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1. Introduction 

In a recent paper 111 we have presented a general 
method for derivation of all the constraints on the experi
mental data and amplitude analysis of three ( 0 112--.0 '1 • 12) 
reactions related by internal symmetries. Then, we have 
suggested that this method can be extended to the three
body final state (0 1/2--.0 '0 '1 'I 2) reactions and also to 
the cases when zero-spin particles are replaced by un
polarized J -spin particles. On the other hand, recently 
Cashmore and Hey/ 2/ have developed a formalism to 
describe the three-body final state reactions. This for
malism is particularly suitable for the reconstruction 
of all the helicity amplitudes from the experimental data 
using all possible types of polarization experiments in the 
three-body final state reactions. 

In this paper (1) we investigate the isospin constraints 
on the experimental observables of three (0 1/2--.--. 0 ·o '1 · 12) 
reactions using the formalism developed in ref. 11 I. So 
in sect. 2, we define the polarized differential crQ,ss sec
tion a a and the spin rotation vectors I; a , [see 
eqs. (3a,b,c,d), (4a,b,c,d), (5a,b,c,d), (6a,b,c,d), (7a,b,c,d), 
(8a,b,c,d), (9a) and (9b)!, in terms of the unpolarized dif
ferential cross-sections I 0 and all possible types of 
polarization parameters discussed in ref. /2 I. Then, in 
sect. 3, using the generalized helicity amplitudes (17a) 
and the bilinear forms defined by eqs. (19a,b,c,d), we 
prove that the isospin sum rules (10) alone imply the 
equalities: (12), (13a,b,c,d), (14), (15) and the isospin 
bounds (16a,b,c), valid for any unit vector "K for any 
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values of the kinematical variables in the physical domain. 
The constraints on the experimental data and amplitude 
analysis as well as the Pomeranchuk-like theorems, 
when the isospin bounds are exactly saturated or degene
rated, are discussed in sect. 4. 

In the paper 131 we shall investigate other improve-
ments of the isospin constraints on the experimental ob
servables for the (0 1/2 ... 0'0'1' 12) reactions, and their 
experimental consequences. 

2. Measurable Quantities for M B .... MM B Reactions 

Recently Cashmore et al. 121 have developed a 
formalism to describe the reactions of the type 

a+ b .... c + d +e. (1) 

This formalism is particularly suitable for partial wave 
analyses at low energies. With this formalism they dis
cuss all possible types of polarization experiments in the 
three-body final state reactions which are necessary for 
the reconstruction of the scattering amplitudes. They ob
tain expressions for all measurable quantities in terms of 
the helicity amplitudes f ' 11

, r, 11 = ± ~ • 
For the reactions 

Ml + B 1 .... M 2 + M3 + B2 

( M 1 , M 2 , M3 = 0 - mesons, B1,B2= 
1+ 
2 

rions), there are four possible types of experiments: 

(i) unpolarized differential cross section I o ; 
(ii) polarization "asymmetry": A"' ( Ax, .A Y, A z ) ; 

(2) 

- ba-

(iii) final polarization: P = ( Px, Py, P z) ; 
(iv) "depolarization tensor": Dxx, DxY• Dxz, Dyx• Dyy,Dyz• 

Dzx, Dzy, Dzz. 

The polarization of the initial barion ( B 1 ) and polariza
tion "asymmetry" A are referred to the fixed 0 xyz 
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reference frame and the final polarization P and "de
polarization tensor" are referred to the moving Oxyz 
frame. 

In terms of the above measurable quantities, using the 
results of ref. I 2 I, we can write: 

If ++\2 + If+ l 2 = ( 1 + p z} I o '=' ~ < + >, (3a) 

++ +- (+) 
2Re[f (f )*]={Ax+Dxz}lo"'A~(+)~, (3b) 

++ +- ( +) 
21m [f ( f } *] =( Ay+ DYZ) I 0 "'P~(+)~ , 

\f++\2- [f+-12 ( +) 
= ( Az + Dzz) I o "' R~( +l~ ' 

\f--\2 + \f-+\2 ( 1 - P ) I = ~ < -l z 0 - • 

-+ -- ) I A ~< -l 2 Re [ f ( f )*) = ( Ax- Dxz 0 "' ~( -)k , 

-+ -- ! J> ~(-) 
21m [f ( f )*, = (Ay- Ilyz) 10 = ~(-) · 
-+2 --2 \1 " ~(-) 

\f \-If I =(Az-Dzzo"'"~<-lk' 

I r+ +I 2 + I r- +I 2 

2 Re [ r-+( r+ l*l 

(1 + Az)lo = d+~ 
( +) 

(Px+ 0zx) 1o"' An<+P' 

(+) 
21m [ f-+( f++)* = (Py + DzY) 1o "' p n<+l0 ' 

( +) 
tr++\2-lf-+\2=(Pz+Dzz>Io"' Ro<+P' 

-- 2 +- 2 ( -) 
\f I +If I =(1-Az)I 0 ,o, 

[ -- +- J (-) 
2 Re f ( f ) * = (Px - Dzx )I 0"' A <-ln , n 

(3c) 

(3d) 

(4a) 

(4b) 

(4c) 

(4d) 

(5a) 

