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CxoaHMOCTh aneKTpoMarHHTHOH pa3HOCTH Mace HyKnoaoa, 
MOMeHTbl KopHBana-HopTOHa H pa3nO>KeHHH Ha CBeTOBOM 
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06cy>KaaiOTCH pa3nH'IHbie acrreKTbi pa3no>KeHRH Ha caeToaoM KOHyce, 
iloKa3aH0 0 'ITO MOMeHTbl OAH03Ha'IHO CBH3aHbl C o6o6meHHbiMH tPYHKUHHMH -
KOacpcpHUHeHTaMH pHaa Tawnopa anH KOMMyTaTopa, 

Pa6oTa BbiiiOnHeHa B na6opaTopHH TeopeTH'IeCKOH cpH3HKH OHfiH. 
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sed. It is proved that the momenta are uniquely related to 
the coefficient distributions of the Taylor series for the 
commutator. 
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O.Introduction 

In the past the problem of finite ~lectromasnetic mass 
[11 

corrections for nucleons ( of order .~) l:as been consi<.ie1:eu 

in connection with deep-inelastic scattering mostly in the 

case of scaling, 

Providing that the structure functions describing deep

inelastic electron nucleon scattering behave dilatation

invariantly in the Bjorken region 

W,{ .... ,s) ~ F,('i) "= 2-f'l ~ 00 

a."=- Q'"-- 00 
(0.1) 

w~ (v, ~) ,..._;~fit.(~) '\L 
~=--; fiv~~ 1 

finiteness of electromagnetic mass corrections is expressed 

in the form of sum rules involving the scaling functions Fi • 

In dependence of the underlying parton structure one or 
. [1] two sum rules nave been obtal.Iled • 

In the !'resent note we formulate this i'roblem in terms 

of the moments of structure functions 

1 
t .. -~ 

fi,.,. (G') = Jd"E. 1; wi c "E.,Q'") V\ .. 0,2.,'+,. (0,2) 

0 q~ =- Q'- < 00 

The consideration is thus extended to those cases wllere 

the individual moments show a different asy!!:ptotic bellm;ior 

for Q'-- oo ,So 1 especially, the well-kno. ·n asymptoticall~· free 
[l) 

field theories ( AFT ) are covered v:hich l•redict a behavior 

}'-.,.,. ,....__ l ~ Q'} t,, .. 

(0.3) 
1 ~ 

f"-._,V\ AJ G.' l ~ Q'"] .... ~O"r Qt.- 00 

instead of the scaling law (0.1). 
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In fl>ection 1. v:e express the amplitude of virtual 

Com:Jton scntterine; by the p.;,., lQ~) in order to obtain 

CC)nver~~ence conditions for the Cottingham integral in 

terr;;s ol mouents. fjyecial attention is paid to the subtrac

tion necesse.ry for tl1e definition of ,M.,otG.•) and to contri

butions :t'rom the so-called fixed pol€.Finally we apply the 

convergence conditions found to a special field theoretic 
. ll] 

I.louel • 

In Section 2. v1e discuss various aspects of the light-cone 

expa.ilSion ( LCE ) {It] which up to now reyresents the only link 

between uon-perturbative OFT (e.g.,Callan-Symanzik equations) 

ancl observable quantities like the mouents.The well-known 

LCE abstracted from operator product expansion v;ill be 

considered in subsection 2.1.An inspection of the usual 

"'rocedures to derive relations to the moments }';,.,<.G.') 

::m;;sests that this LCE should be understood in a restricted 

sense only. 

Subsection 2.2 is devoted to ru1other possible definition 

for an asymptotic series at the light cone without rof ei:·ing 

to Lac:;rangian field theory.In general,however,such a series 

does not contain suffir.ient information to allow a term-

by-te~ correspondence to characteristic objects defined 

in momentum space. 

In subsection 2.3 we finally turn back to an investigation 

of the moments f'" ~Q') in the framework of general QFT. 

4 

It will be proved that the moments are uniquely related 

to the coefficients of the Taylor series for the matrix 

element of the even extended commutator C (~)"' £.(X
0

) C ( x) • 

Although this well-defined series is primary not an expan

sion on the light cone there are reasons to suppose that 

near the light cone it coincides with the LCE of 2.1 • 

In Section 3. we summarize some conclusions. 

1. Conditions for l!'inite Nucleon Mass Difference in Terms 

of r.:oments 

From the beginning the problem of finite electromagnetic 

nucleon mass corrections was connected via the Cottinglwm 

formula [S) 

6m. = &vnt>- &m ... 

r ,,.. o( li J d.. ~ ~"" 
OI'YI =- q--

i Cl.l. + i (.. 

(1.1) 

i'·"' 

Tr"<r.q) 

>:ith the large q -behavior of the amrlitude Tl"'" (p.(\) for 

virtual Compton scattering in forv:ard uirc:;ction (averaged 

over nucleon spins). 

