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By examining the light-cone formulation of the string theory
it was found [1] that the symmetry of the gquantum system is larger
than the usual BRST-invariance [2,3]. This is the group of the

global OSP(1.112) symmetry. Its existence may be related to the

extended algebra of constraints ii and subsidiary conditions Wj
[4,5],

{2 3.} = EUk 2 (1)
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k
ot w3 = 0. (3)

The braces mean the canonical Poisson brackets. The constants Bi
and T?j satisfy the relations which follow from the Jacobi
identities. If the constraint algebra (1) is the classical
Virasoro algebra, then Bi = éi.

The study of the guestions connected with string interactions
[6] as well as the investigations in the two-dimensional conformal
field theories [7] lead to the problems which are formulated on
Riemann surfaces of arbitrary genus. In papers [8,9] Krichever and
Novikov introducedi a basis on these surfaces in the space of
vector fields holomorphic out of two distinguished points Pi’ and
studied the tensor objecte arising here. The basic vector fields

e form the Krichever-Novikov algebra (KN algebra) wich reduces to

the Virasoro algebra in the g = 0 case,
%o 5 .
[ei, ej] = § Cij €ivjon (4)
5=-g

Index i takes integral values for even g and half-integral values
' =3
for odd g, and go—zg.

Algebra (4) is interesting from the physical point of view.
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Its realization in terms of Virasoro-type operators obtained in
paper [9] is a constraints algebra for the closed interacting
string. In this case the question of ¥ts extension to the algebra
of (1)-(3) kind arisées. To answer it, it is natural to make clear
the existence of the corresponding geometrical construction on the
given Riemann surface, and then try to realize it by means of
dynamical variables of the closed string. This is what the pre-
sent note deals with.

Let us consider a family of tensor fields /gx) on Riemann
surface ¥ of genus g, parametrized by real numbers A (conformal
weight) [8]. They are holomorphic everywhere on £ except possibly
the poles in Pi' The forms fgk) have the following behaviour near

the punctures:
PN AN *i-S(A by
s =l MM ey 10z, (5)
_g _ B s Ny .
where S(X)ui—K(gfl). For 20,1 and |j|=<5 the definition of /j is
slightly different [8,9]. Formﬁla (%), as a consequence of +the

Riemann-Roch theorem, uniquely determines the forms /gk) up to a

constant on whole surface Z. We pormalize them by setting a§X)+:1.
Let us also introduce convenient notations
e;=r{h, a=r{®, wI=r (3, ad=r (D). (6)
The duality relations
! (N),(1-1)
- jl; rM AN s M

hold for all values gf i and j. Here and further, if there is no

special notice, the integration is over a nonselfcrossing contour,
+ +

which divides T into two parts Z~, so that P,<Z”. So far as all

.these contours are homologous and integrands are holomorphic out

of P,, then the integral does not depend on the choice of contour.

On the tensor fields /gx) the representations of KN-algebra
are realized.
(X)) _ (2) (x) _ (x) (N)
fei/j = eivlj + hfj Vei = E Rijk fk . (8)
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The structure constants RiSk ( Risx _Cij ) are equal to
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The covariant holomophic differential ¥ in the local coordinate
. . by
system has the form V:dZGVa/aZ, and its action on the basis (dZ)

is defined from the formula

x A
Va/az (dz)" = - 2 T(Z)(dZ)" . (16)

The transformation properties of the connection ['(Z) in going from
a patch Ua with the complex coordinates Za to another patch Un
with the coordinates Z,=f(Z,) are Ip(Z,)f'= r(2,)-f /f , where
f':azﬁ/aza . Expressions (8) and (89) are independent of the
connection.

Assume that the algebra (1)-(3) is amongst the set of

infinite dimensional algebras characterized by Al

(L., Lj}:):Rf‘l)L .
k

i ijk "k
N4 - (1-2) o (X) ™)
Ly Nj ] = E Rijk Nk + gij ) (11)
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Here the brackets are the abstract commutators. To find possible
central extensions fi?) of the algebra (11), let us make
additional transformations. For this, according to the paper [8],

consider the set of contours C_ on the surface £, defined as level



Q
curves of the function Re p(Q), where p(Q):I w, Qo is an arbitrary
[

fixed point, and w is the unique meromorphic differential of the
third kind, which has simple poles at P, with residues equal to
(1) and purely imaginary periods over all cycles.

