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E¢HMOB r.B., HeAenbKO C.H. EZ-89-478 
0 perymiptt3au;ttH o6pe3aHH('M HHTerpanoB 
no co6cTBeHHOMY ·BpeMeHH B SU (N)-Mo,n;enH 
5Ittr a-Mttnnca 

B paMKax MeToAa ¢oHoBoro nonH paccMaTpHBaeTCH SU(N)-Mo
Aenb 5Ittra-M1mnca. IlpeAnaraeTcH perynHPH3au;HH npoH3BOi~Hll\ero 
¢yHKLI;HOHana AnH ¢YHKLI;HH fpHHa, KOTOpaH coxpaHHeT HHBapHaHT 
HOCTb OTHOCHTenbHO KanH6poBoqHb~ npeo6pa30BaHHH ¢oHOBoro 
nonH. IIepeHOPMHPOBKa MO)KeT 6bJTb OCY!l\eCTBneHa Kantt6poBoqHo 
HHBapHaHTHb~ 06pa30M. Ha ypoBHe AHarpaMM $ettHMaHa npeA
narae~w.H perynHpH3au;HH CHOAHTCH K H3BeCTHOMY MeTOAY o6pe-
3aHHH HHTerpanoB no co6CTBeHHOMY BpeMeHH. 

Pa6oTa BhlnonHeHa B Ila6opaTOPHH TeopeTHqecKou,¢H3HKH 
owrn. 

IlpenpHHT 06'beAHHeHHoro UHCTHTyTa MepHbix uccne,a:oeamrn . .ll:y6ua 1989 

Efimov G. V. ,' Ned el I ko S .N. E2-89-4 78 
On a Regularization of the SU(N)-Yang-Mills 
Model by Cutoff of the Proper-Time Integrals 

SU(N)-Yang-Mills model is considered within the back
ground field method. Ultraviolet regularization of the ge
nerating functional for Green functions, maintaining in
variance under gauge transformation·s of the background 
field, is proposed. Gauge-invariant renormalization can be 
realized. In terms of Feynman diagrams the regularization 
reduces to the known method of cutoff of the proper-time 
integrals. 

The inve·stigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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INTRODUCTION 

In this paper we shall propose a new formulation of the known 
method of ultraviolet regularization. We shall. investigate the :P.ure 
SU(N)-Ya,ng...Mills (Y-M) model within the baokground-field method7l-.J/ 
following the stand~rd Euolidean path-integral a~proaoh. 

The proper-time integrals appear naturally within the baokground
field oaloulations (see, e.g. ref. 14- 61 ). Cutoff. of the proper-time 
integrals (CPTI) at the lower limH is frequently used for regulariza
tion of Feymnan diagrams / 5,G/ (mainly in the one-loop oa.loulatio~s). 

The gauge iIIV'arianoe to hold is the principal demand upon the 
regularization of a non-Abelian theory. 

Our problem oan be formulated as follows: does the CPTI-regula- • 
ri~ation break the gauge invariance of the initial nonregularized 
theory? We shall iIIV'estigate the invariance properties of CPTI within 
the background-field method. For this purpose we shall introduce the 
regularization which is realized in terms of the path-integral repre
sentation of the generating functional for Green functions. At the 
level of Feymnan diagrams this regularization is equivalent to CPTI. 
That is the reason for considering it as a generalized CPTI-regulari
zation (GCPT). 

The idea of background-field method can be formulated in the 
following way, The field in the classical Lagrangian is represented 
as a sum of quant~ ( GJ: ) and classical ( s; ) fields.· Then the 
gauge-fixing condition invariant under gauge transformations of Band 
isotopic rotations of Q (B - invariance) is chosen. At the same time 
the Faddeev - Popov· quantization ensures the invariance of the integ
rand in the generating functional Z(J,B] under the gauge transfor
mation of Q, until J= 0 (Q-invariance). 

