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1. ·Introduction 

This paper is a direct continuation of ref. /I/ where 
we have initiated the investigation of the stringent con
straints on experimental observables of three (0 1/2 -.0' 0'1/2) 
reactions/ 2 / related by the isospin invariance via two 
isospin channels. 

Therefore, in sect. 1, using the generalized helicity 
amplitudes (la,b) and the bilinear forms (2a,b,c,d) and 
(lla,b,c) we prove that the isospin invariance alone implies 
the equalities (7), (8a,b), (16), (17a,b) and the isospin 
bounds (9a,b), (10), (18a,b) and (20). In sect. 3, the satu
ration of isospin bounds and some experimental conse
quences for experimental data and amplitude analysis are 
discussed. The method of inyesti7ation of isospin bounds 
presented here and in refs.' 1 •5 •6 have advantage that 
the exact saturation of isospin bounds can be expressed 
in terms of the zeros of real or imaginary parts of a spe
cific bilinear form. Thus, all the constraints on experimen
tal data and amplitude analyses, when the isospin bounds 
are exactly saturated or degenerated, can be unambigu
ously determined. 

The results are presented in a general form, and are 
sufficient to obtain any constraints (equalities or bounds) 
by specializing the unit vectors K. and using tables I, II, 
III from sect. 3. These results improve in the most gene
ral form the usual triangle inequalities and are useful to 
obtain certain tests of the isospin invariance and to 
determine the breaking effects when the experimental 
data, on differential cross sections and on the spin density 
matrices of the single meson production processes, are 
available. 
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2. Equalities and Bounds from IsosPin Invariance 

In order to obtain new isospin constraints on the 
experimental data of (0 1/2 .... 0 '0 '1 '/2) reactions we 
start with the following definitions. 

++ +- -+ --Let f e , fe , fe , fe , f = 1 ,2,3 be the helicity 
amplitudes of three ( 0 1/2 .... 0 '0 '1 '/2) react&o~s related by 
isospin in variance via two channels. Let F; K and F h± K) 

be the generalized helicity amplitudes defined as 

(+K) y2 rp. r'p.' 
Fa f = 2 I /2 [ f f + w f f ] , 

(-K) 
Faf 

[1 +I w I 1 

y2 

[1 
-.--..2-l-1 [-w*frp. r'p.' 
+ I w! 1 . 2 e + f e 1 , 

(+K) -
F13e = __ v.'2 [ vi\ v''A' 

[1 +lw!2lt/2 fe +wfe 

(-K) '1)2 vA v~.' 
Fl3f = [-w*f + f ] 

[l+lw!2]1.2 f f · 

Also, let us define the following bilinear forms: 

(± K) (± K ) ~± K ) 

Myij =[Fyi ]*Fyi, y=a,l3, 

( ± K) 1 (± K ) t!: K) 

G ~ .. = - [ M .. + M ~ .. ], 
a,...IJ 2 aiJ ,....•! 

( ±K) 1 (± K) (±K) 

W al3ij= 2 [Maij -M l3ii ]. 
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(la) 

(lb) 

(2a) 

(2b) 

(2c) 

( ±K) ..1_ (±K) (± K) (±K) (± K) 

y al3 i i = 2 l Fa i F 13 i - F 13 i Fa i I . (2d) 

Now, using the relations (see ref/ 11 ) 

I ±K) 2 --> --> 

I F yf I = (1 ± K -~e ) aye ' y =a' 13' (3a) 

and the definitions 

I of S al3f= Re I f ~11 [ f ;i\ r'p.' v''A' 
] *I + Re l f f [ f f ] *I , 

(3b) 

I oe Ta13e= Im l f ;/1 [f;i\ rp' v'i\' 
1 * 1 + Im l f e [ f e ] * 1, (3c) 

--> r p. vi\ r p. v' 'A ' 
I0e ·v al3e = l Re l f e [ f f ] *I+ Re l f f [ f f ]*I , 

r'p.' vi\ r p. v '..\.' 
-Imlff [fe ]*I+Imlff [ff ]*}, 

(3d) 

T 11 v A r'p., v 'i\ , 
Relfe [fe ]*!-Reiff [ff ]*II, 

I U r' ' 
of al3 e = l Im l f 11 [ f vi\ f f 

rp. v''A, 
]*I+Imlfe [fe ]*I, 

r, 11, vA rp. [ ,.v 'A ,] *I 
Re I f f [f f ] *I - Re l fe t e ' (3e) 

~ vi\ r~' v\' 
Im l f f [ ff 1 *I + Im l f e [f f ]*II, 

(±K) --> 

when F ye , Y= a ,13 are given by (la,b) and the unit K 

vector is chosen as 
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J:. "" I 
2Rew 2Imw 

2 
1 +I w I 

2 
1-1 wl 1, 

1 + I wl2 1 + I w I 
2 

then, by straightforward development, we obtain 

(±K) 2 (± K) (±K) ( ±K) 

I G a{3ij I = G a{3 ii G a{3jj - H a{3ij ' 

IW <±K)I2= w<±Kl w<±Kl H <± K) 
a{3ij a{3ii a{3jj + a{3ij ' 

I Y < ± ~ > I 2 = H < ±~ != _!_ I[ 1± it· f, _. . H 1 ± ; • g . l a . a . + 
a{3 IJ a{3 IJ 4 a 1 {3 J a 1 {3 J 

_. _. 
+fl± ;.f,,B. ][l±i(.f, .]a{3. 