(5b) 

(5c) 

(5d) 

(6a) 

(6b) 
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-- +- ( -) 
2Im[f (f )*l =(Py-Dzy)Io= Pn<->n , (6c) 

I r+-r 2 - I r--1 = (Pz - Dzz> Io "" Rn< ->n< ->, (6d) 

++ 2 --2 ( +) 
I r I + I r I = ( 1 + n zz) I o = ~ , (7a) 

++ - . ) I A ~( +) 2He[f (f)*J={Dxx+Dyy o=t~L\(+) , (7b) 

2 Im [ f + + { f--) * I = { D y x - I{ y ) I o - p ~(+) 
~(+) 

(7c) 

lf++l2- lf--12 = (Az +Pz)lo= Rd+)L\<+> (7d) 

+- 2 I -+I 2 { 1 D ) I A ( -) I r l + r = - zz o = n , (Sa) 

+- -+ · ) A A ( -) 
2Reff (f )*I=(Dxx-Pyy 10 = I'L\(-)0 , (8b) 

2lm[f+-(f-l*l =-{Dyx+ DxY) 10 = PL\(-) L\(-), (8c) 

+- 2 -+ 2 ) I R A(-) If I - If I = ( Pz - A z 0 = d-) 0 
• 

(8d) 

Therefore, we have defined the following differential po
larized cross sections 

a '= [:£(±) [)(±) A(±)] 
a ' 'u ' 

see eqs. (3a), (4a), (5a), (6a), (7a) and (8a) I 
following "spin-rotation" vectors 

(9a) 

and the 

fa= [Aa,Pa,Ra], a=:£<+>,:£<->,o<+>,o<->,L\<+>, L\<->, (9b) 

[ see eqs. (3b,c,d), (4b,c,d), (5b,c,d), (6b,c,d), (7b,c,d,) 
and (8b,c,d)] , respectively. We note of course that the 
spin rotation vectors (a have unitlength (I {a I = 1) . 
Therefore, a large number of isospin constraints on the 
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experimental observables of ( 0 1/2 ... 0 '0 · 1 · /2) 
can be derived just as in { 0 1/2 ... 0 • 1 'I 2) 
case /1/. 

reactions 
scattering 

3. IsosjJin Constraints on Differential Cross-Sections a ak 

and on SPin-Rotation Vectors { ak 

In order to obtain all the isospin constraints on the 
differenti~) cross-section aak and on spin-rotation 
vectors f, ak , defined in sect. 2, we start with the follow-

ing definitions. Let f ~ll 1 
(r,ll=±2) be the helicity 

amplitudes for three ( 0 1/2 _. 0 ~0' 1 · /2) 
satisfying the isospin sum rules: 

reactions 

3 
:£ 

k = 1 
rT/l 

ck k = 0' for any r, ll = ± l 
2 

(10) 

where c 
A< ±J 

... ... 
are real numbers. Let A(aa) , A(~<·f. aaa), 

H .. , M< ±off.~ Z (ls,J and a (ij) be the func-
aiJ ad' aff a K aK ' 

tiotis: 

2 2 2 A{x,y,z) = x +y + z -2xy-2xz- 2yz, (lla) 

2 2 2 ) 
A ( a a) "" A ( c 1 a a1 ' c2 a a2 ' ca a a3 ' (llb) 

... ... ' 2-> ... 2-> .4 2-> ... 
A(K• f.aaa) =A( elK. ealaal ,C2K• ea2aa2 ,C3K·/;a3aa3)' 

(llc) 

( ±) 2 ... -> 2 ... ... 2 ... ... 
AaK = A[c1 (1 ± K·/;a1) aal ,c 2(1± K·(a2)aa2,c3 (1± K·(aa>aa3J, 

(lid) 
1 ... . ... 

H aij "' 2- [ 1 - /; ai ' f, a j I a a i a a j ' (lle) 

(±K) -> -> (K) -> ; 
M aff = ( 1 ± K. I; ae> a af' z af£ = (I(. "'af) a af ' e = 1, 2, 3, 

(llf) 
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aaK= 

1/2 
2[aaiaaj-Haij] [ 2z(K)_c2z<~~-c~z<~~]-

ck akk i au J aJJ 
aaiaaj 

~ • ({ai + ta.i) 
[ a [ C: a - c 2a 2 ] 

ai a aj - H .. ] 1/2 ak i ai- cj a aj ' 
UIJ 

i f j f k = 1, 2, 3. (11g) 

Then, the isospin sum rules (1 0) alone imPly the follow
ing sets of equalities: 

Ha = ciciHa12 = c£c~Ha13 = cjcrHa13' (12) 

1.1>..(+)- ;...<-> I=2[-4H ->..(a )11/2 [4H -..\( ..... t )11/2 
2 . aK aK a a ' a K S a

0 
a ' 

(13a) 

I2H +..!.A(a)- -b.(;'.t a )I=[- ..!_,\(+)11/2 [-..!_,\(-) J1/2 
a 4 a 4 - a a 4 aK 4 aK ' 

(13b) 

I 
1 ( ) 1 ( ... :-> ) 1 < ±)I 2Ha+ 4A aa - 4A K·(,aaa + 4XaK = 

=[-1_(±),1/2 [- 4H -'( ):1/2 
4 i\aKJ a " a a · ' 