Thus, the gauge invariance of Z[J,BJ has a double meaning 
within the backgrourid-field method. 

Q-invariance ofZ(J, B] is broken when J 'F O • That is the reason 
why the problem of'construotion of the gauge-invariant effeotive ac
tion r(&) is not yet solved oompletely-. r(B) is invariant under 
the gauge transformations of B but it depends on the funotional 
form of the gauge-fixing oondition (b~cause J:p. 0 ) fl- .J( 

GCPT maintains tho B-invariance but breaks the Q-invarianoe. 
It is sufficient for ensuring the gauge-invariant tensor struoture 
of the _regularized ·effeotive aotion r..,.(6] • ~ [SJ depends on the 



form of gauge condition because J:f. O (as usual) and through the 
regularization. 

The GCPT is realized in the following wtq • The part quadra-
tic over quantum gluonio and ghost fields of the exponent in the 
integrand of Z [J,B] is modified by introducing form-factors. Al3 a 
oonsequenoe, gluonio and ghost propagators turn out to be regulari
zed. It makes the theory superrenormalizable. An additional regula
rization of the one-loop section should be done. 'l'he theory becomes 
finite when the regularization parameter is finite. 

· · GCPT mtq be useful for the calculation of the effective ~oten-
tial of the Y..J,I theory with the background constant field/5, 6 

specifically, within the nonperturb7tive methods(e.g., variational 
evaluation of functional integrals 7/ ). 

We will not consider the problem of infrared divergences because 
it is a separate.issue~ 

1. FORMULATION OF THE PROBLEM 

The Euolidean generating functional of the Y-M theory with a 
background field 8; has the form/ 2/ 

:Z[:r,B)=N~JfsQJet[;J, ... J~f( felfx (~+8{x) -
(I.I) 

-jf (GQ')2.+a;rx)1r'YxJ)} , 
where ~QtB is the Y.J4 Lagrangian, 

r<:1.=(Sa.f" ' 8q,~)Q~ 
IJ" 1'-- + 23 r r 

is the background gauge-fixing te:rm. B,...'" 8;:Ta., Ta. are the gene
rators of SU(N) in the adjoint representation: (T"') «c:: i f .8a.c • 

'l'he determinant in (1. 1) is defined by the transformation 

B,...- B.,... 
I 

Q -V(Q +B )v+- i Ud v+ - B,... 
'f' r'/" d r I 

(1.2) 

U"" ~p {- i tJ"'{x) T 0
} 

2 

'If J=O, then the integrand in (1.1) is invariant under the 
transformation 

8 + Q - U {B + O ) u+ - i ?f J y+ r 't' . -r 'r !I ,. (1 • .3) 

which can be considered as (1.2), so as 

B - V8 yr_ i·v?. v+ · (1.4) 
r r a r 

Qr - UQr u+. <1.,) 
The effective action is related to Z ( J., BJ via the Legendre 

transform 

r [a 8] = W[ J BJ·- rc11tx Q~a. Ja. 
' , J• I"" r , 

1,./ [ J, B] ::: £ Z [ J,· B] 
J 

Qa.::: ~L,./[J,B] 
,,.... s J"-

r 

'l'he functional · W[ J, B] is invariant under (1.4) and 

J ->UJ u+ ,,. r (1.6) 

This fact leads to invariance of 1(&',B] under (1.4) and 

Qr - ?J<2r u+. 
It is shown 121 that the background-field effective 

rnr, s) is equivalent to the oonventional one F[ii.] 
in a special gauge 

r [ 5, BJ :: r [a+ B ] 
r r o, B ] -= r r BJ • 

, 

(1.7) 

action 
calculated 

(1.e) 

Relatio~ship (1.a) means that f [o,B] contains the same infor
mation, as r[&.) • Explicit gau'e irarianoe of r [o, B] leads to the 
gauge-invariant reno:rmalization 2•.3 • 

'l'he above-mentioned scheme of construction of the gauge-invariant 
effective aotion is a formal one. It is necessary to regularize the 
theory; 

We shall consider the regularization, maintaining the imariance 
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under (l.J) considered only as (1.4),(1.5), but not as (1.2). We 
shall give arguments for the possibility of the gauge-imariant 
renormalization. 

