


I. Jnt;roduction. The p r o b a b i l i t y  c a l cu lu s  of t h e  quantum mechanics 

I d i f f e r s  e s s e n t i a l l y  from t h e  c l a s s i c a l  p r o b a b i l i t y  t h e o r y ( f 1 r s t  of a l l  

I 
by i t s  law of a d d i t i o n  of p robabi l i t i es ) /1 / .  I n  what fo l lows  we s h a l l  
cons ider  t h e  quantum mechanics of s p i n  1/2. A comparison of both 
t h e  p r o b a b i l i t y  t h e o r i e s  i s  d i f f i c u l t  because t h e  c l a s s i c a l  and 

quantum t h e o r i e s  use d i f f e r e n t  languages. To make i t  pos s ib l e  we 

s h a l l  t r a n s l a t e  t h e  quantum mechanics of s p i n  112 i n t o  t h e  continu- 
ous r e p r e s e n t a t i o n  f o r  s p i n  11 ( t h e  3 - represen ta t ion ,  o r  t h e  P coherent  s t a t e  represen ta t ion l f  , some s o r t  of t h e  c l a s s i c a l  language. 

I n  p a r t i c u l a r ,  t h e  2 - represen ta t ion  i s  of i n t e r e s t  f o r  analy-  
2 37 s i n g  t he  Bell  paradox' ' ( f o r  f u r t h e r  information s ee  r e f ~ , / ~ - 2 ' / ) :  

t h e  Bell  i e q u a l i t y  
(1) 

obta ined  i n  t h e  framework of t h e  c l a s s i c a l  p r o b a b i l i t y  t heo r7  is  
v i o l a t e d  by quantum c o r r e l a t o r s  bo th  theore t ica l1 ; r  and experimen- 

t a l l y  (see, however, /13*14/).~hat t h i s  means i s  s t i l l  being 

d i s c us sed .  Bell  and h i s  fo l lowers  t r e a t  t h i s  f a c t  as i n d i c a t i o n  
a g a i n s t  l o c a l i t y  and hidden v a r i a b l e s  i n  t h e  quantum mechanics. 

B o d y  a rgues  i n  f avou r  of t h e  i r r e l e v a n c e  of the  Bel l  i n e q u a l i t y  

f o r  t he se  problems /15/. 
Here i t  w i l l  be shown i n  t he  c l a s s i c a l  terms adopted t h a t  t he  

quantum c o r r e l a t o r  of two s p i n s  3 i n  t he  s i n g l e t  s t a t e  equa ls  9 tlmea 

a  c l a s s i c a l  one. Thus, It Is simply i l l e g i t i m a t e  t o  put  i t  i n t o  t he  

Bell  i n e q u a l i t y  (1). The problems of l o c a l l t y  and h idden  v a r i a b l e s  

seem however t o  remain a p a r t .  

I n  t h e  -8-representation t h e  quantum equat ions  of motion i n  t h e  

SchrEdlnger and Heisenbere p i c t u r e s  take  a c l a s s i c a l  form, be ing  t h e  
f i r s t  o rde r  p a r t i a l  d i f f e r e n t i a l  equa t ions  s i m i l a r  t o  t h e  L i o u v i l l e  

equa t ion  i n  c l a s s i c a l  mechanics. The i r  s o l u t i o n s  oan be expressed v i a  

c h a r a c t e r i s t i c s  subjec ted  t o  t h e  s e t  of t h e  f i r s t  o rde r  o rd ina ry  

d i f f e r e n t i a l  equa t ions  r e l a t i v e  t o  t h e  c l a s s l c a l  Hamilton equat ions.  

However, t h e  quantum theory s t i l l  d i f f e r s  from t h e  c l a s s i c a l  one i n  

choice of  p r o b a b i l i t y  d e n s i t i e s  and i n  cons t ruc t i on  of va r i ous  quan- 
t i t i e s  (e.g., t h e  above c o r r e l a t o r ) ,  of an analog of  the  Markov 

proper ty ,  e tc .  These q u a n t i t i e s  and r e l a t i o n s  can be convertsd i n t o  

---- /21-25/ 
~ ' 9 e e  r e f s .  f o r  some informat ion  on t h e  sub j ec t .  However, 

our t rea tment  w i l l  be self-contained.  
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- 4 

where 9 CT) = % 9 ft 7 

4 
I f  i s  t h e  d e n s i t y  m a t r i x ,  hf',,=? and eq. (13) g i v e s  t h e  
e x p e c t a t i o n  v a l u e  of t h e  o p e r a t o r  F . 

3. Dens i ty  m a t r i c e s  i n  t e r n s  of t h e  3 -reoresentatJan.  
R a n s l a t i n g  i n t o  t h e  2 - r e p ~ e s e n t a t i o n  by t h e  r u l e  

6, 4 5 6,.,5 = 5 ,  
(15) 

we f i n d  f o r  t h e  d e n s i t y  m a t r i c e s  t h e  f o l l o w i n g  p r o b a b i l i t y  d e n s i t i e s  
i n  t h e  - r e p r e s e n t a t i o n :  

1 - f o r  t h e  d e n s i t y  m a t r i x  of t h e  s t a t e  w i t h  s p i n  +T a l o n g  So 

- 4 
9 -7 * ~ ~ ~ ( f )  = +i ~~5 = $(i+5.5) (17. b) 

and f o r  t h e  d e n s i t y  m a t r i x  of t h e  s i n g l e t  s t a t e  of two p a r t i c l e s  a 
and & of s p i n  1 / 2  