(13c) 

1 1 . -> .. 1 1 ±) 

1
2H + ->..(a ) --A( K • ~ a ) - -A I a 4 a 4 a a 4 aK 

= [- .l. ~ ±) 11/2 [ 4H - A ( ; • f a ) ]1/ 2 
4 aK· a aa ' 

(13d) 

4H [ c2M(+KL c~M<~>- c~M<~l} [~M{-KLc~M<-~>- c~M(~)]-
a k akk 1 au J au k akk 1 an J an 

442 2 ~ ~ ~ 2 
- 4cicj aai aaj [K • (~aix ~aj)] = 

8 

2 (K) 2 (K) 2 (K) 2 ~ ~ 2 2 2 
=..\(a ) [ckZ kk- c. Z .. -c. Z .. ] + A(K• ~ a )[cka k-c.a i -c. a .1+ a a t an J UJJ a a a 1 a J aJ 

+ 1.[->..<+> + ;...<-> J[c 2z<K>_c~z<~! -c~z<~~] x 
2 UK UK k akk 1 a II J UJJ 

x [<fa ak- qa ai - c~ aaj J ' 

aUK,( ij) 

a aK'{ ij) 

~ , . ( ~:i x f aj) 

-> -> 
~, ( t: , X C , ) 
K ' <,at S UJ 

i f j f k = 1 ' 2, 3,. 

for any :- and :, 

(14) 

(15) 

and i f j = 1, 2, 3, and the following inequalities: 

1 (±) , 2 2 (±K) (± K) 
0 < - "T>.. < mtn !c. c. M .. M .. l 

- q UK - ( ij) 1 J a 11 UJJ ' 
(16a) 

I 2 2 ( K) ( K) l 1 ,\ (-> ; ) II 
max -cicj Zaii Zcgj S. 4 K·saaa S. w 
lij l 

(16b) 

H <- ..!.>..(a ) 
a- 4 a 

. I 2 2 l < mtn ci cJ.aai aaJ· . 
I iJ l 

(16c) 

These results can be proved as follows. We define the 
functions 

F( +K)_ v 2 
ak = (1 + I wl 2 )l/2 [f;fl. + wf r'11' I k I' 

(17a) 

F(-~<)_ \;2 
ak = ( 1 + 1 w 12) 1 /2 [ - w* f ~ 11 

+ f ~fl. ' J, 

where w is an arbitrary complex number, 
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The helicity amplitudes f ~11 and r~'11' are chosen 
such that 

T ' ' 
I r kll 12 + I r ~ 11 I 2 = a a k (17b) 

I2Re[fr11 {f.r'11 ')* 1 21m[fr11(fr'11 .. )*] lfr1112 -lf''11 '1 21=; a 
k k "1 ' k k ' k 1 k <, aR ak' 

Therefore, denoting by 

K 

2Rew 
--2, 

1 +I wl 

21m w 
---?, 
1 +I wl ~ 

from (17a) we obtain 

~(±K\ 2 -> -> 

I F a k I c~ ( 1 ± I( • .; u k) a a k • 

1 -I w 12 

"l:J;[r I, 

Next, let us define the following bilinear forms 

M(±.~)= [ F(~K)l*F(~K) IM(~~) 12 = M<±.~) M<±.~) 
· at) - at ' UJ ' UIJ au a)J ' 

(17c) 

(17d) 

(18) 

(19a) 

Z ~ 0i~ = ~ [ M ~ ~; )+ M ~ ~;) I, I Z ~ ~il 2 
= ~ [ 1 + l a i · I;: j ] a ui a uj , 

(19b) 

(K) 1 [M(+K) M(-K)l IZ(K)I2 H ( ... ; )(_,; ) 
Zaij = 2 aij- aij ' aij = aij+ K·sai K·saj aaiaaj' 

(19c) 

y ( 0 ) '= 1. [ F ( +K ) F ( -K) - F ( -K) F ( +K) ] I y ( 0 )I 2 = H 
aij 2 ai aj ai aj' aij aij (19d) 

Now, since the sum rules (10) are equivalent to 

( 0 ) ( 0 ) ( 0 ) (20) 
c 1<·2Y a 12 = c2c3Y a23= C3C1 y a31 
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then we obtain directly the equalities (12) [ see eq. 
(19d) 1 • Next, the equalities (13a,b,c,d) can be proved, 
observing that the sum rules (19) imply the relations: 

-1[ 2 2 2 
ReNaij =( 2cicj) ckNakk- ciNaii - cjNajj l, (21a) 

for any N .. = z < 
0. ~ 

U IJ a IJ 
z < ~) and 

UIJ _, 

M ( ±K)( z< O"l 
a ij al'f'= a ae' Z (UK~ = ( : ' /;, u £ ) a aP ) ' 

and 

c.2c.2[1mM(±~)]2=_1.x.<±l=1f-H _l.A( )]1/2± 
1 J aiJ 4 aK a 4 a a 

[ 
1 ... ... I 

±1) H --A(K· t: a )Jl 2 12 
UK a 4 sa a , 

(21b) 