It is oonveniant for our purpose to rewrite (1.1) in the follow
ing form 

Z [J,B] ~ N-
1 
jsoSc+ .re 4f [ r;e [ QJ c ~ c, B] + fcifx ~ u.~c:. j. 

The aotion fee? has the structure 

~e:::; rG[Q,B]_+fce[B]+~~[c~C/B] + r;..,-t[Q,c~c,sJ 
in conformity w1 th the Lagrangian 

~ {x) = ~ {x)- f 81<~ (x) 8t.: (x) -1- {i (x) + ~i,f {x) J 

l. Q.. qg f 
~&-= - 2 Qr {x) 7<;,,,v (8, f/ X} Qv (x) , 

~:
1
{B, f /x) == [- V2

~., -21'JTc13;v + (1- f} ~ Vy] q ~ 
~~= c+a{x)M"''(s/x)cYx)_, MqY8/X)= (-r72)a€' , 

~t{;r} is the interaction Lagrangian, 
l}f 

o/. == ~ + jc!Br(x) , 8r{x) == Ta.ia.(x) , 

TaB
11
:{x!::: ~ 8v (x}- q, 8;.fx) + 1j [ 8rfxJ,, Bp{xJ] _, 

(1.9) 

(1.IO) 

T"' are ·the generators in the adjoint representation, f is the 
gauge parameter, C (X) is the ghost field. The field B_,.. .._ obeys the 
classical equation_of motion. 

In a standard way, the fUnctional Z [J, B] is represented as 

i r · 
Z[J,8]::: ~f[ ¼t[f:t , "f,; 7 ott ' 8 J] Z 0 [s, t1;z} B] I+ ; 

. l. .f=t20 

4 

' 

' 
Z

0

[J,'(~i,B] =1.F1e-xf['ce [S] J )~Q~c-tSc" 

"eyf[ ~~Q1 B] :t '14[c-t,c,B] +{Jfx(q..q~a.+ c-t"'fq+ tqc1(. 
Let us proceed to .the construotion of the regularized generating 

functional. 

2. REGULARIZATION OF THE PROPAGATORS 

Let us modify the quadratic part of the Lagrangian substituting 

~ . a. q(S f 
~Q = - f °r {x) ~ 11 (~ {t). Ix) Q,, [x) , 

,_,....I. +q ,.,,,,d ff' 
o(~J. == C ex),-, (B,A!x)c {x) 

for .;;r4' , -;)t3/,. (1.9), (1.16), where 

· '!(,al (8 r A /x) :::.{p('kf B, f /X) J 1(/B rlx) rli(Kf~f/,t))l ,.f (2.1) 
f1Y ,.,, 2A~ -; ,·01• r, ZAZ- JJ,.....,' 

M"'(B1 ).fx)==-[efi(t1l~lx))M{B/x)]q~ . <2• 2) 
~I A • 

k/Av(B,1/X}:::: -(r;,2~v +2r;,Tcgl'1~) °' e, 
¢ ~( { j ag 

(·) == -C¾p {· J . 
(f'Y) (J'fiJ) 

(2.J) 

The substitution does not break the invariance of o<(X} under 
the tr~formations (1.4), (1.5), since 1<(41/X) , M({3/)r) and, 
consequently, ¢{.l;zK{l311./X)) , c/J[feM(8/,r) are trans-
formed oovariantly. , ~ a t ,..,,.,. 