During the last yc:;ars the scaling functions F, l ~) of ( 0.1) 

have been used to determine the amplitude Tl"'" (~.'\") for 

high q.On this basis sum rules i·or the F; (~) have been 
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obtained which guarantee the finiteness of the Feynman in

tegral (1.1). 

In this section we want to study the same problem of finite 

nucleon mass difference charact~rizing the virtual Compton 

amplitude by the moments }'I;,.,(G.') of (0.2).Because of posi

tivity 'W;tp.'\)? 0 these have to ful:till the inequalities 

fi,v.n (Q'-) ~ f-i,vo. (Q'") (1.2) 

In the following,however,we allow a different behavior of 

the moments such that asymptotically 

,.., .. ( Q'-) ~ 
( Q;r.)O 

(1.)) 

fA•,V\ (Q") ~ ..1.. 
Q' 

for Q:r.-oo 

The restrictions (1.3) are in accordance with dimensional 

analysis for the matrix element < i> I 1·,.._lx) i·lO) \ r> based on 

' t'l dim i,..Lx)-= 3 • 

Let us now express the virtual Compton amplitude 

T,., (p.q) ~ ~T z; ) dx e;qx < p,cd T { i,..Lx) i•Lo)1 \ p,G') (1.4) 

=(-<A,..v+ q~~· )1: <~vt') + ( ~ .. - ~q,...)( p,-~q~)T1t~.q~>, 

in terms of the moments 

Cottingham integral (1.1). 

p= (.~.o,o,o) 

,..._i,"'(Q'-) to insert into the 

The structure functions Wi (",~) are connected with the 

• 

invariant amplitudes by 

W;<t>.q) = :JW\ Ti\p,q> • (1.5) 

For spacelike q (i.e. Q'"= -'I'- )' 0 ) we apply dispersion rela
.._ 

tions to the T; (Q•,v) at Q fixed .Based on the Rer;ge 

phenomenology T1 needs one subtraction [ l] 

00 

~(Q~v) =T.(Q'-,'11=0) + ~ ( d.i' 'v.J.(Q~,v') (1.6) 
1r J v'· ('11'1..- "~~'") 

T:r. (G.~v) = i ) 
G.'" 

where we have used 

00 

Q1. 

dv' W,(Q',v')·v' 
'11'2.- 'II .. 

'W; (-v,Q.,_) = -'W;(v,G.') 

( 1. '1) 

In the region of analyticity \vl < Q'" the T, can be repre

sented by a convergent Taylor series 

>~= 0 

00 ., VI ( 'd )\'I I T; ( v,Q•)"' ~ -;! "hi Ti ( v,Q') \ 
(1.8) 

Q~ ~;·~"-
On the other hand from (1.6) and (1.7) v.·e obtain for \vic; Q~ 

T:r. (v,Q'") = ~ 
11" 

00 

f. '112." r a~· 
n,.o J 

Q."' 

W 1 {Q.1 ,v') 
.J' l.W\~-t 

00 ~ 

2. ('II )'" s 2. .. -" :: 'i- ~ ~ til • ); w 1. ( ~ 1 Q'-) 
0 

~ 

(1.SJ) 

~ (v,Q1.) = To(O.') + 2.. ~ (" )2" f 'l. .. -~ 
T S Q'" ~a. -s. ~ W ... <"' ~'") 

0 

... i-f\, ~"'~ 
i' 

(1.10) 
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Because of the uniqueness of the expansion (1,8) we 

establish 

• T Q ~ ,. ( 1.)"' ( )V\ \ ,...,,Ill (Q) =--;:-;;-~ ~ T, l "·Q. ) "= o (1.11) 

besides of ·, = -1 ' """' 0 ,Therefore the amplitude li~ 

is completely determined in terms of the moments ~··"' (Q~) 

with n = 0,2,4, ••• ,In the Taylor series forT~ ,however, 

iilstead of ~ ••• (Q'-) ,the subtraction term Tol<i") appears, 

v; e conclude that the zeroth moment of W _. ( Q~~) is indeed 

not defined as long as we suppose the on-shell behavior 

W (" Q-..) "' '-J ( Q .. fixed) ,Connections with the so-called . ' 

fixed pole problem [a) will be discussed below, 

Having expressed the Compton amplitude T,....,. ( p,q) 

in terms of the moments ,._,,.,. tQ'-) and T. (Q"-) we evaluate 

the Cottingham integral 

(' ~.~~~ 
0 \"(\ .,. 