2 2 (0) 2 l (+)1 1/2 
4cicj[lmZuijl =-41-la-A(au)=-:rlf-XaKI +fur; 1 -x.< -) 1112 2 

UK I , 

(21c) 

4
.2 211 z<K> 2_ 41t ( ... t )- t 11 <+ht/2 1 <·-> t/2 12 
cicj m aij] - a-,\ K·c,aau- 1 -JI.a~ -EaK-AaK 1 ' 

(21d) 

where 1J and ( are defined by 
UK UK 

. II (O) (K)I . (+) (-) 
1)UK"' Sigrt m zaijlm zaij =Sign I-AUK +A UK I' (21e) 

( 
aK 

. (+K) (-K) . _, :' 
sign lim \1 aij lm \1 aij I= sign! -RB u-A(aa) +A(K · t,aaa) I. 

(21f) 

Now, since tbe equalities (21a,b,c,d) are equivalent to 
' 

2 2 2 I 1 [ 2 2N 2N 1 c. c. ![ReN · · ) - N ·· N · · = -,\ cl N 11" c2 a 22 'c3 a33 ' 
1 J atJ au a JJ 4 u · 

(22a) 
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( ± ) ~ ~ t/2 ~ ~ 1/2 
-XQK =-A( a a) -..\(K • ~a a a) ± 2ryQK [- 4H a-,\( a a)] [ 4Ha-..\(K•,; a a a)] , 

(22b) 

8H =-.\(a) +A(;.t a) -f [-;{+> ]1/2 [-,\(-) ]1/2 
a a a a aK aK aK • 

(22c) 

respectively, then we obtain the equalities (13a,b,c,d) 
while the bounds (16a,b,c) are derived directly from 
(21b,c,d) and (22a). 

Next, from the definitions (19a,b,c), it is easy to obtain 
(K) ( 0) a .a . ~ ~ ... ... 

zaiiZaij]*= ai'>aJ [K ... ·(~ai+c;aj)-iK•(c;ai xc;aj)). (23a) 

On the other hand~ if we introduce the phases ¢<~.>of the ·· tO) (0) . (0) aiJ bllmear form aij= I Z aij I exp It¢ aij I , then we can 
express Z <a~] in the form: 

( K) aai aaj ~ ~ ... ( 0) ~ ... ~ . ( 0) 
ReZaij= IK·(~ar+taj) ros¢aij +K•( .;ai x~aj) en¢aij I. 

I < o> I 2 zaij (23b) 

aa -+4 ~--+ 

I Z(K) ai aj 1~(': f:) · ¢(0) ~(t: ;: ) ¢(0)1 m aij = K • . ~ai+ "aj sm aij - K • 'oai x "aj cos aij , 

cos¢a<~~= 
IJ 

21 Z ~~>1 (23c) 

2 2 2 ckaak- ci aai- cj aaj 

1/2' 
2cicj[aai aaj- Haij] 

(23d) 

Then, the equalities (14) can be derived using the follow
ing relation: 

lim [ z~~J( z~~~ *]1
2 

= ~ [~-( iaix taj)] 2 a;i a:j (24) 

and eqs. (2a,b,c,d,e), while the equalities (15) are obtain
ed from (23b,d) and (21a). 

It is interesting to note that the result (23b) can be 
written in the form: 
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l 

J 
1 

2~ 2... 2~ ~ 

ck .;'aka ak- ci .;'aiaai - cj c;aj aaj 

2ci cj [aai aaj J 1/2 

,; a·+ ; I s. aj 

I 
l! 1! cos¢ ( 0 \. 
Sai + ~jl aij't-

Ha ~-] 1/2 
+ [2-2-- a · 

ci cj aai aJ 

... 
~ t: ( 0) eaiX Saj Sin¢ " ' 

aiJ 
I {aix t:jl 

where H, is defined by eq. (12) and 
eq. (23d). 

4. Experimental Consequences of Isospin 
Constraints 

cos¢ a(~_> 
IJ 

(25) 

by 

The results obtained in this section may be conveni
ently summarized by the following interesting conse
quences: 

(i) Let ¢ ( 0) 
aij , 

of the bilinear forms 

¢a(~~ 
IJ 

z ( 0) 
aij 

and o < ±_ ~ > be the Phases 
aiJ 

z ( K) 
a ij and M (a±·. K) 

IJ 

respectively. Then( the sum rule (10) alone imPlies that 
all the Phases ¢ ~.> and hence ¢ < ~ 1 o < ~- K) can 

a IJ a IJ , a IJ 
unambiguously be determined from tne experimental 
data. Indeed, if aai' aaj, aak and ~li .faj are known, 

eq. (23d) alows to_ determine cos¢~~> 
sin ¢ ~~~ can be obtained from 

while the sign of 
see eq. (25) ] : 

· 1'¢< 0 >1 . I[ (; :)I SllJl en aij ~ SllJl - ak • s ai x saj . (26) 