" The expression for z~ [J,i; 7, B] corresponding to c(Q ;A, , tak!s the following form after the standard integration 
over Q,C,c 
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z; r J, 2~ ,, BJ= N-
1r1J-r Mrs,).,. )J c1a1--1 [K ca., f,>.t·) 1" 

"4p [c;efB] - Sf Jfx Jj ( 1 J/Yx) ~:c{8t ft )./x, JI) { 1/y/ + 

tf4{x)JJ'''{B,>./X1!J)fY#J)j. 
(2.4) 

The functions G;/(BJ,)/~)j} and JJ<l6('B,A/X1 ;j) ~ 
gluonic and ghost propagators in the external field /3 

are the 

,, l'1 
, obeying 

the equations 

[1({8;f,A/x) G{B,ft)/X1)j)J;: = sq(cf,VS(x-;) J (2.5) 

[ M (8,). I x)J) {Bl). Ix, /j )jqf_ sq~ f'(x-1) (2.6) 

cit'( 
The function G,.....v E,f,)./x,j} 
Appendix A) 

can be represented as (see 

cri a( r 4' 
~v {Bl f,). /X,)J) =- Grv (Bj,). /X,j/) + (1-f) Joi i" (2.7) 

JC [ ~-< { 8111 'Ai/2/x,?:) ~ .e~ i G-,sv (~ l,?."2/cij) J "r? ~ 
C(g ' 

where Grv {8,1
1

)./X,)J} satisfies 

[1<(~11 )./X)G{B,i,>./x,/JJ;;=St{t?~v ~(x-;J. (2.8) 

Thus, it is enough to solve (2.6),(2.8) in order to find the 
propagators. 
· Equation (2.a) can be rewriten as 

{K{B 1/X)~P[K(B,f/)!_) 7 G{B f )./X 4)7at'=gc.7 d(X-.t l <2• 9) 
I I ,AZ J I I '(1 '.111v 11v v'/. 

FormallY., the solutions of (2.6), (2.9) has the integral repre
sentation 167 

a.I ,0,. r-SM{B/x) }at'·. 
]J (B,A /X1ff) ~ J_cls l. e J'(x-;1) , (2.IO) 

6 

\ 
: 1,:\, 

~ 

il 
,j 

a.i _, [ -SK{B f Ix) 1 a. ( 
Gf'Y(B,1,A/x,~)=}-z~s .e · ' J{x-1) .,.uv , (2.11) 

where S is ~he so-called proper time. It is just the exponential 
form-factor $> that leads to out-off of the integrals at the lower 
limit. 

The singularity of propagators when X-+Y, showing itself in 
the proper-time representation as a pole of the integrand 1n (2.IO), 
(2. 11) when S ➔ o is the source of ultraviolet divergences. Since 
the integrals are cut, the propagators turn out to be regularized. 

Thus, we arrive at the superrenormalizable theory, as all multi
loop diagrams are finite, because only regularized propagators corres
pond to their internal lines. 

Of course, formulars (2.IO) and (2.11) will be useful practical
ly if it is possible to calculate integrands explicitly. A special 
choice of B "- makes this possible (e.g. '/3 Gt. = oonst). 

/"' . /"'V 

).,REGULARIZATION OF THE ONE-LOOP SECTION AND COMPLETELY 
REGULARIZED GENERATING FUNCTIONAL 

Let us consider the one-loop section. It is defined by determi
nants in (2.~). Both gluonio and ghost detenninants contain ultra
violet divergences, that require an additional regularization. 

According to (2.1), (2.2) we find that 

def [ l<(B, 1, >.I·)]-:. Jel['P { k{B)l•)J]ld {k(B,f/ • )j , 
dd-[M{B,>-/·)] ~ ld[cp(/vl(Jf-))jclef[M(B/• )J·. 

As it is shown in 151, det [ K (S, f / •) J is { -independent 
up to the constant term.· 

Thus, we can introduce the regularization as 

JR± [11(BI•)] e:J.d{M(BI•) M (of.)+). 2.] 
'UJ M(O/•) M (o/•) h (8/• )+ )._2 

J (J.1) 

jJ_ [ K(B,f/• )] :: jJfk{41!•) 
'2R3 K(o, f /• J L'l({111•) 

K(0d!•) + ).2.J 
K (B,f/•)+ ,\-z.. " (J.2) 
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The parameter A is chosen the same as 1n formulars (2.1),(2.2). 
.Formulars (J.1) and (J.2) correspond to the Pauli-Villars regulari
zation. 