I aJ I 

-21 .I .[(s
13

. ±;<.v
13

. 
01 OJ a 1 a 1 )(s,a.±-:..v,a· )+ 

a l a J 

_. ~ 

+ ( T {3. ± !:. • U {3. )( T {3;!: i( ·U {3. ) ) I, a1 a1 a! aJ 

a -aj 

(3f) 

(3g) 

(3h) 

(3i) 

where, accordin~ to the definitions (2b,c) and eq. (3a) 
G t!: K) and W L K) are given by a{3ff a{3ff 

( ± K) 1 _. -> -> ~ 

Ga,are=y-[0 ±K·f,ae )aae + (1 ± K·f,{3f )a,Be], (3k) 

( ± K) 1 -~ --> --> 

w a,Bee = 2 [ (1 ± ~. f, af) a af .... (1 ± K. e {3f ) a f3C ] . (31) 

Now, since the isospin sum rules on the helicity ampli
tudes are equivalent to 

3 (± K) 
! cr F e =0, y= a ,[3, ... , (4a) 
£=1 y 

and also to 
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(±K) (±K) (±K) 
ccY =CC Y =CC Y 

1 2 a{312 2 3 a{323 3 1 a{331' (4b) 

then, we obtain (for eqs. (5d,e) see ref. 111 
) 

-1 2 2 2 
ReNa{3ij =(2cicj) [ckNa{3kk-ciNa{3ii- cjNa{3jj], (5a) 

(±K) (±K) (±K) 
for N {3.. "" G {3.. , W {3 .. a IJ a IJ a IJ 

, M .. ,y=a,{3, ... , 
YI! 

and 

2 2 . ( ±K) 2 ( ± K) 1 ( ± K) 
ci cj [ lm Ga{3ij] = -Ha{3 - 4A [Ga,B ] (5b) 

= .L_ I [-A(±) ] I,; f (±) [ - (±) I' 2 2 
16 aK a{3K A {3K ] I ' 

2 
(+K) 2 ( ±KJ (±K) 

c
2
icj [ lm Wa{3ijJ = Ha,B- t A [Wa{3 ] (5c) 

= l l [-A<±! t'2- f (±J [ -A<±) { 1,2 

TI> aK a{3K {3K 

c ~ c~ [ lm M (± ~)]2= - .LA ( ± J 
I J aiJ 4 QK 

( ±KJ 1 ( + K) I 2 ( + ( + 
~1[-H --A[G- ]] + - 1[H _KJ_ (5d) 

a{3 4 a{3 T}a{3K a{3 

( ±KJ 
2 

2 
[ Im M {3 i · c c' - J i J 

.!__ I ( ± K )]] I ~ 2 
4 ;\ v.(l(-3 ! . 

2 1 I ±) 
J = - -_,r ;\ {3~-; 

I:'~, I 1 ( ±" J I 
) [-H r.r-

4 
A[G {3 )] n,) a 

1 . I± K) I 2 2 
-A I V. a{3 ]] I . 
4 

2 - ( ± ) [H ( ± K J 
T}a{3K a{3 

(5e) 
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• 2 2 (± K) ( ±K) ( ± ) ( +) 
TJ R = stgn I c iCJ· Irn G,.,R .. Irn waR" I= sign I -A + AR- I (Sf) 

UtJK . "t-' IJ f-' IJ UK 1-'K ' 

( ± ) · 2 2 ( ±J<) ( ± K) 
f R = stgn I c . c. IrnMa 1·J· lrn MR .. I ai-'K I J I-' IJ 

(5g) 
(±K) (±K) (±K) 

= sign I - 8 Haf3 -A [ G a{3] + A [ W af3 ] I , 

where 

A (x, y, z) = x 2 + y 2 + z 2 - 2xy -2 xz -2 y z , (6a) 

(±K) 2 (±K) 2 (±K) 2 (±K) 
A [ G af3h A ( '1 G a{3ll • c 2 G a{322 • c3 G af333 ) ' 

(6b) 

(±K) 2 (± K) 2 ( ± K) 
2 

( ± K) 

A[Waf3hA(clWaf3li 'c2Wa{322 ,c3 Wa{333 ), (6c} 

( +) ... . ... 2 ... 
A y~ = A[q

2
(1± ~·~yl )ayl, c2\1 ± ;:.~2 )ay2, c 3 (1±~.~ y3 )ay3 ], 

(6d} 

(±K) 
y =a ,{3 and H a{3 are defined by eq. (7). 

Therefore, using eqs. (4b) and (5b,c,d,e} we can prove 
the following interesting results. 

