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Papers I1,2J considered the algebra of meromorphic vector 

f'ields Vect.CL
9

,P :!:? , which are holomorphic oulside t.wo arb~ trary 

point.s P ± and are glo_bally specif'ied on t.he whole compact Riemann 

surf a-ee Eg 

dist.inguish 

of g. In 

a count. basis e 

' 

lhe space Vect.CL ,.P +) 
g -

one 

which mak-es up a subalgebra 

can 

in 

If Vect.CL
9

,p±)' to be called lhe Krichever-Novikov CKN) algebra. 

g~O, it. coincides with t.he Yirasoro algebra, in this sense being a 

generalisation of t.r.e latt:.er t.o the compact:. ·Riemann surface of an 

arbi t.rary -genus. 

Supersymmetric versions o:f the KN algebra were conslructed in 

Ref. I3J. They correspond to the Ramohd and Neveu-Schwarz 

superalgebras, known in~ the free stri.ng t~heory, and extend t:.hem to 

~he case of interacting closed superslrings. 

An ext:.ension or the KN algebra is poss-ible in lhe closed 

string theory I4,5]. It describes a fixed-gauge -quantum system and 

at g~Q t:.urns into the known algebra ~f constraints and subsidiary 

condi t.i ons [ 6,. 7 l . In this paper -we shall show that. t.here is a 

similar ext-ension of the algebra of constraints for the Ramond and 

Neveu-Schwarz closed superstrings. In a p~rticular case of g~Q the 

algebras, obt.ained her-e, coincide with the resu-lt. of Ref.I8J. 

Let :FX (L
9

,p ±) be the t-ensor bundle on the compact Riemann 

surface :E
9 

wit.h t.wo· punctures P± Consider t:.he mer-omorphic 

sections CX-different.i.als), which a.re holomorphic outside t.he 

punctures and, possibly. a cut o, connect.ing t.hese points (X is 

the conformal weight.). Following Ref.{lJ, we can .;onstru.;t count 

bases f~X,x) in the spaces of t.he sections. The cut o occurs if P± 

are the branching point:.s for f~X.x). In this case for /ex.~ t.here 
J J 

are continuous limits both on the upper and lower sides of t.he cut. 

o, related to each other as 
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/A,x)+ == ce i ) /O.,x)-
j expnxj. (1) 

In local complex coordinat.es z::!:. chosen in t.he neighbourhood of 

In virt.ue of t.he Riemann-Roch t.heorem expansion (2) unambiguously 

determines /~A,x) up t.o a const.ant.. 
J 

One can fix const.ant.s a~A,X)±, 
J 

t.aking a~A,x)+ 1~ SCA)=g/2-ACg-1), Not.e t.hat. at. x==O, A=0,1 and 

lj l~g/2 t.he definit.ion (2) is modified £11. 

The following dualit.y relat.ion is valid: 

1 
2ni 

6Ci-j). 

• The int.egrat.ion cont.our divides 1:
9 

int.o t.wo part.s 1:~ 

• 

(3) 

so t.hat. 

P::!:c 1:~ , and has no self-int.ersect.ion point.s. Since t.he int.egrand 

is holomorphic out.side P ± , t.he cont.our belongs t.o t.he homology 

class of c+ • which is a circumference in t.he neighbourhood of p+. 

Below we shall use t.he following special symbols: 

_
1
c-1,0) 

8 i- i ' 
A. =/:0,0) • 

' ' 
rl=tc2,0) 

-i . (4) 

If g is even,ie2. If g is odd, ieZ+1/Z. Let. us also consider t.he 

object.s wit.h t.he half-int.eger conformal weight.: 

/-1/2,1/2) 
J 
/~/2,0) 
-J 

{ h ~ 
Q 

AQ~ { 

/1/2,0) 
J 

/1/2,1/2:) 
J 
/C~/2,0) 
-J 

1
c 3/2:, -1 /2:) 
-j 

(5) 

Two varia.nt.s are possible here. The upper lines of t.he- above 

expressions correspond to t.he first ot=jEZ, and t.he lower ones t.o 

t.he second a:::j+l/2: E 2+1/2. It. is easy to see that, unlike the 
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case in (4). selection of the values of 01 does not depend on the 

parity of g. 

Depending on the values.- taken by the index 01~ the basis 

elements and get make up the Ramond ( ae2) ar Neveu-Schwarz 

type superalgebras an These algebras are of lhe 

form [3J. 

(6) 

where the brackets are the corresponding Lie derivatives, and the 

anti commutator If one uses property (3) • 

one can obtain expressions for the structure constants 

u~. 1 f n' {e. ,e .l, <Ia[, 
1 fn' {g.OI,g.(/' 

'J 2n:i ' J 2ni 

ul1 1 f ,P {ei ,get]. (7) w C:rri 

Let ·us find possible extensions of these superalgebras in a 

way similar to that used for the KN algebra [4 .5J.. For this 

purpose we take t.he bases wJ.. and !>.:::~. and find the expressions in 

brackets 

j 
£ ~j - j k 

[e
1 

,w l Tik ~ e. 

' 
[ei ,h

0
l £ ha - " t!'. e. Ti[1. 

' 
{g.a,wj} = •a wj - Tj t!'. 