+OO 

~~~ ~d.\ T "'"' A (p,o.) 

0...,_ + I E. 
(1.12) 

-oo 

Vlith 

T "'"'T T .. ( "~.,_ t:::.. c~~-~) =<a r"<p.q)=-3 A(q.-~)+ -'1- ,. .. )T._c~~'~~). (1.13) 

[9) 
After performing a 'llick rotation and changing the 

integration variables we obtain 

r ,, .. 
0~ -= 

oo 2.W 
'dQ1. r ~ Tf·"' 

ZT2
oL J ~ j cl'l' \ o..'-- \- A ( i'l 1 

1Q,_) 
0 0 

8 

(1.14) 

where v,e i1ave used T;<.o.'>•) = T-,lq'-,-") end ttle rr.nalyticity 

properties of T; (a.'-,~) contained in the DJL representation. 

To determine the resulting mass corrections 

h p, .. 
WI -:: -

oo 2.W 
r t. \ dQ"~- f { 1.. 'II'• 
10 .. a/.. j ~ J d'l' lA - -.; 

0 0 

eo 'l.W 

~'·"' 
·T1 lQ"~-,;,~l 

+- .z~o() d:: ) ~"11 o_l.._ ~: . T r.( o:· iv' ) 
2. ' 

(1.15) 

~ol 
~ 

0 

0 0 

r 00dQ"~
J G"" 

0 

:~.it\' 

) dv' 1 Ql..- ~~· '·"' 'I'L I (Q.l. •~') 
Z. I 

\\e have to know the invariant amplitudes T, lS..'-,1~ 1 ) in the 

region 0 ~ " 1 ~ 2. W .For stu:J.ying the converc;cnce of 

{;IM~'-S""'" it is sufficient to consider only tiw cont.ri-

bution to the intet;ral from Qt? l+ ,'!'ilis rcstriction,itm.ever
1 

r;uarantees convergence of the Taylor series ( 1. c;), ( '1,10) 

for the 1"; (G.'-,·,~·) 1 Q'--:> lt tneans : / -1 c:ncl U.crc~o~·e 
w 

\»'1 <. \-J'I · ~ ~ ').~ • 

!low \',e are able to insert the OX!Jansions for t.he T.l':;i,.,io') into 
I I 

a i'·" 
\"(\ -: 

( j>,lll 
0 1M + 

Oo 

f·" 
[1M t;~;IL 
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l ~.~ 
0 VY\ = 

00 

:..W 00 

- ~rc1. j J.Q~'- To (._1).'-) ~ d.-1' ·1 ~·- ·~l.. 
4 0 

oo 2.W 

A2 To/.~ d Q'- £.. (.tlt.) 7.~- ~,...,.~lQ'-) ~ .u. i o.'- ~. 
4- V\:. A.,l.,·-· 0 

(X) 2.-w 

(A.H) 

~·1.~ (--1) 01 

r 00 -2~-~ r 
+ ltu j d.Q'- E:,?~-'") ~'"'•'" (Q') j d.-.J'. i o.'- ": '. 1'"'-"' (-A)~ 

4 ' 0 

ao 2.W 

- Tol ~ cJ.Q'- ~,<,~Q'-)-7.1A-~l..,Lvt (Q'-) ~ Jv' 1r-Q.-'---~~~,, · 'i•l.•+"l.. (-A)". 

~ 0 

After performing the '1 1
- integration we obtain 

00 

~VY\ 00 =- ~lt>cl. \ dQ1.T
0 

(.Q.'-) 

'+ 

00 
~ 00 \o\-A 

, T .. .L J clQ ... L:. (Q.'"(" r-., ... (Q'). 4" (-")" _n 
* \\s-A. \:.0 

00 "'-A 

~;+'\ 

;t; ... 't 

{".H) 

+ 2 ,,:• ... ) ~Q"t. 
.. 

00 -In L (Q'-) ,..,,,.<.G') 4-"l-A)" n .:z;_+" . _2_ 
i :.0 '2.. +-~ 2\A+1f-

111~0 

10 

From our assumptions (1.2) snd (1.3) we conclude tnat tne 

convergence of OWI'i·" 
00 depends only on tne asymptotic 

properties of tne moments )'.,, .. (o.'-) , /-AL,o (G.'-) snd tne sub

traction term T. (Q'-) for large Ql. 1 

bvn ,. 6mf'- dvv." (1.18) 

~ ~ .. "'J d G'" [ ~2.,o (G') -t ; .. Jt,,t (o.'") - 2T To (G'")] < co 

Discussion 

1.Comparison witn the case of scaling. 

There are one or two sum rules involving scaling functions 

in dependence of the underlying parton structure.Application 
t:r.,~o1 

of the DJL representation is the most useful method in 

that case.It allows one to circumvent the problem of sub

tractions snd yields the scaling functions F; (~) as 

distributions if defined in the limit Y- ... at ~ i'ixed. 

Accordingly,the integrations are .athematically well-defb1ed, 

in particular,at ~cO tz.l .working with the variables Q'-

snd ~ is quite different.One cannot expect the limit W (~,Q~) 

for Q:...."" to exist.For applications condition ( 1.18) and 

the scaling sum rules botn are similar involving expressions 

T0 ( Q1
) orO(~) n!Sf. not experimentally attainable by Jeep

inelastic scatterin~ • 

2.Subtracted zeroth moment j;' •. olQ') snd I"ixed pole. 

There is a connection between the subtraction term T. lQ'") 

II 



antl che I'ixeCi 1·ole col:ltribution to w [111 
• • 

Let us assume for w.{-.~,Q') the follor;ing Regge behavior [~1] 

W, Cv,Q~) ,.._, L C,.{G')v"' ,_ (1.19) 
O"fte.E-t i __. oo) Q ~\xetl. 

A:.:'tcr uC.J.ing and. subtracting ( 1.19) from the structure 

function W,(G~v) in (1.6) we perform the first inte:;ration 

anci obtoin 

00 