On the contour CT we introduce the delta-functions

(») ’y o= (X) (1-X) jqry — ACL=X) e
A.77(Q,Q") = E fi (Q) f~i Q) = AL (Q",Q), (12)
and the tensor fiélds, denoted by
v M@ = £ D). (13)
i
Using these notations as well as duality relations (7), the

algebra (11) can be written as:

[T(Q),T(Q )] = YT(Q)A(Q,Q") + 2T(Q)VA(Q,Q"),
o™ (@), (@)1= (@ aca, )y ™M @yvaca,a -t M@,
N @y, 8™ @y = o, (14)

where T(Q)= N2 (@), a@,e)= al"1(q,@"), and @@’ < C .
We look for the ‘solution f(x)(Q.Q') of the form
™ @,e) = £ M@ i M. . (15)
nz0
Theenem: The nontrivial central extensions of the algebra .(14)
exist only for the tensor fields N(X)(Q) at A2=0,1,2 and
are given by
a. £0°7(@,@") = e(Q)A(Q,Q") + ¢,7A(Q,Q"),
b. £1(@,@) = ¢,7%(0,Q"),
c. 2 (q,0) = e v%a@,a7),
where 01,CZ,C3=COHSt'. and, ©(Q) is the form nonexact on C;.
To prove this statement we shall use the constraint derived from

the Jacobi identity with three non-vanishing double commutators

which involve cyclic permutations of the operators N(k)(Q), T(Q'),

T(Q").
2@, M (q,am + a2 (q,@")va(Q,Q") - (@'e Q") =
= ™ (Q,Q )7 AQ".Q") - (@' e Q).
Inserting here expression (15) and picking terms of the same

powers of VnA(Q,Q"), we obtain
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n

+ £ £ @) (@@ R v ™ a@,e)) = o, (16)
man+1
where C: -are the binomial coefficients. Equation (16) leads to
the constraints on functions f;x)(Q):
(™) - (™)
%fo (Q) = Vfl (Q),
(») -
an (Q) = 0,
M@ = o, n24.

@) (1) =0, nz2. (17)

The theorem assertion is now obvious.

Amongst the above obtained algebras there is one which can be
considered as an extended algebra of constraints and subsidiary
conditions for the interacting string. Indeed, suppose that A=0 in
(14) and choose E(O)(Q,Q')= o(Q)A(Q,Q'). Then using duality
relations (7) and denoting Ngz)z Li’ we obtain the algebra of (11)

type, where

(0)_ 1 J
Cipmi™ 201 7 &1 (18)
In a particular case, the third kind differential o may be

considered as o. Then the central element Egg} will satisfy the
3



local condition: Eg?}: 0 at |i-jl>g. At g=0 it is equal to
5

£ (0) _ o,
1

S = and the whole construction coincides with the
i,~J lg=0,0=w

well-known extended algebra of constraints and subsidiary
conditions for the free bosonic string [4,5].

Let us describe-now the realization of algebra (11) at A=0,
in terms of dynamical variables of the closed string. Note that
the sets of basic functions {fgk)} are full on the contour C_ at
each . Therefore the dynamical variables of the string may be
expanded as

-yh _ n
X,(Q)=X, A (Q), P (@)=F, o (Q). €19y

The expansion coefficients obey the Poisson brackets

n o mq_ T _ n MY
[XH,XV]—O, [XF,Pvm]—ﬂpvém, [Pn’Pm]"O' (20)
The expressions for the operators Lk were obtained in [9]
_ n M M n _ 1 m n .
Lk =172 z: °m “n’ a JE T 2ni § @ e Sy (21)
C

T

Unlike the wvariables Xz and Pg, which depend on 7, the

coefficients V?ﬁﬁ = (Pun+irnmX2) are T-independent. This follows
from the Stokes-theorem. The constants Yom 2Y€ equal to
1
Yom = 77T § B dhy - (22)

C

.