Substitution of (J.l), (J.2) into (2.4) gives the completely 
regularized Z ~ • 

It is simple now to write down the expression for the regulari
zed functional Z,1 r J, BJ 

:I. ' 

Z A [ J, BJ :a- lF~pfEJ- -1..[ ¢>(t:1Cff- 2)} ./4"2.{ ¢( K(;/f-2!},, 
x Jif [M{of•)+A2.])eJf{k(B,ff•)+).'l..} )f (J.J) 

M(gl•)~Az. . k('°,11•)+;\2· 

K <¼p{ i~e[B] J s~QOC7 J'c ~,£ fol~ ( ~-;/rx)+Zg/rx) + 

+ -:tl .. t (>c) -+ q.. q 1r I j . 
The regularized effective action is defined as 

r; [&, 6] ,. ~ [J,B] - Jo/Yx ?J; jra.. , (J.4) 

kl.[JB]=liZ [JB] Q""-=-JlJ"[J,B] CJ.5) 
>. , >- , ' r o'l~ 

'r 
Since Z >,[J", 8] ( (J.J)) is invariant Wlder transformations 

(l.4) and (l.6), G[Q,8]is invariant linder (1.4) and (l.7) (see 
Appendix B). Consequently, G, [ 0 1 B] is invariant under the trans
formation (l.4), 

~ [01 B1 is the
1
regularized invariant effective action, deri

ved within the Abbott 21 formulation of the background-field 
method.· . 

We conclude that 1he divergences (as A-~.,... ) of ~'[D, 81 must 
have the gauge-invariant tensor structure and can be only of the 
logarithmic type (as the dimensional analysis shows). So, the 
renormalization can be realized by means of gauge-invariant oounter
terms. 

In conclusion we mention the two important items remaining out 
of our oonsiderationl a detailed formulation of the reno~alization 
within the regularization, proposed in this paper, and the quostiun 
a.bout f -dependence of renormalization constants. (One can find the 
investigation of these questions 1n /J/ (C.F.Hart) ). 
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APPENDIX A 

_Let us show that G :..(j' ( 81 f,). /x, ~) represented by (2. 7) 
obeys equation (2.5). 

Substitution of (2.7) into (2.5) gives (see (2.1),(1.9)) 

Kf'f ( B, f ,'>..Ix) G!i, { 8, f1 A/x,j):: ~f (13, 1, )./x) ~v (8,t, tl/x,j)-1-

+ ~ i 
t ( 1-f) ~J { 4 ~ A /x) f cl~ G.t~ ( 4 I, ?ivi/ >:,~) ff< ~ {fsv(IJ, fMi/l,j) + 

t{1-f)~c< (K~1~2; ~o/J ~f (k:11xv9,v (B,f,~/X,#!+ (A.l) 

-t(4- 1..)11-f) J.. (K(B,f./X))ll lZ ,-I.. (K(~f/X}}" f (' ~cl. 2),.2. .J "'f3 ~,, 2,\2· j 

,. f d"t Gf6"(8,f,Mi/x1 i:) VJ 9,; G~v {B, 1,~i/2/ z, 1) • 
We omit the color indices. 
Obviously (see (2.J)) 

. 
cp { l<(V Ix})¢.. (k{8,i/x J)= /4 11<(8,f/X)) 
ff 2.>,2. J fY 2 ).Z. ~V ( '. }.2. 