T (G"-.~): T (Ql) • l.•'f cA..,• . f w (Q'•'l- L c ... u~')v'"'} 
of I o T J '\)• (~'1..- >Jl.) l "\ ' O".C.'E--1 

a~ 

a• 
:t'<~' ~ d'ol' Jfu c ... cQ')'Il'"' - ~ ... 1 

'I' \1' { "'"- II") - L: "~""c ... t G.") 
O<ee.~_, 

Tot c:-.--r 
0 • 'V'al 

s\"' r 

+ i L v"'(,.('l.') + i CotQ') + ~ C to.'') [ t,.. G'- kv) 
O<. ... f;1 T o ( 1.20) 

If r;e nm. take the real part of this equation for ~ - 00 

f (;4~~ To<.o.~)= t.;. ..... \.~c.T,<o.1,"l+LC..L:o~.')-.~""--"- + 
v-oo o'•'"' si"'T: ~ ColG.') · t...~ 1 

00 

+ ~ f !t'fw (Q\~'l-LC .. m.')~'"' -C.lQ')·Eh"'-G. .. )l 
1r J ~~ l '\ O<t..C.:l-1 l 

0 

.?, c. (Q') t... G." 
11" 

12 

(~.'2.-1) 

the subtraction term T.lli-) 2.1Jpears as the sun of titc 

so-called l'ixed pole (defined as the asymptotically con

stant contribution to the real po.rt of T1 ) ami tl1e 

"subtracted" zeroth moment of ·w.crt;~) .'lhercfore theory 

could provide the missing information either in terms of 

T,lQ~) ,i.e. ,from light-cone expansions (sec Section 2 ) ,or 

b;y- means of the fixed pole contribution, i.e. _,l'I·m~ l<'·c;;:;IU[<ll 

diagrams of the vertex tyve• 

J.Application to asymptotically free field tl1eories. 

;";t the end o:[ this section y;e want to ap:,oly t.,t co1;c.ition 

(1.10) to so-called AJ<''l',in :.;articulc.r t;he thrce-tric.lct 

model stuciied by Gross ond \,ilczek [l] 1\.llich j_,rcuicts 

canonical behavior up to lo,;aritl1mic corrcctior;s 

,... .... ( Q') ,...., 
Q'1.-oo 

c, .. --~-
. l t... Q')"''·" 

(Q") ,.._, c. ... ,.. l.[ t,.Q') .. '•'" ........ "' Q'- 00 Q 
1 

(~.ll) 

'Ii,-:; conuition ( 1.1G) fo:r: fi11ite nucleon Las~; dii'i'cl.'GllC(; 

nm·. reads 

00 ~ ~~ 

JtiQ'"tc .... a-.. l"'-G"f •·•+ 4c,,._Q-
1

[t,.G .. f~'·"- 2TT0 lG1 )1 <.oo 

\' ith (( ... l.. ¥ 1.,0 ... 

.. , 
ri' 

l~.B) 

'~here only the non-~;inglet parts 
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contribute to the p-n mass difference,If there exist no 

c;auce-invaria..nt scalar operator of twist two (compare eq.(2,1)) 

in the Gross-\'lilczek model and consequently T. (Q') = 0 

conuition (1.23) reads 

s:Q. NS MS 
A c .... + 'i ~c ..... 

~ Q'"t~Q~) 11 
< ao 

\.I.J.ich can be valid for OIS Mi 

1),. c .... + fi.A c., .... o only. 

2. Relations between Moments and Light-Cone Singularities 

In the last time non-perturbative field theoretic methods 

have been developed (renormalization group or Callan

Symanzik equations applied to asymptotically free field 

theories ) in order to obtain predictions for deep li1elas-

ti.c scatterli1g, 

But asymptotically free field theory (AFT) does not im

mediately evaluate measurable quantities like structure 

functions.On the contrary AFT concerna the concrete sin

gularity structure of the coefficients C;,,.tx•) in the opera

tor product expansion of-electromagnetic currents (l] 

T t i,..ll<) i·lo)} - '! ..... 0 x•~ if. ~ c~, .. (x•) X J<.. ... ,.~ o;: ... ,.. ... (0) 

+ ~ 

xl.- &t 
l"'l I:: c (~·> .,., ... ,..~o <.o> .. ~" ·, ,.v,., ... ,.. .. (2.1) 

~f floc. l;t;lo~ COIAC. I<L•O 

14 

To obtain really predictions from the AFT :t'or deep inelastic 

scattering one has to make use of -.·:ell-uefined correlations 

between the expansion of T {i,..l•'i•lol1 on the light 

cone (2,1) and characteristic attributes of the virtual 

Compton scattering amplitude,Usually one asserts that the 

Fourier transform of C,.l~•) is related to asymptotic beha-

w [11] vior of the moments of the structure functions i • 

Because of the methodical importance of this poli1t it is 

worthwhile to recapitulate the underlying assumptions 

and to ask for what can be proved in the general i"rame

work of QFT. 

2 .1 Light-Cone Expansion and Moments 

Let us start from the one-nucleon matrix element 

(spin averaged) of the LCE (2.1). 
l><) 

The operator 0 I"•···J"~ is of s_pin n and its matrix ele-

ment leads in a standard ·:.ay to a polynomial of order n 

