values M;lf. 140 MeV and F.:rr. 93 MeV, reepeotivelT. 

The results obtained are 

mf : m"u = m~ c 19 MeV, 

( ~ '<1 '*./'l> .' 2)) MeV\. .!J'Io } . • 

(22) 

(23) 

Our result tor the 'bare-quark-mass' (22) is two~.imes greater than 

a rough estimation derived trom equation (lS, (l.e. - 10 MeV), 

but it 1s sat1staotorT With respeot to a more oareful estimation 

L12] , m~+ m'd ~ (21;!:8) MeV. The estimat10n tor the potential 

parameter (23) 1s ol.se to one ot ref.t~ 241 MeV, titted in the 

massle ss oase. 

To summar1ze, we have obtained solutions to the SD- and 

BS-equations w1th the osoillator potential 1n the oase of massive 

l'ig.1. !lhe numerioal solutions ( '.9
f 
(p?, Ef(p) ) to the SD

.'quat10n, in the form (,) obtained for the oase.t, m; -0, ~ 

mf -0.08, and m;- 1 (1n W11te of (; Vo)" indioated 

b7 (a,a..),(b. bo) and (C. Co ), re.peoUTel". fh. 

dashed lines a. , b. and Co oorr••pond to the fr•• 

quark solutions 
mO 

'8f lp) : arc.tan ? 
8 

"1/1
tFlp): \ pl~ mj.l) . 

I~ 

-Q. 

!F 

lit' 
T 

\ 
\ 

\ 
\ 
\ 
\ 
\ 
\ 
\ 

-4 ·2 

\ 
\ ,
h?'.....,. '~ 

lnp 

Go 
~f(pllmD=.·O 

4 

Q. 
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P 
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to 
~ 0 

U2(Pllmf'o '" 

:e 
~ 
" a 
~ 0.5 
-5 

0.5 to 1.5 2D 
P 

Yig.2. The numerical solutions ( U,(p), U~(p) ) to equations 

(20) for the oases of equal bare-quark...(llasses 
0 0 0) . ' 

( tlll - m5,· mt1. ohosen as mfo - 0, m~ -0. OS, and 

m; - 1 (whioh_are indioated by (ai' d..z. ), ( b" bz ) 

and ( c." c' z ), respeotive1y). The dot -dashed, dashed 
o 	 0 0and solid lines oorrespond to ~ - , ~f -0.08' and 

mi - 1, respeotive1y. In the oase of m;- 01 Uz. - 0, 

\J, 1 0 • 

quarks. The solutions depend on free parameters as the bare-quark 

masses ( m; ) and the potential oonstant (Vo) • In generalythe 

fits of these parameters for pions are in agreement with the 

available estimations. Our results for the bound-state wave

functions can be'tested by desoribing, for example, the deoay 

10 

prooess JIG.. 2. ~ using the S ...(Ilatrix for the bound-states propo

sed in ref.(3). Of oourse, for a more exaot desoription of the' 

pions we must take into aooount the short-distanoe correotions 

due to the Coulomb potential as well as oonsider variants of 

the rising potantiBJ.s. Thes,e tasks are ithe subjeot of our future 

researoh. 
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AMHpxaHoB H.B. HAP. E2-89-583 
llHOH KaK penHTHBHcTcKoe CBHsaHHoe COCTOHHHe 
B OC~HnnHTOpHoM rroTeH~Hane 

B penHTHBHCTCKOH rroTeH~HanbHoH MOAenH Ha rrPHMepe OC
~HnnHTopHoro rroTeH~Hana rronyqeHbl tIHCneHHble pemeHHH ypaB
HeHHH ffiBHHrepa - AaHcoHa, B cnytIae MaCCHBHb~ ronb~ KBap
KOB, H TpexMepHoro ypasHeHHH ITHrra ConrrHTepal AnH MaCChl 
H BonHoBoH ~YHK~H rrHoHa. CAenaHa o~eHKa AnH rOnb~ Macc 
KBapKoB H rrapaMeTpa rroTeH~Hana nYTeM cpaBHeHHH TeopeTH
tIeCKOrO H 3KCnepHMeHTanbHoro SHatIeHHH MaCChl rrHOHa Hero 
nenToHHoH KOHCTaHTbl IF I.-	 n 

PaooTa BhlnonHeHa B naoopaTopHH TeOpeTHtIeCKOH ~HSHKH 
Drum. 

llpenpHHT 061oeAHHeHHoro HHcrHTYTa RAepHbIX HCCJIenOBaHHH. ny6Ha 1989 

Amirkhanov I.V. et al. E2-89-583 
Pion as Relativistic Bound State 
in Oscillator Potential 

In the relativistic potential model, when the poten
tial is exemplified by the oscillator one~ the numerical 
solutions to both the Schwinger - Dyson equation, in 
the case of massive bare quarks, and the three-dimensio
nal equation lof the Salpeter typel for the mass and 
wave function of pion are obtained. The bare-quark-mass 
and potential parameter are estimated comparing the 
calculated and experimental value for the mass of pion 
and its leptonic decay constant IF I. 

n 

The investigation has been performed at the Laborato
ry of Theoretical Physics, JINR. 
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