Constraints 1: The isospin in variance alone imPlies that 
the equalities: 

H
(±K) 2 2 H (±K) 2 2 H(±K) 2 2 H (±K) (7) 

=CC =CC =CC 
af3 - I 2 a{312 2 3 a{323 3 I a{331 ' 

ISH (±K) +A [G (±K) ]-A [W < ±K)] 1 =[-A< ±J ]I / 2 [-A(± l ] l/:l (Sa) 
af3 af3 af3 aK f3 K ' 

8 

..1_ lA (±>_X±) I= [ -4H( ±K)-A [G (±K)]]112 [4H (±K) -A [W ( :!x)]] 112 
4 aK {3Kt af3 af3 af3 af3 • 

(8b) 

etc. (see the eqs. (13a,b,c,d) from sect. 3 of ref_II/ 
and the bounds: 

I 2 2 w < ± Klw < ±K> 1 1 , [ w <± K)] H < ± K) G7r - c i c j a{3ii a{3jj ~ 4 1\ af3 s: af3 • (9a) 

1 (±K) . 2 2 (±K) (±K) 
Haa:.- -

4 
A[G R ]< rntnlc.c. GaR·GaR" I, 

p- at-' - l ij I 1 J I-' u I-' Jl 
(9b) 

are ootid at any oolues of the kinematical ooriables in the 
Physical domain, for any a, f3 and i(. 

Now, it is easy to obtain (see eqs. (5b,c,d,e) the 
following stringent bounds. 

Constraints 1' 

(±) l/2 (±) l/2.. (±J<) (±K) l/2 (±K) 
rnaxl[-A ] [-AR ] , :L[-4H R -A[G R ]] L4H R -

aK 1-'K at-' at-' a1J 

(10) 

[ ( ± K) ] J l /2, / [ (± K)] [ ( ± K) ] 
-AWR h-AGR -AWR , 

at-' - at-' at-' 

oolid for any kinematical oolues in the -physical domain 
and for any a • f3 and unit vector i( . 
Next, let us define the bilinear forms: 

(0) 1 ++ ++ +- +- -+ -+ --z .. =-2 l[f. ]*f. +[f. ]*f. +[f. ]*f. +[f. 
lJ I J I J I J I 

]*f~- I, 
J 

(lla) 

z<~ = l..!z <?! -z~o> 1 
aaij 2 alJ aij ' (llb) 

t O) 1 (+K) (-K) -
.. =-lMy .. +My .. I, y=a,a, ... , 

YIJ 2 IJ IJ 
(llc) 
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where (a,a) = [ !(+! !<->], [fl<+~n<->], [~<+~ ~<->], 

/1 I (O) 
(see sect. 2 of ref. ). Then we observe that Z u=l oe • 

( I oe - unpolarized differential cross section), 
(0) 1 

zaaff = 2 [aae - 0 af] = Xe 1oe (12b) 

where X e "' Pze , Aze , Dzzf , for a=! ,n .~, respec
tively. 

Now, by the straightforward calculation we get 

(0) 2 1 ... ... ... ... ... ... 
lz .. 

1
. 1 =-

4 
l1+A. ·A. +P. -P. +D. ·D.li 0 .I 0 . = 

I ] I ] I J I J 
(13a) 

= 1o· 1o· -H.· 
I ] I] 

(0) 2 (0) (0) 1 
!Z _\ = Z - .. Z- .. +H .. --

2
-[H .. +H- .. ], 

aaij' aau aau •J at] at] (13b) 

1 ~ ....... ...., --J> --J> ---+ 

Hii=4[3-Ai.Aj -Pi .pi -Di-Dj ]IOilOj' (13c) 

where 
1 ... 

Hyi( T [1-,;yi 
... 

• .;. ]a.a.,y=a,a, ... , 
Yl yt Yl 

(13d) 

... ... 
D .• D. = D x·D x·+ D y·Dy. +D z·D z· + 
I] XIX) XIX] XIX] 

+D x· D x·+D y· D y·+D z·D z· + Y 1 Yl Y 1 YJ Y 1 Yl 
(13e) 

+D x·Dx.+Dy.D y·+D z·Dz. 
ZIZJ ZIZJ ZIZJ 

... ... 

A i • A i =A xi Axj + Ayi A Yi + Azi Azj , (13f) 
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... ... 
pi • pi"' Pxi PXj + pYi pYj + pZi PZj ' (13g) 

... P. Ae • r and (Dxxf ,Dxyf ,Dxzf•Dyxf • Dyyf•D.xzf.Dzxf•Dzy~Dzzf) 
are the "polarization asymmetry" and "final polarization" 
vectors and "depolarization" tensor components, respec
tively. (see 11 •21 ). 