in the variable px ,Thus each of the invariant amplitudes 

Tlx',p•) (v:llose iJO.o.gli.ary parts are just the structure 

functions W; lx)) L&s the LCh 

l\x',px) ...._ ~ C.,.lx•) P.,lx',f•) (2.2) 

p ,., ... ,.. l t•l .. 
.,lx',p>.) 2 

11 <p 0 
10 

... ,..~o~ p>'"' c.0 .. ,1lpx) + ... 
(11,1't] 

The usual i roccU.ure consists in termv.ise Fourier trans-

formation (ror siiJ!.licity v.e assume _b;Or.er Lehavior C.l•')= lx•>,.~): 

15 



(' ·,\X I .,..... . 1(.., " 7 J&•e. \.~c.~(•~-.o) lpo) l 

- '<::"'" C I . '0 ) "' -lc,.,-2. 
- ;:;_ "'I..'P~ lql.) 

(2,J) 

I 'v)"' -lc.->~-2. ' ;~)"'-1. -1<·-"' l ~ l ¢, ( ·~ (f\1.) + d.., ( "i' (.'\l.) + .. . .l 

~ f ( ",.. ' ")"'-1. 
L- t b ~ \ 45-1 .. b" ( C\• ... .. . 

h J 
-I< (. ql.) ,.,- 2. 

and cotlparison l'.ith the 1aylor series for Tl~) (1.8) 

TcCl.t., ... )=i L.(~)"'t<-..,(Q .. J 

" 
for 

Q'- = -~'-) 0 

\ ~\ < ~ 
(Eere tlle zeroth momdlt eventually has to be re_;Jlaced by 

a subtraction term T.(Q~ ), 
VI 

'lile baoic idea is tl1at the coefficients of(~.) in the 

two serieo i'or Tl~) (the classical and. the asymptotic one) 

c;an be identified,+)The result is then 

,.... .. (Ql.) "" (Ql.)-lc~-z. for Q ... _ co • (2.4) 

where the inequr;lities 

1<, ..... ~ \c:.., 
(2.5) 

have to be i'ull'illed as a consec;uence of positivity of 

the W;{v,G.._) , 

+) It mukcs no J.ifference if instead of power series ex-

]!ansions '.-.ith respect to orthogonal polynomials are applied.t1~1 

I& 

I 
I 

; 
1 

1'here are three assuuptions,one l1as 1:10.de to obtain (2,L>) 

a) Tem by term Fourier transformation of (2,2) is 

allowed and sums up to tbe Fourier transformed :uatri:~ 

element T< ~·. t•> at least in tbe re3ion '1'-• -Qt...:: 0 , \~I"' Q'-, 

b) Identification of the Fourier transformed LCl!. \'lith 

the .Taylor series for T<~> in tl1e region h\ "' Q' • 

c) Validity of the inequalities (2.:;) to hu.vo the 1:.ossibili-

ty to determine the leadinG terLl amonG U;o infinite 

many coefficients of (~)"'in tl1e :B'ourior tra:1storGJ ( :.0, j), 

It is obviously not enough c,uantitatively to deten..ine 

the LC singularities C,l•') in (2,·1) or (2,2),one 3~10uld 

rather know the mathematical r:waning of the LC:t!;, i.e,, hov; 

to work with it, too, 

Of course,only a derivation of the LCb (2.1) or (2,2) 

from QFT can finally determine its laatlwmatical ::-ropertios 

and,correspondingly,the conuitions of its vo.liu.ity (compare 

tl1e proof for short distance eX.flc1.HSion t~s) ) .'·.iLl1out :.;ucl1 

a proof*lme should understand the LC.U: in a restricted. 

sense which justifies the "'roceciurc to get ti1e corr·(;sl-ondence 

(2.4) 

1'he LCE (2,2) is an asymptotic expaasion defined on 

the space of test functions ~"') suci1 tiwt trw Fourier 

transfort18· ~l~) are in>='initcly uii'i'erentiable :.:unc-

tions ·:.ith support conta:i.lkd in K. 

Here K is an arbitrary compact mar.il'old :ill the rcc;ion 

t. '\1. 4 Q I - \ ~·~ 4 V < \ q_'L\ 1 of uoucntum spnce. 

*)The investigations by Zimme~[2~ restricted to finite order 
of perturbation theory do not cover the more interesting case 
of removed dimension degeneration. 
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Thus the support of the LCE in momentum space is contained 

in the region of convergenae of the Taylor series (1.8), 

'l:hen b.aving two power series valid in the region of con

vergence uniqueness of coefficients emerges at once,The 
t•J 

support puzzle (the individual terms in (2,2) have time-

like support only ) disappears simply because by defini

tion the LCE is meaningful outside the physical spectrum 

only,But the question about compatibility of QFT and so 

specified LCE remains open, 

2.2 An Asymptotic Series on the Light Cone 

In this part we represent another possible asymptotic 

series on the light cone developed in connection with the 

scaling case, 