Then eqs. (23b c) and M < ±_~> = Z < ~? ± Z < ~~ 
' ' aiJ aiJ aiJ 'yield the 

Phases ¢ (K_) and o <~. K) 
a~ a~ • 

(ii) The lower bounds (16a,c) 
(16b) are exactly saturated on the 
= n " Phase contours ( n ""0, 1, ... ) 

and the upper bounds 
[ 0 (±.~) ¢(~_) ¢(K).] -

aiJ ' aiJ ' alj -
respectively [ see 
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eqs. (21b,c,d)J , while the upper bounds (16a,c) and the 
lower bounds (16b) are exactly saturated on ( n + ; ) rr 

j)hase contours, respectively [ see eq. (22a)] 
The above phase contours lie on the zeros trajectories 

(±K) (0) (K) 
of lmN uij and ReN uij , 11\zij "'M aij , Z aij , Z aij res-
pectively. The zeros trajectories of ImNau are in-
dependent of channel indices ( i, j) [ see eqs. (21b,c,d)]. 
The bounds (16a,b,c) are degenerated if and only if INaij I= 
-0 f N ··- M<-.~l <K). d <O.) t·-- or a 11 ~ 1 a 11 , Z a 11 an z a 11 _respec 1 

vely. We note that if INaij 1 =0, then the phases of the 
bilinear forms Naij are not determined. 

(iii) The exact saturation of the upper bounds (16b) or 
of the lower bounds (16c) imply the linear relations: 

2--> .; [ 2 2 2 
CkK· Sak0 ak ck 0 ak- cia ai- Cj 0 aj J + 

--> 
2--> ·C [ 2 2 2 

+CiK•r,ai 0 ai Ci 0 ai-cj 0 aj- ~ 0akl + 

... 
_:l--> ,•- ( 2 2 2 l 0 

+'iK·sajaaj cjaaj-~aak-ciaai = ' (27) 

... 
between the projection of the spin-rotation vectors I; n , 
n _ • 1 • I k 111 
L-Ir)'~" · • 

We remark that eq. (27) is valid for all ;; if the 
lower bound (16c) is exactly saturated. 
(iv) If one of the conditions: 
1°) the bounds (16b) are degenerated; 
2°) the lower bounds (16b,c) are simultaneously saturat-

ed· 
' 3°) the upper bounds (16b,c) are simultaneously saturat-

ed; 
4°) the bounds (16c) are degenerated, 
holds for a given a , ( i , j) and ;, , then we obtain the 
mirror symmetry: 

--> ... 

( ~ • ~a i) = - ( ~ • /;aj ) (28) 
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These consequences are obtained using eq. (27) and 

c:Nakk = crNaii + cfNajj 
( 0) z ( K) 

for Naee= Z aff' d£ ' 

( e = i, j , k) respectively. 
(v) The exact satur;ation ... ofthe_,bound -A(aa) 2.. 0 imP-

lies the equalities I; a 1= I; a 2 = I; a 3 • . This result 
is a direct consequence of the lower bound (16c). 

(vi) The lower bound (16c) is equivalent to 

[ 2 2 2 r2 2 · 12 
ci aac cjaajl + 4Ha :S 2c;.aaltci aai + cj a aj- 2ck oak] (29) 

This bound requires that if 

[ 2 2 
a k c. a . + c. a . J --> 0 , 

a 1 at J UJ s->+oo 
(30a) 

when the other kinematical variables are all fixed, then 
[see eqs. (lle) and (12)] 

2 2 --> --> 
c. a . - c. a . -> 0, I; .- I; . --. 0 , 

1 at J UJ S-->+oo at UJ S->+oo 
(30b) 

and conversely, the cross section a ak cannot vanish 
for s __, +"" if one of the above relations (30b) does 
not hold for s __, + "" [ vs is the c. m. energy] . 

The Pomeranchuk-type theorems (30b) can be genera
lized in the following way. We observe that according to 

( +) ... .... 
eqs. (22b,c) the bounds - Aa-K 2. 0 and A( K ·~a a a) :S 
< 4H < - A( a ) are equivalent to 
- a- a 

2[-4H -A(a )] 1/ 2 [4H - A(K• t a )1112 <-A(a )-A(K• {aaa}, 
a a a a a - a (31a) 

and 

[ _>-,(+) ]1/2 [-A.(-) ]1/2 S.-A(a ) -A(;_.i a ) ' 
aK aK a a a 

(31b) 

respectively. 
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Therefore, let X 
aK and B be defined as 

aK 

XaK = 

2-> -> 2 -> .... 2 -> ..... 
2 c i K • ~a 1a i:zi + 2 c j K • ~ aj a aj - c k K • <;"a k a a k 

2 2 2 
2c 1 aai+ 2cjaaj-ckaak 

(32a) 

B = 1[-.\(+)]l/2 [-A(-) ] 1/ 2 2[-4H -.\(a )]1/ 2 [411 -A(K·~ a B1/ 2l aK max aK aK ' a a a a a 

(32b) 
then, the bounds (3la,b) can be written in the form 

[ 2 2 2 [ 2-> -: 2:+ ; ]2 c . a . - c. a . ] + c . K • ~ • a . - c. K • <; • a . < 
1 a1 J aj 1 · Ul U1 J aj aj -

(32c) 

2 [2 2 12 ........ 
:S. 2ckaak ciaai +cjaaJ -2ckaak H1 +K·~akXaK] -BaK· 

(vii) The bound (32c) imPlies that, if the condition 
(30a) holds, then 

2 2 ; ; [ (±K) (K) ¢( 0) c1 aa 1 -cJ.aaJ· ... O,sa 1.-s .... 0, n .. ,¢ .. , aiJ. ->nrr, 
S ->-too a J S->-too a 1) a 1) S->-t<x> 

(33) 

n = 0, 1, ···, when the other kinematical variables are 
taken to be constant, or conversely, the a a k cannot 
mnish for s ... +"" if one of the Pomeranchuk-like 
theorems (33) is violated. The proof follows from eqs. 
(2la,b,c), (30a) and (32c). 