Therefore, since the isospin sum rules (4a) imply 
1 · ( h -- z<o> z <o> z <o> -a re atlon ~a) for eac Na{3ij= ij , aaij , yii , y = a,a, ... , 

-then we obtam: 

2 2 (0) 2 1 [ } c c [ lm Z . . } = - H - -
4 

A I 0 
(14a) 

j j I] 

1 I/2 J/22 
=-I [ -4H a-A( a a)} + f [-4H _ -A(a_)J I, 

16 an a a 

2 2 (0) 2 1 } 1 ] c . c . [ lm Z -. . ] = H - - [ H + H - - -- A [ X I 0 
1 J aalJ 2 a a 4 

(14b) 

=~I£-4H -A(a )]1, 2
-f _[-4H_-A(a_)]Ii1_

2 

16 a a aa a a 

2 2 (0) ] 2 1 
cicj[lmZaij =-Ha- 4A(aa) (14c) 

1 1,2 1 1 I/2 2 
1[-H - 4 A!I 0]] +TJaa[H- 2 [Ha+Ha-l--4 A[XI 0 ]] I, 

2 2 (0) 2 1 c.c.[lmZ 1 =-H_--.A(a_)= 
I ] aij 0 LJ a 

(14d) 

1 I: 2 1 1 I /2 2 
=I[-H -

4
A [I <' J1 - r1 ail [ H- - 2 [H a+ H a ) - -4A [X I 0 ]] I , 

II 



0 2 2 (0) (0) 
f - = stgn I c 0 c 0 Im Z a 

1
° Jo lm Z - 0 0 l aa 1 J aiJ 

(14e) 

= sign I -2 H + ~ [ H a + H a ] - ~ A [I 0 ] + 1
4 

A [X I 
0

] l , 

TJ _ = sign 1- H + H _-
4
1 A (a ) + ]. A (a ) l, 

aa a a a Lf a (14f) 

where 

2 2 2 I ] A [I 0 ] ~ A [ c I I o I ' c2 I 02 ' c 3 03 ' (15a) 

A[XI0 ] =A[c~XI I0 l' c: X2 I 02 ,c3
X

3
1

0
i, (15b) 

and H is defined by eq. (16). 
Hence, from the above results, we obtain the fol

lowing constraints. 
Constraints 2: The isospin invariance alone imPlies 
that the differential cross sections I o __. , a a __., a a and 
the Polarization Parameters X and t , t- , must 
obey the equalities: a a 

2 2 2 2 2 2H 
H ~ c I c2 H IT c 2c 3 H 23= c3 c I 3I ' (16) 

ISH -2(Ha +H a) +A[Io]-A[X Io]l = [-4Ha-A(ua)]I' 2 x (17a) 

I'2 
x [-4H _ -A(a_ )] 

a a 

1 I/2 
- I 4 ( H - H - ) + A (a ) - A ( a _ ) I = 2 [ -4H -A [ I ]] x 2 a a a a 0 (17b) 

I, 2 
X [ 4 H - 2 (H + H - ) - ,\ [ XIO ] ] a a 

(and the other equalities similar to eqs. (l3c,d), (14), 
(15) from ref. /I1, and the bounds 
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2 2 1 1 max I - c 0 c 0 X 0 X 0 10 0 I 0 ol < -
4 

A [X I 0 ] < H - - [ H + H _] , (18a) 
1 J 1 J 1 J- - 2 a a 

Iii l 

H < - -~ A [ I 0 ] < min I c ~ c ~ I 0 ° I 0 ol 
- q - lijl I J I J 

(18b) 

valid for any ( a,a) ~ [~<+;~(-)], [!l(+),n(-) ],[~ (+).~ (-)], 

in any sPin reference frame. 
We note, of course, that the equality (13a) is a conse

quence of the Lagrange identity (see ref. 13 1 ). Hence, 
the sum rules ( 4a) imply the equalities (16) since H can 
be rewritten in the equivalent form 

H = t[H!<+t H!<-tHa+t H{f-tH~(+)+ H~(-)] (19a) 

where (see eq. (13d) 

2 2 2 2 2 2 - (19b) H y ~ c I c2 Hyi2= <2 c 3 Hy23= c3 c I Hy3I, y =a ,a, ... , 

(see also eqs. (12) from ref. III ). 
Now, using eqs. (l4a,b,c,d) we obtain the following 

stringent bounds. 

Constraints 2.' 

I /2 . I /2 . I /2 
maxi[-4Ha -A(aa)] [-4H _ -A(a_}] , 2 [-4H-A[I

0
]] x 

a a 

X [ 4H-2 (H + H- )-,\[XI ]]I/2 l + (20) 
a a 0 

+ 2 ( Ha + H a ) .5 -A [I 0 ]- A [XI 0]. 

These bounds improve the upper bounds (18a) and the 
lower bound (18b) respectively. 
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3. Saturation of Isospin Bowul.s and Experimental 
Consequences 

Now, from the results obtained in sect. 2, we obtain 
the following consequences. 

rl. (±K) ¢ (±K) O (± K) 
Consequence 1. Let '+' a{3ij , a{3ij lf_~ yi· (+ ~e 

the Phases of the bilinear forms Ga{3ij , w~/3iJ ahd MyljK 
(see eqs. (2a,b,c) respectively. 

Then, according to eqs. (5b,c,d,e), the bowul.s: 

4 H < ±K> < -A [ G <± K) 1 A [ w< ± Kl 1 < 4 H <±Kl d -A< ±l o 
a{3 - af3 .' af3 - a{3 an YK 2 (2la) 

are exactly saturated if and only if 

(±K) (±K) (±K) 
l¢a{1Ij, <Paf3ij 'oyij l = nrr, n =0,1, ... , y =a,f3, ... , (2lb) 

respectively. The n rr -phase contours lie on the zeros 
. . f th f (±K) w(±K) trajectones o e ImN ij or N ij ~ Ga{1ij , a{3_ij 

and M~il ~<l, respectively. The zeros trajectories of Im N i.i 
are all independent of the channel indices (i,j). 