Let us outline the general procedure to dete~e the 

LC singularities to arbitrary order for the matrix ele

ment of the current commutator in case of the invariants 

C, C.x) which are the Fourier transforms of W.tf,'\) and 

W~tp,'l) • 

It has been shown [<\li], that the C; tx) are causal and fulfill 

all necessary conditions for a DJL representation,For this 

purpose we consider now the distribution C t x•, X)" tlX,) C tx) 

defined by 

II 

£ C lx) 1 'ftxlJ t C: ( x', x) ~<~X')-'ft-~.·n l 
'2.. i )(~ + ~~ J (2,6) 

Because of antisymmetry of tu) the test function 'ftxl ~ SC.R,.) 

has to be antisymmetric,too,so that on the right hand 

side of (2,6) there is a test function with respect tox~. 

Notice,that the support of C<."',~) is restricted to x•~o. 

For the so defined l t "'"t ~) the DJL representation reads 

with 

- ~ 'd "-
C.<x• ii> = - - G<.x>-) \ cl''"' Oi'X<) "4- <. x ll') t 00 1 1 ~i"'''- 'Ox&. ) " :to ' 

itt xY·) 
1 

-:: ~ d)Z 
0 

0 ·IU..X 
C. ,... (. \ i1 I I). "1.) 

l~l) Further it has been shown 1 

(2.7) 

(2.8) 

If there exists a real number\(, ,such that the sequence 

of the distributions " -'1... c. (. ~· ~ ... ) il) for ~·- oo 

~pproaches some nonzero distribution ~ t x', x) (if 

integrated with a test function {L•'H'><.Q.,)) ,then the 
( ')~. limit has the structure ~lx',~>:G,U<>-•-·- and is 
!"'( \c0H) 

called the most singular part of C:u,., x> at the light 

cone x'""'O 

After subtracting this leading part 7i tx'",1) from C l x', X) 

one has to repeat this procedure described with an appro

pria~ k.>k, and so on,Of course,there are gene~iza-

II 



of an asymptotic series by the well-defined Fourier trans

formation of an integral representation for the matrix 

element Ctx) itself.For reasons of simplicity we restrict 

the consideration to a DGS representation 

,._ -\ ('" -c (X)- ~) cl )."~- '¥ t "• ,)..'-)A ( x, )..1.) 

• 
(2.12) 

with 
+~ ""' ( .,..x. 

"' lleo ,J.L) & } .,.. t. 'Itt ,.,)\l.) -· (2.13) 

and 6 l x, ~'-) = _; -> f clo e--''l''t.l'\•1 ~ (Ci'- ll'"> : ~ :!.._ f eu•) ~. 0 ~ )J ~:tTl ) , '!T 'h< L 

Because of the finite support in ~ , '\{ Lx.,)..'") is an 

entire function with respect to x., if integrated with a 

test function 'ftll'") i S.Ul,) .Therefore 1:t lx.,).") can be 

expanded in a T~ylor series 

"l;llC,,'I.'-) 
.., . ., 

- ~ )("'.!... "- U ... ) 
- L,_ e I ""' 

~·· 'tl. 

(2.14) 

·~ 
with 1-1., U'-).. i tly-· r"' "lttr.>-'") (2.15) 

-'\ 

To derive a similar series for the commutator itself it 

is useful to consider the symmetrical~y extended distri

bution Ct-.) .. ~:.o:.) Ctx> .Remembering that the functional 

t LU<.l A ( ><,ll .. l , ~ tx'-)! is a test function with respect 

to )\'- ln1 (where 'Xl•'l' Slll,)) we obtain from (2.12) and 

(2.14) a Taylor series for [ lx) 1 
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c (X) " .2r·, 

00 

00 
~VI., ... 

L....- lCo -
1<1:0 Vl' 

~ ... (x ... ) 

~"'lx') =) d).l. b.L•olAl•,>-'-l) ~.,OL) 
0 

~ 'I l f 00 

; ,i;~letx'"~)d>-... ~.o:f;;:') n.,P .... >\ 

(2.16) 

(2.17) 

which has to be understood as a functional with respect 

to x .... 

The distributions {"' t x'-) and '-'.L~ ... ) are connected by the 

special Bessel transformation studied in l~•1 • 

It should be mentioned that (2.16) has not been derived 

as an expansion on the light cone.Nevertb.eless,this power 

series can be connected with the moments ~.,lQ~ expressed 

in terms of the amplitude at o..":- Q ... <: 0 

Ql."' ('II\ V\ 
,...,lQ.l.): t ~ ~) TlG.) o,.l. {i)I.Qcl 

~:0 

From the DGS representation+) of the amplitude 

00 +~ 

TLq.) ... - ~ ~ d }. ... ~ "-r-
o -1 

'tl~Y·> 

l'(.-t')'-- ql-_). ... +iO 

) V\ ': Q It ,l..f I • • 

(2 .18) 

-------------------------------------------------------------
+) For tne amplitudes T; corre•ponding to tb.e structure func-

tions W; there seems to be no need for subtractions in the 