(viii) The bound (32c) also requires that, if 

~ [ 2 2 1 2 [ -> -> ( 2"kaak ciaai+cjaaj --ckaakJ 1+(K·~ak)Xakl-BaK -> 0 34a) 
2 s ->-t<>o 

for a given -> 
K then 

2 _ c~ a . _, 0 , 
cia ai J a) S->+oo 
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.... .... 0 
.... <: ) -(-:..~ .) .... 

( K • Sai a) S-> +oo 
(34b) 

Next, starting with the bounds 4Ha ~- .\ (a a) and 
4H < - A (a ) , , a ,J f3 , and using the inequality 

f3 - f3 

2al/2bl/2 <a+ b, a>O, b>O (35) 

for a=-4Ha -A(a a>, , -A(aa) and b =-4Hf3-A(af3}, 
- A ( a f3 ) then we obtain the bounds: 

[ l/2 [ l/2 2 - .\( a a ) ] -A( a {3) ] :S-A( a a) - .\(a f3) , (36a) 

1/2 l/2 
2[-4Ha-A(aa)l [-4Hf3-A(a &1 +4[Ha +Hf3] :::;_ 

:_ - A( a a ) - .\(a {3) . (36b) 

Let (a, a) be chosen as[~<+> .~c->], [n<+l ,o<->], 
[ !'.<+), 1'.<-l I. Then, since aae= (1 +X e) Ioe , 
a a = ( 1 - X e) I 0 e , X = P z, A z , D zz., , respective
ly, the bounds (36a,b) can be expressea in the following 
equivalent forms: 

2 2 2 2 2 2 
[c 1I 01 -cjiOj] +[c1 X1I 01 -cjXjlOj] < 

s2c:lok( 1+Xk.Xijk }[ciioi + c;IOj- ~c~IOk]-

- [-A(a a>] 1/2 [-.\(aa} 11/2 ' (37a) 

[c~I 01 -c;I 0j] 2 +[c~X 1 I 01-cfXjlOj] 2 + 2[Ha+H~] 5 

:::_2c~Ok( 1+ X k' X ijk) [ c;~ Oi+ c~IOj- ~ c:l Ok] -

[ 4H \( ) 1/2 [ 1/2 - - a- ''1. aa ] - 4H _-A( a - ) ] , a a 
(37b) 

where 

[2c~oi + 2c~oj- ~2Jok1Xijk= 2c;xiiOi+ 2c~Oj Xrc:xki oli (37c) 
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Now, it is easy to see that the bounds (37a,b) imply the 
following interesting results. 

(ix) If 

I0 k[c;Ioi+ c]I 0 j] ... 0' 
S->+ oo 

(all the other kinematical variables are fixed) 
then the bounds (37a, b) imply: 

c~I 0 .- c~I 0 . ... 0, 
I I l l S->+oo 

Xi-Xi ... 0, 
S->+oo 

f. ... ... - { __ - f, . ... 0' f.-. ... 0, 
a1 a1 S->+oo Ul aJ S->+oo 

0
(±K) (K) (0) 

[ aij '¢ aij '¢ aij n1T, (0~~-K),¢~~~ ,¢~~-)) 
aiJ aiJ alj 

... 
S->+oo 

n = 0, 1, ... , 

(38a) 

(38b) 

(38c) 

(38d) 

... ""· S->+oo 

(38e) 

for all (a, a ) , and conversely, the unjxJlarized cross 
section I 0 k cannot vanish for s ... + "" if one of the 
Pomeranchuk-like theorems (3Bb,c,d,e) is violated for 
s ... +"" • 

We note that, the results (38d) are equivalent to 

~ -Jo ~ -+ -+ __. 

Ai-Aj ... O,Pi-Pj ... O,Di-Dj ... 0, 
S->+oo S->-too S->+oo (38f) 
... ... 

where A , P are the polarization "as~mmetry" and 
final polarization vectors respectively and D is the "de
polarization tensor" [ see sect. 2 J • 

(x) If 

2c=l Ok[ c;I Oi + c~I Oj - ~ c~ Ok] { 1+ XkX ijJ -

18 

1/2 1/2 -[-411 -.A(u )] [-411-->.(u-)J --. 0, 
a a a a s--> +oo (39) 

then the bound (37c) requires the Pomeranchuk-like theo
rems (38b,c,d) only for a given (a, a) . 
We note that the results (38d) can also be obtained if 

- >.(1 0 ) - >.( XI 0 ) ... 0 , 
h S--> +oo were 

and 
>. (I o ) = >. ( c i I o 1' c ~ o 2 ' c i I o 3) 

>.(XI 0) =A( c iX1I 01 , ciX 2I 02 , ciX 3 I 03 ) 

[see the definition (lla)] . 
... ... 