(+ ~ext, in order to obtain the explicit expressions of 
H~f3K defined by eq. (3i) and the equ~lities (7), we have 
expressed the quantities S a{3 , Taf3 , Va{3 and U'a{3 (see 
eqs. (3b,c,d,e)) in terms of the experimental observables. 
These results for (a,{3) =(a,a) d:E<+>,~<->un<+l,n<-l I are 
given in table I. Then, using eqs. (3i), (7) and table I, we 
obtain 

(+K) (-K) 2 2 -> -> -> -> -> 
H - + H - = c. c . I 0. I 0. [ 1 - P. • P .. + ( K • A . )( K • A . )-aa QQ I I I .l I J I .l 

(22a) 
...-.) .......) _, ...--) _, ...--) ~ ...--) ] 

-(it.DXi )U ·DXj)-(/(.DYi)(/(.DYj)-(K·DZi. )(K·DZi) • 

(+K) (-K) 2 2 -> -> -> -> JJ 
H -H = cic. I0 ii0 .[1<.(Ai +A. )-E .(K·D . )- P .(;(.o.) · 

a a aa J J J X I X J X J X I ] 

.... .... .... .... .... .... .... (22b) 
-PYi(k.DYj )- pYj(K• D Yi )-PZi(K·DZj )-PZj(K. DZi )], 
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l(j 
(j 

1~ 

l(;:l 
(j 

1?-

l(;:l 
(j 

~ 

-$3 
= Q) 

E .... 
r-. 
Q) 
0. 
>< 
Q),......, 

Clll 

5""'c: 
.....,._._ 
02; 
tile: 

l(j 
(j 

.... <Jl 

E~ 

r-.,......," 
<ll-

...... 1 Q) -..0 
cd 

E-4 

.... 
0 

til 

= 0 ...... 
til 
til 
Q) 
r-. 
0. 
>< 
Q) 

...... 

.~~ -~ 
vi - ~ 

~l(;:l 
-(j 

N~ 
l;;l 

-o; 
=~ 
cdr-. 

0 . .,_.;:::-
1 

1:) - til~ 
:.::::;I I~<~ 
0. - tlO+ 

.... 

>< ~ cd~ 
Q) ~> < 

r-.~ 

Q) -:;: I ::IQ) 

..c: ;tl e,2 'g 
E-4 c.;)ocd 

! ~·· ~ ~ ~ IN ~ AN 
I ~ ~ ... ~ 
I ~ I - - R• I td1 tffll I~~ )ict tiel r..., ' ... ~ 0-N 

... 
~I I I o-J o-J i -

t-f I .....t I _. ....t 
i "I t<"t I ~( II t<it I ~\!1 I f~t i t~t f~t I 

I I ~ ! .:: I ::, I 
~ ~ I I I 
, 

1 
c:¥1 c:r1 <.., 1 

I ~ >.! >-1 - I 
I f ~~ 'l'i ~ I 
~ ..sc I _'$. ' ~ I 

I ~I ~·I ...... I 

i 1 I 
I I ~ 1 -~ Ci 1 
I I '-'1 q-1 I I I - ,_ I 

I ~ ~~, ti!l Pf' 
! ~I CJ I Q..~ I I I I I N I . .ll ~ 1 <. .... I cr I 

I .J! ~~ I < I ~ ' I,,.,,.,,. I 
I ·~ i ~ I ~ i tJ I 
I I ~ I~ I ~ I 

.. 
0 
+J 

tJl 
~ 
·~ 

'D 
H 
0 
0 
0 
rcl 

'd 
Q) • 
~~ 
·~ 

4-1 
QJ
'D 

Q)4-1 
H QJ 
rcl H 

•__, Q) 
~ Q) 

'D Ul 
~~ 

rcl 

• ...,.., flo 

Ul Ul 

I H QJ 
0 1-j 
+J '((j 

0 '::l 
QJ• le 
>~ 
Q) t:l::l 
..c:. (j 

8~ 
-IN 

i< 
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for (a ,a )=d !(~) ! (-)] , (i, j h(l ,2), (2,3), (3,1), and 

(+K) (-K) 2 2 --> --> --> --> --> --> 
H - + H - = c. c. I 0. I 0. [ 1 -A .• A . + ( K • p. )( K • P. ) -

aa aa 1 J 1 J 1 J 1 J (22c) 
~ --+ --+ --+ --+ --+ 

-(K·D . )(~~D . )-(K'·D .· )(t.o . )-(K.D . )(K'. D . )], 
XI XJ }l YJ Zl ZJ 

(+K) (-K) 2 2 --> --> --> --> --> r' --> 
H- -H- =C.c. I

0
. I

0
.[K•(P. +P. )-A .(K•D. )-A .\K·D.)-

aa UU I J I J I J XI XJ XJ XI 

4 --+ --+ --+ --+ --+ --+ 
-A .(k·D . )-A . (K· D . )-A .(K• D . )-A .(K• D . )],(22d) 