DGS-representation. 
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00 •1 

T'"')-= ; \ ct"l; ... r"' "<l,...l'".)"-') 1 j r- 1. , ... 
o - 1 - '\ +- /"-~ -+- A - i i. 

r.e obtc•in 

J-t .. lQ.<) 
-1 roo -
i Q'"" } d ~< "'· U'l 

o \_Q<+l.'~~·• 

(2.19) 

+1 
\:ith ~ ci,.. . ,.... "' "4 (. t' y. ,... ) _, (2.20) ~ .. l~'"l 

In nuch u. \'.•ay \,e have established a relation between the 

I:.ortcnts nnu tile uniquely Liefined coefficients in the Taylor 

~e1·ics \,..t.xt.) mediated b;y tile sroctral function "4-(r,l-'J 

h..,(A•) ::md i;.lX') ,re:spcctively, 

00 

f,.l•')"' 1 d >,'- [ llXo) A lx,)..<)) i,.U.'") 
0 

,.... ..,l Q.'-) =< i Ql.VI ) : ~ 1.. ~ • (. ~·) 
o tG'+ ~'l"" 

in 

(2.21) 

(2.22) 

It siwuld be noted that the second of the above 

relations has been obtailwd bj· Cornvmll and Norton l<,] 

already. 'l'hese authors, hov:ever, considcrint; neither Ta~'ylor 

series nor expansions on tho lic:ht cone,tried to connect 

the momer;.t;s l':itll the B JL cor.J.mtators (i.e., equal-time 
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commutators involvil1g hiGher derivatives of the current 

components [ l~ . .) '\.; t•> , ~~<.to>) •.~o ) • In any case existence 

of the infinite set of BJL commutators is a rather strong 

assumption whereas the connections contained in eqs.(2.21), 

(2.22) have general validity. 

In particular, eqs.(2.21),(2.22) yield relations 

between the asymptotic behavior of fA..,lG..._)" at Q'-- oo 

and ~.lx') at x.t. ...... o • 

For this purpose it is useful to apply the method of the 

quasi-limit, i.e., to consider in tile sense of functionals 

~v.l t·••) , h.,l ~·>.•) and \;.,l<;>'"h'") for 'I'"-- oo , respectively. 

In reference 8~) it has been shown that the transformation 

(2.21) constitutes aiLunique correspondence between the 

singularities at x'--o and the asymptotic behavior at >.•.-.. oo 

0 k - lc.-'1. 
(e.g.~ ~·'•') - x• • equivalent to 1-l..,O') - l ~'"l ) .The 

large Q'" and large}..t. behavior in (2.22),on the other lumd, 

are uniquely related,too,(e.g., t",.l~'-J ...., ).,•ol equivalent 

to J-<..,LQ.'")- 13....,.,) lz.o] • 

On this basis a direct connection between the asymptotic 

behavior of ~ .. lx•) and /"'"' lG') will be established if 'n,.O') 

and h,.L>-'1 show the same asymptotic bet1avior.This is ttle 

case if positivity is fulfilled (see Appendix II ). 

Therefore we have derived relations between the asymptotic 

behavior of the moments J-<.lQ') and the Lc singularities of 

~"'t••J which are similar to (2. '+ ) but refer to the 

Taylor series (2.16). 
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~'he question could arise about the existence of a 

pl1ysical meaningful amplitude with moments showing diffe

rent asymptotic Q.,_ -bel1avior, In Appendix I we give an example 

for an amplitude r'uli'illing causality and spectrum con

ditions such that the moments differ asymptotically by 

powers of ~Q.,_ , 

3. Conclusions 

There are,in principle,three types of series which 

could be understood as expansions on the light cone, 

~'he first is the canonical LCE (2,1), (2. 2) abstracted from 

Lagrangian Field 'Il1eory,Its mathematical meaning is rather 

unclear and correspondingly additional assumptions must be 

imposed to get useful information from this LCE. 

Second,an asymptotic series (2,10) in the strict sense of 

generalized functions can be defined.The physical sisnifi

cance of its individual terms,except for the leading one, 

remains obscure,however, 

There is finally an approach via the Taylor series of the 

matrix element C l><) • 

On the basis of general QFT we have established a 

connection between the moments f<•lG') and the coefficient 

distributions ~~ tx') of the well-defined Taylor series 

for the matrix element C l•> • 

Need for subtractions may spoil the definition of some 