C</1 
(8) 

Then-, using (3). one can easily calculate the constants: 

r". f k 
e.dA. rC</1 

-1 f w' gb.h[1. 2ni 
w 2rri 'J ' J 

-1' -1 f h 
{1 -1'. 1 f tfctA. (~) w C:ni " 

[e
1
,h 1, 

"" ""' •a ' 
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Now we have all that is necessar-y for- constr-uction of the 

sought-for- extensions of t.he super-algebr-as (6), We shall t.ry to 

find them in t.he form 

[~a'~~,> uc • ab c 

[~ ,IJ!b) Bb - Tb .,c (10) a a ac 
["iJ!a, 'lib) 0 

To shorten the formulae, we use a multi-index a=Ci ,01), where i(ot) 

is the index of the Bose CFerm.i) component of the supermult..i-plet.. 

According Co this we ha~ The 

Virasor-o-t..ype gener-at..or-s L
1 

and the super-current. Got are expressed 

through t..he dynamic variable of lhe strings, propagating on Lg t3J. 

1 ~ ~ ot~ + ~ ~ b~ b~ ' 2 ... mn 4i ot~ 
G =P1 b.uo.~. 

ot 0. ~ ... 
(11) 

As before, we assume lhal summation is made over the repealed 

indices. The Greek indices~ lake lhe values 0,1,2, ... D-1, where D 

is the dimensionalit..y of lhe Minkowski space wit..h metric n.uv, in 

which lhe st..ring is immersed. The conslanls have lhe form 

t;"' 1 f m n I" = 2~i f g ,p~,} 
Zrri ei w w , a a 

;;" 1 f eiChotd~-~dhot) (12) Zrri 

The brackets in (10) are t..he graded Poisson brackets. Not..e in 

t..his connection t..hat in the quantum case we shall deal with an 

algebra different from (10), since t..he first of the commutat..ors 

will have a central t..erm. is noC important for our 

considerations, so we confine ourselves lo t.he classical caSe. The 

basic Poisson brackets are equal lo 

(13) 
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where 6( a.+{3) 1 
2rd f h h : 

a I' 
1 

2rri 

The structure constants Uc and Tc are defined by formulae ao ab. 

(7) and (9). The main requirement they must meet is validi-ty of 

the graded Jacobi identities resulting from (10). These identities 

are satis£ied if superalgebra (10) is confined to the system of 

contours CT ~ introduced in Ref. f1l. Contours CT on the surface :t:
9 

correspond to the string posi lion at the moment of "time" T and 

are de1'ined as the level lines o1' the function T"=Re pCQ), where 
Q 

p(Q)=J w Q
0 

is· an arbitrary initial point, and w is the only 
Qo 

meromorphic differential of the third kind that has simple poles 

with residues ±l at points P± and purely imaginary periods over 

all cycles. On the contour CT the basis /~A,x) is complete, which 

is manifested in the existence of "delta functions" 

(14) 

with the main properties of the standard della function f2l. Using 

them, one can easily establish validity o1' the Jacobi identities 

in question. 

The central term B~ is 
a 

(15) 

where a is the non-exact form on the considered system of closed 

contours of the Riemann sur1'ace L 
g 

11' the third kind 

dif1'erential w is taken to serve as o, then at g=O s'l =6~. 
4. g=O, O"'W 4. 

and algebra (10) completely coincides with the known extended 

algebra of constraints and subsidiary conditions in the free 

superstring theory £81. 

To find the form of the generators '1'
4

, one must solve the 
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second equation in (10). This is the way the general expression 

for ~i was obtained by in Ref. [4J. 
Q 

~Q)=1f'~AiCQ)=XCQ0)+J Crr + o), 

Qo 

(16) 

Here XCQ);:oX CQ)( = xi A. CQ){/-1 det-ermines t.he st-ring configuration 
/-1 /-1 /-1 ~ 

in D-dimensional space-t-ime, 

p/-1 is t.he momentum of the string centre-of-mass. The light-like 

vector 

it is 

k/-1 breaks the explicit Lorentz invariance of the theory, so 

only an auxiliary quantity (k 2
=o ensures validity of the 

last equation in (10)). The procedure of its removal !'rom the 

physical results was discussed in the literature [9,101. 

To deLermine the fermion component ;tot one must solve the 

equation 

(1'7) 

Using (3) and properties of "delta function" (14). one can 

transform it int-o 

(18) 

where GCQJ=G A.otCQ). Let us calculate the external differential of 
0 

this expression. Then we have 

on 

on 

[ G 
0 

C Q' ) , dlp( Q) > . [G CQ').rrCQ)> 
0 

Che left-hand side and 

4°CQ') d[g0CQ)h~CQ)l ;/' . - 4°CQ') 

the right-hand side. 

·--'-b~ -r2 -o. 

Considering 

1 b~ ~ J!1 
dAi A.

0
c o· ) . 

-{2 I' ~ 

T" of' dAi C Q) x~' 

we obtain 

(19) 

As established in Refs. [11,121, 'there is a relation between 

the Virasoro and KN algebras. For the free and interacting string 
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~his rela~ion be~ween algebras is ~hrough ~he corresponding linear 

~rans.forma~ion. One can sp.ow ~hat ~here is a si-milar rela~ion 

between the superalgebras obtained in Re.f. E8l and considered in 

this paper. It will be discussed elsewhere. 

Finally we note that all the results can be trivially 

extended to the conjugated sector of the closed superstring. 
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