Yl YJ YJ Yl Zl ZJ ZJ Zl ' 

for (a,a)""[n<+>,n<-~ and (.i,j)=(1,2),(2,3),(3,1), where 
using the components of the "depolarization tensor" we 
have defined the vectors 

.... .... 
Du ""(Dux•DuY• Duz ) • D U"" (Dzu ,Dyu •0zu (22e) 

for u"" x , y , z and U "" X , Y , Z . 
We remark that eqs. (7) can be ~e~ritte~ a~ equalities 

between quantities of form: c;c~[HaB~ ± Has~·l. The ex
plicite expressions of these ternis, for K= (l,O,oj, (0,1 ,0) 
and (0,0,1) and (a ,a)"" [ I<+~I<-J,[n(+J,nH] are presented in 
table II. 

Therefore, a large number of isospin constraints can 
be obtained explicitly, using eqs. (7), (8a,b), the bounds 
(9a,b), (10) and eqs. (22a,b,c,d,e) by specializing the unit 
vectors K.... and (a,f3). For example, the bounds 

4H(~K).S: -A[G(~) ] , 4H(-~)..5 -A[G(-=_K) 
aa aa aa aa 

(23a) 

can be combined to a stringent bound 

[__:4H(+~) -A[G(+~) l 12 [-4H(:K~,\[G(-~ ]]112+ 
aa aa aa aa (23b) 

, (+K) (-K) 
( +K) ( -K) G - + G -

+ 2 ( H - + H _ ) < _ ,\ [ a a aa ] , [ aa aa - -1\ 

G (+~) - G (-:_K) 
aa aa ] . 

2 2 
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. 
The sign of equality holds in the inequality (23b) if and 
only if 

(-K) (-K) (+K) (-K) 
4 [ H - - H - ] = -A [ G ] + A [ G - ]. (23c) aa aa aa aa 

We note of course that in the derivation of eq. (23b) we 
have used the inequality: a 112 1:112..::; a+b,aLO,b LO for 
a ==-4H (~K) -A [G (+~)], b =-4H (-~) -A [ G (-:_K) 

aa aa aa aa 

and the identity 

(+K) (-K) (+K) )(-K) 
G - +G - G - -G -(+K) (-K) 

A [ G ]+ A [ G - ] = 2 A [ 
ali aa 

aa aa ]+ 2 A [ _E_a __ ~]. 
2 2 

(23d) 

(±K) 
Now, using the explicit expressions of G aa given in 
table I and the bound (23b), we obtain the following 
interesting constraints. 

Consequence 2. The experimental data on unpolarized 
differential cross sections I 0r , "polarization asym
metry Ae , "final polarization" Pe and "depolari
zation tensor" components of three (0 1/2 .... 0 '0 '1 '/2) 
reactions related by isospin invariance, via two isospin 
channels, must obey the inequalities: 

I-4H(+~)-A[(1+iZ-A)I ]1 112t-4H(:K)_A[(1-;."A)I ]1 1' 2+ 
aa 0 aa 0 

(24a) 
(+K) (-K) --> --> _ (+) (-~ 

+ 2 ( H -+ H - ) < - A [I 0] - A [ K ·A I 0], ( a , a h [! , ! J, aa aa -

(+K) --> 112 (-K) --> I 2 
I-4Haa -A[ 0+K'-P)I 0]l' I-4Haa -A[(1-iZ-P)I 0 ]I· + 

(24b) 
(+K) (-K) --> --> - (+) (-) 

2 (H - + H - ) < - A [ I 0 ] - A [ K • p I 0 ], ( a ' a h [ n , n ], aa aa -

at any kinematical values in the physical domain and any 
unit vector K', where (see eq. (6a) 
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I 
I 

--> --> 2 --> --> 2 --> --> 
A[(1 ± K•'L)I 0 hA[c1 (1± K•L 1)1 01 ,c 2 (1± K•'L 2 Ho2, 

c'!- ( 1 ± K'. L ) I ] (24c) 
3 3 03 

-->--> 2--> --> 2-->--> 2-->--> 
A[K•'L 1

0
] ==A[c

1 
K ·'L1I 01 ,c 2 K·'L 2 I 02 , c3 K·'la 103 ), (24d) 

--> --> --> (+K) 
for 'L == A, P , respectively. The quantities H a~ 
from eq. (24a,b) can be in general obtained from 
eqs. (22a,c) for any unit vector K.... But, the inequalities 
(24a,b) for K .... == (1,0,0) ,(0 ,1,0) and (0,0,1) are of 
great interest since giving only the unpolarized differen
tial cross sections and a single component for each 
vector A .... r or Pr r= 1,2 ,3, we can obtain strong 
constraints on the experimental data and amplitude ana
lyses. Indeed, using the bound (24a,b) and the result 
from table n, we can prove the following interesting 
consequences. .... .... 