(xi) Let Ae and Pe be the ,asymmetry, and 
final polarization, respectively ( e = 1, 2, 3) , and let 
o ze , 5 -z£ , i\ e and X e be defined as 

... ... 

D zf = ( D xzf' D yZf' D zzf ) ' D 2"i "' ( D zxf 'D zYE 'D zzf ) ' (40a) 

... ... 
""e =(Dxxe·-DxYf ,Pze), Ae =(Dyyf•Dyx•Az) · (40b) 

Then, the equalities (12) for 

[H~:<+l' HL<-)], [Ho<+l, Hr.<->] 

~':!: [HL'.(+), HL'.(-) ] imply the following equali-

2 2 ... ... ... ... 
F = c c [ 1 + P P -A . A - D • D ]I I = L 1 2 Z1 Z2 1 2 Z1 Z2 01 02 

2 2 ... .... ... .... 
= c2c3[ 1+Pzlz3 -A2· A3 -Dz2" DZ3 ]loio3 = 

2 2 ... ... .... . .... 
= c 3c 1 [ 1 + PZ3 p Z1- A 3. A 1 - D z:i . D z 1 ]103 I 01 ' (4la) 

2 2 .... ... .... .... 
c1c2 [PZ1 +PZ2 - A1. 0z2-A2. DZ1]101I02 = 
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2 2 .... .... .... .... 
= c 2 c 3 [ p Z2 + p Z3 - A 2. D Z3 - A3 . O Z 2 ] 1o2 I 03 = 

2 2 .... .... .... .... 
= c3c1 [ Pz3+ PZ1- A3. 0 z1-A 1' 0 z3 ]103I01 

' 2 ~ -+ --+ --+ 
.b 0 =- S c 2 [ 1 + Az1 A z2 - p 1. p 2 - Dz1 • 0 z2] 101102 = 

c~ c~ I 1 + Az2Az3- p2 . p3 - nz2' D z3 ]102I03 = 

2 2 .... .... -~ .... 
c3c1 [ 1+Az31\zCP3 .p1- 0 z3' 0 zt ]103 101 

--+ --+ --+ --+ 

c 1 c i [ A zl \- A z2 - p 1 • D Z2 - p 2 • n z 1 ] I 01 I 02 = 

2 2 .... -> -> -· 

c2c3 [ Az2 + Az3 -P2. DZ3- p3. 0 z2 ]lo2 1o3 = 

2 2 -> -> -· ..... 

= c3 c 1 [ A z3 + A z1 - p3 . D z1 - p 1 . D z3 ]I o3 1 o 1 ' 

--+ --) -) --) 

E A = c
2
1 c 2

2 
[ 1 + n Z1 D - ;\ 1 . 1\ - A . A ]l I 

u z zZ2 2 1 2 0 1 02 

--+ --+ --+ --+ 

c~ci [ 1+ 0 zz2°zz3 - ;\2 · \3- A2· A 3]102I03 

ci c i [ 1-t- 0 zz3nzZ1 - ;3. c~ .- A3· A->1 ]1031 01 

--+ --+ ..... -) 

c 2c 2 [0 -t-0 -L\ ·A -L'l ·A ]I I 
1 2 zZ1 zZ2 1 2 2 1 01 02 

c 2 c 2 [ 0 + 0 - ~ ·A_, - ; 
2 3 zZ2 zZ3 2 3 3 

1\ ] I I = 
2 02 03 

2 2 .... .... .... .... 
= cc [0 -t-0 -L'l·A -L'l .:A)I I. 

3 1 zZ3 zZ1 3 1 1 3 03 0 1 

(41b) 

(41c) 

(41d) 

(4le) 

(41f) 

Next, let us consider the bound (36b) for (a, {3) = D:< +l , ~<- l], 
[ o< +l , o < -l ], [ L'l< +l , L'l< -l ] • Then, we have 
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[-48 A(~<-+->)]1/2 [-48 ->.(~<->)]1/2 +2E < 
~(+) ~(-) ~ 

~->.(Io) ->.(Pz 1o)' 
(42a) 

[ -48 ->.(d +~ ] 112 [ :....48 -.>.(o<->) J 1/2 + 2E.--. < 
o<+> o<-> u 

~->.(Io) ->.(Azlo)' (42b) 

[-48 -A(I'l<+~] 1 12 [-48 ->.(l'l<->) ] 112 + 2E < 
L'l( +) L'l( -) L'l 

~->-(Io) ->.( 0 zz1o> · (42c) 

Now, it is easy to see that these bounds imply the follow
ing interesting consequences. 