To solve the second eguation in (11) and thus to find the

= N(Q),
-i

functions W' it is useful to transform this equation into

[¥(Q),T(Q")]) = [d¥(Q)-2(Q)]A(Q,Q"), (23)

where ¥(Q)= @nAn(Q). The solution is given by
Q '
B(Q) = X(Q) + [ (m+o), QR =C. . (24)
9
Here X(QO)E Xu(Qo)kH is the integration constant, k is ‘the

s e

+ e—
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- _ 1 n
constant Lorentz vector, n(Q)= k“nH(Q), nH(Q)‘yfain (Q). The
differential o(Q) is defined from the agreement condition

$ tn@ro@) = o, (25)
CL

T ——

where C: are the connected components of the contour C,. The
arbitrary 1light-like vector k“ breaks the manifest Lorentz
invariance of the theory by picking out a preferred direction in
space-time. Therefore it is merely an guxiliary quantity. (The
fulfilment of the last equation in (11) will be guaranteed by
k2=0). The problem of ky—elimination has been analyzed in ﬁapers
{10,11].

The general solution of (23) is the sum of the partial

solution and the solution of the homogeneous equation. The

constant X(QO) in (24), except aﬁ, obviously depends on
Eﬁ:{%(PFn—iythE). The latter operator commutes with aﬁ, and hence

with T(Q). To eliminate this dependencé we have to separate XE as
XE:xE(a)+§E(a), and reject the second term. In ggneral it is
difficult, because we don’t know the inverse matrix. to Yo
However, in each concrete case, i.e. when the genus of the surface
£ is fixed, and the matrix elements Yom are known, the given
procedure may be realized.

In conclusion we point out that all the above results may be
similarly applied to the conjugaye sector of the closed string. We
hope that the extention of the KN-algebra obtained here will be
useful in calculations of the g-loop string diagrams and for
applying operator methods to the problems of the conformal field

theory on the genus g Riemann surfaces.
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KamaeB P.M., OcumoB A.A.

Pacmmpenue anredbps KpnueBepa-HoBukxogBa,
dukcupyiomee KaMOpOBKY B TEOPHH
3aMKHYTOH CTPVYHH

E2-88-931

O6cyxgalnTcss BO3MOXHbIE CIIeljHalibHbee pacHMpeHusa anrebpbl
KpuueBepa-HoBukoBa. Cpemu HHX HMeETCs Takoe, KOTOpoe
MOXHO TPAKTOBAaTh KaK 3aMKHYTYI0 anrebpy cBa3ed M OOMOJHH—
TEeJIbHbIX YCJIOBHM B TeOPHH OOSOHHOH CTPYHBI C MHPOBOH IO—
BepXHOCThI GHKCHPOBAHHOH TOmNOJIOTHH. llonydeHa peajm3anusa
OaHHOM anrebpwl B TepMHHAX CTPYHHBIX MepeMeHHux. OTcioga
geylaeTcsa BhBOO O TOM, UTO CHMMETPHA H3ydaeMOH KBAaHTOBOH
cucTeMsl mHpe, 4YeM o6bidHas BRST—-uHBapHaHTHOCTH',

Pa6ora BrmonHeHa B JlaBopaTopuu sigepHuIX INpo6rem
10)75;17 8

MpenpuHt O61ENUHEHHOr0 UHCTUTYTA ANEPHHIX HeclenoBaHuit. [lyGHa 1988
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Kashaev R.M., Osipov A.A.
The Gauge Fixing Extension of the
Krichever-Novikov Algebra in the Closed
String Theory

Possible special extensions of the Krichever-Novikov
algebra are discussed. Among them there is one which
can be interpreted as the closed algebra of constraints
and subsidiary conditions in the theory of the boson
string with the fixed topology world-sheet. Realization
of the given algebra is obtained in terms of string
variables. The conclusion is drawn that the symmetry

of the quantum system studied is wider than the usual
BRST-invariance.
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