Consequence 3. Let Du and Du, u .. x,y,z,U =X,Y, Z 
be the vectors defined by eq. (22e). 
Then, 
1°) the exact saturation of the inequality 

A [Au I 0 1 ~-A [I 0 ], 

imPlies the equalities 

--> --> --> 
PI = P2 = P3 ' 

D u I = D u2 = D u3 ' 

2°) The exact saturation of the bound 

A [ Pu I 
0

) ::; - A [ I 
0 

] , 

imPlies the constraints 

A1=A 2 =A 3 

--> --> --> 
0 m= 0 u2=Du3 

(25a) 

(25b) 

(25c) 

(26a) 

(26b) 

(26c) 
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We see that eqs. (25b) , (26b) are independent of u and 
U respectively. Next, using eqs. (22a,c) and the bounds 

(24a,b) we can show that the equalities (25b) and (26b) 
can be obtained if the bounds A [ ~. :( I 0 b; - A [I 

0 
] for 

f =A, P respectively, are exactly saturated for an arbit
rary unit vector it. We remark that the exact saturation 
of the bounds (25a) or (26a) implies also strong constr~ints 
on the phases of the corresponding bilinear forms G ~K) 
since, then the bounds (23a) are also saturated (secea eq. 
(5b) and (2la,b)). 

Now, let Eeta;a1nd ~ ~~ K) be the "polarized" differen
tial cross sections and "spin-rotation" vectors defined in 
tap~e III. Then, using table II, we observe that H ~+;> and 
H a{) can be rewritten in a form similar to H a and H _ 
(see eq. (13d)) a 

(±K) 1 2 2 (±K) (±K) (±K) (±K) 
H -= -2-cic1- [1-~ -. ·~ -. ]a-. a __ 

aa aa• aaJ aa1 aa! 
(27a) 

where 

a(~K) = G(± K) 

aa£ aa£ (27b) 
(±K) (+) (-) 

and ~ l'ff are defined in table III for (a , a)=[~ , ! ] , 
[n+>,n<-~L 

This observation is important for a proof of the 
consequences 3 and also to derive (just as in sect. 4 of 
ref. II/ ) other interesting results. For example we 
obtain the following consequences. 

Consequence 4. The exact saturation of the bound 

4H(±_K) < -A[G(=:..K)] 
aa - aa ' (28a) 

imPlies the linear relation 

2 (±K) ~(±K) ( 2 (±K) 2 (±K) 2 (±K! 
'i. a aa1 s aa I c I a aai - <2 a aa2 - c3 a aa3 ] + 

2 (±K) (±K) 2 (±K) 2 (±K) 2 (±td 
c2 a -2 ~ -2 [ c 2 a -2 - c3 a -3 - c I a - I ] + aa aa aa aa aa 

(28b) 

Table III 

The "polarized" differential cross 
(± K) 

(±K) 
sections a aa the 

(K) 

and Z - for -> a_a 
K = (1,0,0)' (O'J,0),(0,0,1). 

"spin-rotation" vectors t -
) aa 

[a' ah [ ~ <-;-> ~<-1,[d+' u<->], and 

----- r-·---- ----- -------·- ---

•• ')( 
0: (:t-.c,l r<d*Xl ztKJ - .,z .. --- f----

,__ ________ 
~-

(t,o.o) Ct rA~t)f. cF% BJtllo *) 1\l. - -
~ ( 1 -t A,) r. --ro,t,O) <.E ~~H. A_,J. 

( o,o,1) (" t A,.)r. (P :t tr,.> .t. - - ~r. 

(1,0,0) (1±Fi)fo (~ t 9c )I. 'Pxlo 

.If.rf (o,t,o) (1±Py)I. (~ t:S.) I. Pyr. 
(o,o,t) (1-tJl)Io (~ :t~)I. lifo 

xSee eqs. (22e). 

21 



2 (±K) (!: K) 2 ( ±K) 2 (±K) 
+c a ~- [c a_ -ca_ 

3 aa3 aa3 3 aa I aa I 
2 (± K) 

-c a ] 0 2aa2 =, 

-> ( ± K) 
between the "sPin-rotation" vectors ~ -r , £ = 1,2,3 
defined in table HI. aa /I/ 

Next, let us define the bilinear forms (see ref. ) 

(K) 1 (K) (K) (K) 
1 

(+K) (-K) 
Z a-·· =-2 [Z .. +Z- .. ], Z -oo=...,[G _ -G _ 

a lJ aiJ a lJ aau. L. aa aa (29a) 

Then, it is easy to see that the isospin sum rules (4a) 
imply that 

c~ c~[ImZ (~ .. 12
= H- l[H<+jH<-~~ - l_A[Z(~] 

1 J a a lJ 2 a a aa 4 a a ' (29b) 

where H is defined by eq. (16). Hence, we obtain the 
following stringent constraints. 