One gets for the first item in (A.1) taking into account 
equation (2.a) 

~f(B,1,~/X)G-yv {B,i,J./X,'f)= ~v S'{K-J} • 

Using (A,2) and ·(2.9) we get for the second item 

(A.2) 

(A.J) 

(1-y JXrr (BJi,A/X) f Jfr Gf-< {l31 f1J..i2/x,~) ~i ~ ~0r" (8, 1t~vi/~)}::: 
(A.4) 

::::(f~<;)~ {K(B,1/><)lf.7.'fl.G rsL }.i/2/x yJ. 
l ff 2XZ· )f"/ ;1~l•,, I I{// 

Let us take into account 

. ~f r:i K (B,i / x) GfV (8, 1, A/Xt'J) =: G1v (B, ~ k /x,y) C.l.,) 

9 
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to rewrite the third item in the form 

(t- i.)-L (K.(8,1/X)) G IB f 1;.-/ ) 1 ~c< 2>.2.. ~~ 'fJVl1, ,n'2 X,J • 
(A.6) 

' 
The fourth item takes the form (see (A.5)) 

( 1-f )(1-f} ~°' 0:z k (B,1/x )} v;/ j d? c;/ rs,c(~ 1/x,?-) fi;~ (A. 1 ) 
K ~~ (;.fV (.i;J, )..fl /i/J) , 

where G.f:S (81 1 /X I t:} :::: ~-~ GJ'~ (8, f, )if X1 ~) is 

the nonregular1zed propagator. 
From the 1d ent1 t;r 

-V K (B 1/x) =--V2 17. t 'f"f I J" 
1t is possible to ~btain /S/ that 

17;" G-1_~ (B,1 Ix, i) ~t -= - ~(x- i) (A.8) 

To apply (A.a), one has to assume that ~rGl'<v{/1,1/i,x) 
vanishes sufficiently fast for i ➔ i,e as to allow partial 1nte~a

t1on. 
Substituting (A.a) into (A.7) we arrive at the expression 

-(1-f ){1-f)~°' (KJ.;/1xJ ~ ~ ~vf B, i;Jff /x1J). (A. 9 ) 

If we take into account (A.9), (A.6), (A.4) and (A.J), then we 
shall find that (A.l) will take the form of equation (2.5). 

APPENDIX B 

Let us show that G, [ Q, B] is invariant under transformations 
(1.4), (1.1). For simplicity we omit Lorentz and color indices and 
integrations, if they are unimportant for understanding. 

From (J.4), (J.5) one obtains 

31,A ~ii,B]-= _ J (B.l) 

)Q . 

IO 

l 

·.• 

The .invariance of ¼ [l, gJ under (1.5), (1.8) means that 

!\,J; SJ+ b l.J). J'B == 0, (B.2) 
o'J a"B 

where 8 B and b J correspond to infinitesimal transformations of 
(1.4), (1.6) type 

n·a.:: -i{ l.()l!rc)a.e Jg r r . (B;J) 

Let us take the derivative of (J.4) with respect to B ( J is 
fixed) 

~r;. ~\). ~ Q - -~ IJA SQ 
ii + 'bQ "fiB - ~ e, - J ~B 

. Taking into account (B.1) we get 

X"G _ S-kl~ - - --
S& 'Sf!> 

In accordance with (B.J), (B.1), (J.5) 

~t.J~ $ 'Ja. =: _,;f•rwcrc')aC J. 1 ::: 1·1fa.,4'crc)qe ES 
bl'~ ' . 'I' l' ra:t 

Thus 

~J"' fl.I;. f J, BJ _ fG [Q, B] ,_" 
bJ"- - 8Q°" SQ , 

where ~aa =-1 (t,JC7c )""'gQg. 

(B.4 ) 

(B.5) 

So we can rewrite relationship (B.2) in the form (see (B.4), 
(B.5) ) 

b\>, [Q, B] oB + s~ Ul,B] ,._ -
iB a& s0. -o, 

Relationship (B. 6) means that t;_ [ Q1 B] :1.s invariant under 
transformations (1.4),(1.1). 

II 

(B.6) 
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