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of the lowest moments,In this case the same connection is 

mediated by the Taylor coefficients of the amplitude, 

The LC behavior of ~~t•') is uniquely related to asymp

totic behavior of the moments,at least if positivity con

ditions for the structure functions are fulfilled,In this 

case the LC singularities in eq.(2.16) appear in decreasing 

order,Nevertheless,this series must not necessarily coin

cide with the asymptotic series on the light cone in the 

strict sense (eq,(2.10)).From present investigations it 

seems reasonable to identify the series (2,16) near x•. 0 

with the LCE (eq,(2,2)) used in Lagrangian Field Theory 

(if (2. 2) accordingly is rewritten for the matrix element ~t•>). 
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Appendix I J.;;xample for an amplitude v1ith different 

asymptotic behavior for its moments 

Attempts to construct structure functions W ('f,,Gi") correspon-

dine; to given asymptotic a of r~ltf) have been undertaken 

more tlwn oncel>J,t4~ie consider it desirable,hO\~ever,to give 

an example in the DGS revresentation in order to verify 

compatibility o:t" causal and spectral conditions with parti

cular asymptotic behavior of f'~(Q') (differing by powers of 

toe.\ Q'" ) • 

The example is described by spectral function 

'It( ,._,>.1-) .., (>..1.- A"):lr) 

I'(\<(,...)+ q 

~ lr) " \co - c I .... 1 P lc tr) < 0 ~c._.., 0 
I I I 

to be inserted into the DGS intec;ral (2.18) 

T<'\) 
... ~ ... 

~ ~d d.,. )di" 
-~ 0 

-~ IC 
( r(ICH)) ~~·-). 

Il. + f'-~ - '\ ... -; o 
·H 

• i:")cli'-P(-I<){JL~-q"-•o}~~: 
-, 

.Applying f'orrnula (1.9 ) we obtain for the moments 

u (G.l.) • "! lG',t ( 'CJ ) ~ T (") \ 
,.. l. Yl. 'll" 

+-I 

'I'~- ~l. t; xe..t 
v=O 

; ... ~d~'- ,... .. r(-l<l,...l+>o+i)(o"l.)\c\,...) 
-~ 
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Asymptotic behavior is determined by the contributions from 

f'-,. 0 : 

}4.~ (Q.'-) 
.,. rc.._ ... ~-\c.) 

1\\ 

Ql.IC0 

"' [~o.'-l ~ 

00 
Ql.l<o (' .1 " - ;..P.c 1- Ql. 

~"')'-f e. 0 
0 

Remark that the amplitude has time-like and space-like SUf

port which is guaranteed by the finite extension of ttw 

support of ~(,...,}.') around ,.,_.o 
The stronger individual moments differ !"rom one another 

( p- o ), the narrower becomes the supJ?Ort of 11-\ ,._;,.. ... ) .we ex

pect that stronger differences in asymptotic behavior (by 

pov:ers of G") would spoil support properties at q't..c. 0 

Appendix II 

We have to show that h,.C >.') and h,. O.') have the same asymp

totic behavior if positivity of the structure functions 

W (~,Q') is fulfilled. 

Positivity of the vHJ:,Q') is equivalent to the relations (1.2) 

}'-;,"..._ (Q") " }'-:, ... (G.'") 

and therefore equivalent to 

h;, .. .._.o.•) ~ h. l )..l.) 
'•"' 

l'or }.4- oo • (A2.1) 
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Let us assume tt1at n,.(~~) has an q-limit of order 0(~ 

th~ lf?A1 ) 'tO.,_)} 
, .. ~ q- ... COIIISt .. Q 

l'.'ith 'fO.l.) € s (.ll..) • 

'l·hen for the difference of h.{>.') and n. ().') 
(comp.(2.20),(2.15)) 

t ['h.<..~>-'>- n .. {~>-'>1, ·w.•>} 
+~ 00 

it holds 

= Jdl". ,..· )tn'[lt<. .... ,9>.' .. ...,.'l- '~+<.. ..... ~>-'>1•H>.'> 
_, -t~ o 

00 
(A2. 2) 

= 14}1 r"' ~ttP "+-(,..,~1 .. +/)['fCA'l- 'f (A~+~)) 
_, 0 

+• .. 
=- t)<ll"·l"'"n~<l};"-1t<.r-.91t.+)'o")'f'C1'"+G1) 

-· 0 

- 1 ~· where we have performed the variable transformation >.~ >.- 9 
~1d used the mean value theorem. 

!low at the rigt1t-hand side of (A2.2) we derived the \;",. .. c>-'> 
because ' 'f'o ..... e !f) is a test function again.Therefore 

u h,.(l!A')- \,,.ty>. ... )]. l.fto\') i -1 
~ ~-..... 'n v.u ( >.1..) - 0 ~"· 

because h.,uO.'l has a q-limit of order Ol,.H with o(,.._ ~ cl,. 

(compare (A2.1)). 
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