Cosntra ints 3 

2 2 (K) (K) 1 (K) 1 (+K) (-K) 
max!-c.c. Z .. Z .. I< .. A[Z -1<H- -

2 
(H -+H -I ij I I J au aJJ - 'f aa - aa aa 

. (+K) (+K) I /2 (-K) (-K) I /2 
max![-4H _-A[G _]]' [-4H -A[G ]], 

aa aa aa a<T 

J/2 (+K) (-K) (K) I,'2 
2[-4H -A[I0 ]J [4H-2(H _ +H- )-A[Z-] I+ 

aa aa aa 

(+K) (-K) · (K) 
+ 2[H -+ H - ]< -,\[1

0
]-A[Z _] 

aa aa - aa 

(30a) 

(30b) 

(K) 

where Z aa is given by eq. (29a) (see also table III). 
We note that in derivation of eq. (30b) we have used the 
results (18b), (23b) and (30 a). We observe that, the bounds 
(30a,b) for K= (0,0,1) are just the inequalities (18a) 
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and (20), respectively. Therefore, these results improve 
in the most general for~ all the bounds previously ob
tained in sect. 2 and ref. I/. 

The exact saturations of the above bounds are strictly 
connected with the zeros of the imaginary part of the 
corresponding bilinear forms (see eqs. (5b,c,d,e), (14 a, 
b,c,d) and (29b). We remark, that, the Pomeranchuk-like 
theorems can also be improved (just as in sect. 4 of 
ref. III ) using different stringent isospin bounds equi
txJlent to the bounds (30b ). 

Finally, let us discuss some implications of the lower 
bound (18b). We observe that this bound is similar to the 
bound derived by Donee! et al. 141 for three (0 1/2-.0 '1 '/2) 
reactions connected by the isospin invariance via two 
isospin channels. 

Therefore, the bound 
4H ~- ,\ [I 0 ], (3la) 

is equivalent to 

2 
[ ci IOi 2 2 2 2 2 12 

-cjiOj] +4H ::;2ck I 0 k[ ciiOi +Cj I 0 j- 2 ckiOk 1. 

(3lb) 
We see that, according to eq. (14a), the sign of eyuality 
holds in the ineqialities (3/a, b) if and only if Imz<i~ = 0 
Then, the constraints on exPerimental data are (see 
eq. (17b)) 

4 [H -H -1 =A(a )-A(a-), a a a a (32) 

• - - ~(+) (-) (+) (-~ (+) (_) 
valid for any ( u , a) = [- ' ~ ], [ n 'n J ' [ 11 '11 ]. 

The zeros trajectories of lm Z (~). as well as the 
zeros of all the other bilinear forms'J(see eqs. (5b,c,d,e), 
(14a,b,c,d) and (29b)), are independent of the channel in
dices (i,j ). The bilinear forms Z~~J , defined by eq. (lla), 
are invariant under rotations of th~ spin reference frame. 

Therefore, using the bounds (30b) or (31) we can 
obtain other proofs of the Pomeranchuk -like theorems 
(see ref. II! ). 
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4. Conclusions 

In this paper, as a continuation of ref. 111
, we have 

investigated the constraints on experimental data and 
amplitude analysis of three (0 1/2 .... 0 '0 '1 '/2) reactions 
related by isospin invariance via two isospin channels. 
Sot in sect. 2, using the f.e~eralized helicity amplitudes 
F yfK) (see also ref. /I' •

6 
) and the bilinear forms 

(2a,b,c,d) and (lla,b,c), we have proved that the isospin 
sum rules (4a) alone imPly the equalities (7), (Ba,b), 
(J6), (17a,b) and the inequalities (9a,b), (10), (18a,b) and 
(20) valid for any values of kinematical variables in the 
Physical domain and for any unit vector K ..... 

These results are presented in a general and compact 
form and are sufficient to obtain any particular const
raints (equalities or bounds) by specializing the unit vec
tors ;< and the indices (a,f3) or (a,a). A large number 
of isospin constraints can be written in an explicit form 
by using the results presented in sect. 3 and tables I, II, 
lll. For example, a number of 36 equalities can be written 
explicitly by using the relations of form 

2 2 [ (+K) (-K) ] 2 2 [H (+K) 
CC H n +H n =CC k e aah - aakr_ n m aanm 

(-K) 
± H -

aanm 
(32) 

k~e, n ~ m , k, e , m ,n= 1,2,3, and the results of table II. 
Hence, the results presented (this paper and ref. 111 ) 
are sufficient to obtain certain tests of the isospin inva
riance and to determine the breaking effects (e.g., the 
indirect effects due to mass and width differences, mixing 
between L\ : and N* Is' differences in coupling con
stants, etc.), when the experimental data on differential 
cross sections and spin density matrices are available. 
On the other hand, our results will be useful for determi
nation of all constraints on experimental data and ampli
tude analyses when different weak isospin bounds, such as: 
-A[I 0 ] ~0, or A[K·'L I 0 ]_s -A[I 0 ] L = A,P, ... , are 
exactly saturated or degenerated. Moreover, these re
sults enable us to understand the small differences 
between diffractive cross sections at high energies in 
terms of small charge exchange cross sections and also 
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to prove the Pomeranchuk-like theorem for: differential 
cross sections, "asymmetry" parameters, polarization 
and "depolarization tensor" components, in the region of 
the asymptotic energies. 

Finally, we note that all the results obtained here can 
be extended to cases when zero-spin particles are repla
ced by unpolarized J -spin particles. 
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