(xii) If the bound 

.A(XIo) ::;->-(Io)' X=Pz,Az,Ozz (43) 

is exactly saturated, then 
--+ --+ --) --) 4 -+ 

A1 =A 2= .A 3 • 0Zt = 0z2 = 0 z3' (44a) 

(44b) (0) (0) (0) 
¢ (+) = ¢ (+) =¢ (+) =n1T, n=O, 1, ... , 
~ - 12 ~ - ZJ ~ - 31 

when X =Az, 

(44c) -+ -+ -+ 

P1=P2=P3, 
-+ -+ -+ 

0 z1 = Dz2= Dz3 • 

(44d) (0) (0) (0) 
¢ (±) =¢ (±) =¢ (±) =fl1T, 

o 12 n 23 n 31 
n = 0, 1, ... , 

when X=Pz, 

(44e) -+ -+ -+ 

L\1 =L\2 = L\3' 
-+ ... -+ 

A1=A2=A3' 
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(0) (0) (0) 
¢ (+) = ¢ (+) =¢ (+) =077, n = 0, 1, ... , (44f) 

f.. - 12 f.. - 23 ~ - 31 

-+ -+ .... 
when X = Dzz where the vectors D z , D z , f.. and 
A are defined by eq. (40a,b). 

(xiii) The exact saturation of the bound 

[-411a-.\(aa)]
112 [-411_-.\(a_)] 112 -s_-A(I

0
)-A(XI

0
) ,(45) 

a a 

X= Pz, Az, D zz , respectively, imPlies the results of 
form (44a), (44c) and (44e) respectively. 

We note that the experimental situations are more 
varied than the typical cases considered in this section. 
The results presented in sect. 3 are sufficient to obtain all 
the constraints on the experimental observables, implied 
by the sum rules (10), by specializing the unit vectors / . 

Finally, we note that the isospin sum rules (10) imply 
that each set of equalities (12) as well as the bounds 
(16a,b,c) have an integrated analogous. Proof of this sta
tement can be obtaines just as in ( l/2 .... 0 ' 1 '12 ) 
scattering case discussed in ref. /t/. Hence, the re
sults (29), (30a,b), (3la,b), (32c), (33), (34a,b), (36a,b), 
(37a,b), (38a,b,c), (39), (41a,b,c,d,e,f), (42a,b,c), (43), 
(44a,b,c,e) are also valid for the integrated (partial or 
total) cross-sections and average values of the 
"asymmetry", final polarization and "depolarization ten
sor" components. 

5. Conclusions 

In this paper we have investigated the constraints on 
the experimental observables of three ( 0 112 .... 0 '0 '1'12)re
actions. So, using the results of ref. l2 I , in sect. 2, 
we have defined the polarized differential cross-sections 
a a and the spin-rotation vectors (a. These definitions 

allow to discuss a large number of the isospin constraints 
by analogy with the isospin constrains for ( 0 112 .... 0 ' 1 '1 2) 
reactions [ see ref./11] . Then, all the constraints on 
a a and ~a have been derived, in sect. 3, using the ge-
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neralized functions F ~ ± K) r see definitions (17a)l and the 
bilinear forms M &r/ 1 , z ~ ~i> and z ~ 'ij> defined by 
eqs. (19a,b,c,d). In this way, we have proved that the sum 
rules (10) alone imply the equalities (12), (13a,b,c,d), (14), 
(15) and the bounds (16a,b,c). 

These results are presented in the most general form 
and are sufficient to obtain any particular constraints on 
oaf and taP, P= 1, 2, 3, byspecializingtheunitvectors 
~ . Thus starting with these results, in sect. 4 we have 
derived a number of interesting experimental consequen
ces. For example, we have shown that the exact saturation 
of the upper bounds (16b) and of the lower bound (16c) 
implies a linear relation [ see eq. (27), sect. 4] on the 
projections of the spin rotation vectors taP , e = 1, 2, 3. 
We have. obtained that the phases of all the bilinear forms: 
N M(±Kl z(~<) z(or b b. 1 d 

aij"' uij , aij, aij can e unum 1guous y e-
termined from the experimental data. Then, the exact 
saturation of the bounds (16a,b,c) is expressed in terms 

of the [ n 17 ,(n+ .l) 17 ,n =0, 1, ... ,] phase contours or equiva-
2 

lently in terms of the zeros trajectories of Im N a ii and 
I:PNaij respectively. Next, using eqs. (22b,c), we have 
obtained the bounds (32c) which are more stringent than 
the bounds (3la,b) and (16a,b,c) respectively. These 
bounds require the Pomeranchuk-like theorems (33) if the 
conditions (30a) hold for s _, + "" and the other kinemati
cal variables are fixed. Also, using the inequality (35) and 
the lower bound (16c) we have derived the stringent bounds 
(36d) which imply the Pomeranchuk-type theorems (38b,c 

d,e) for all (a,a)dl<+!I<-~,[n<+>,n<.->],[f...<+>,f...<->] when the 
condition (38) holds. Moreover, the bounds (36b) imply 
the consequences (xii) and (xiii) when the bounds (43) and 
(45), respectively, are exactly saturated. 

Therefore, the results obtained in sects.3,4, of this 
pape:;. are of great interest for phenomenological descrip
tion of the three-body final state reactions as well as in 
testing of the different theoretical models. These results 
are sufficient to obtain certain tests [ see the equalities 
(12), (13a,b,c,d), (14), (15) and (41a,b,c,d,e,f)) of the iso-
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spin invariance, SU( 3) -symmetry, quark models, 
etc., in the single meson production processes and to de
termine unumbiguously the symmetry-breaking parame
ters when the complete and accurate experimental data are 
available. 
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