{ s i n g l e t  

d e ,  

E = 19 ( ' d , ~ p p ~ - ~ d k ~  Spal) = dp (18. a >  

-) 

4. P r e d i c t i o n s  of t h e  p u t u r n  rneohanics of s o i n  1 /2  i n  t e rms  
of  t h e  - r e p r e s e n t a t l o g  w i l l  be given below. 

m e  n o m a l i e a t i o n  c o n d i t i o n  f o r  t h e  d e n s i t y  m a t r i x  (17.a), tHe 
e x p e c t a t i o n  v a l u e  of t h e  s p i n  p r o j e c t i o n  a l o n g  i? i n  t h i s  s t a t e  

1 and t h e  p r o b a b i l i t y - t o  f i n d  t h e  s p i n  + ?  a long-?  in t h e  s t a t e  wi th  
t h e  s p i n  + d o n g  a r e  w r i t t e n  as 

** -?-9 tt(;t (36)) =~c\A~~s(z'-I)~;=(z)Rs =, 5 0 ,  (20) 

,(+a a long  X I+$ a long  ~ ) = t ~ ( t + $ ~ ) i ) =  tq($(l+i?;;)+(l+~d))= 

TO o b t a i n  express ions  (20) and (21), eq. (13)  i s  used. 
Let  u s  now cons ider  t h e  s i n g l e t  s t a t e  of two s p i n s  112. The 

n o r m a l i z a t i o n  of t h e  s i n g l e t  s t a t e  (18.b), 3 the  c o r r e l a t i o n  of t h e  
s p i n  p r o j e c t i o n s  of t h e  p a r t i c l e  d a long  a and of t h e  p a r t i c l e  g 
a l o n g  $ and t h e  p r o b a b i l i t y  t o  f i n d  i n  t h e  s i n g l e t  s t a t e  t h e  s p i n  

1 -7 r ~ a l o n g a  f o r  t h e  p a r t i c l e  Q and t h e  r p i n + + a l o n g g  f o r  t h e  

p a r t i c l e  & a r e  w r i t t e n  a s  fo l lows:  

A s i n g l e t  4 ~ ( ~ , P ~ = $ ' a p , a , ~  (P  6 LfA~$Gg)PtP= 

I 

W ( + a  a long  2 ,+$ a l o n g  & k i n g l e t ) =  Gs in~ le t  
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where 

K,(<,j.',6") =$[, + J I ~ "  +cf5+g.,<1 (30) 

8. L e f t  and r i g h t  o p e r a t o r  r e p r e s e n t a t i v e s .  The nonoperator  r e p r e -  I 
s e n t a t i v e s  F(r)=$ @ 3 have been def ined  above. It i s  u s e f u l  t o  i i 
i n t r o d u c e  a l s o  o p e r a t o r  r e p e s e n t a t l v e s  which a c t  on t h e  nonopera tor  
ones. They can be d e f i n e d  a s  fo l lows:  

4 A 

3 ~ ~ s  = F ' ~ ~ ~ ~ \ = F ~ G = G ~ ( ~ ~ ~ ) = G F  . (32) 

Let  u s  s t r e s s  t h a t  t h e  l e f t  and r i g h t  r e p r e s e n t a t i v e s  B'' and G' 
a r e  p a : r t i a l  d i f f e r e n t i a l  o p e r a t o r s  a c t i n g  on < 

and 5 . The l e f t  
and r l g h t  r e p r e s e n t a t i v e s  of the  m a t r i c e s  6, a r e  

Q a a a 
6, =<6 , [q  - $ 5 ( 3 c  + i q ) ] + i 6 , f  = 

I 

where j 6,.," =7&(6 a 
2% " *p.j.4 

and so  on. One can e a s i l y  

v e r i f y  t h a t  

e With t h e  o p e r a t o r s  6 ,  and 6; we can c o n s t r u c t  l e f t  and r i g h t  
X r e p r e s e n t a t i v e s  f o r  any o p e r a t o r  6 = 4, i + +,6,  

F' = f, + f ,6k . (38) 
Note t h a t  a l l  t h e  te rms  of eqs. (33) and (341, except  f o r  t h e  f i r s t  

X[6t  6 r ] , [ ~ e , ~ ' ] = 0  due t o  a s s o c i a t i v i t y .  For o t h e r  r u l e s  t o  
tn? n handle t h e  1 , r - o p e r a t o r s  see  r e f s .  /25,28-32/ 

ones,  a r e  due t o  t h e  n o r m a l i z a t i o n  of t h e  s p i n o r s  3 . %e h a s  merely 

f o r  u m o r m a l i ~ e d  s p i n o r s  Y VJe s t a r t  w i t h  these  obvious r e l a t i o n s  
' P  

t o  o b t a i n  t h e  above o p e r a t o r s  6, and 6: (see Appelldix C). 

Equations (32) supply  us w i t h  two more express ions  f o r  t h e  repre -  

s e n t a t i v e  of t h e  product  of  two o p e r a t o r s  i n  a d d i t i o n  t o  eq. (27). 
9. Equa t ions  of motion f o r  t h e  p r o b a b i l i t y  d e n s i t y  and observs;Dles. 

Vie s t a r t  w i t h  t h e  s tandard  equa t ions  o< n o t i o n  f o r  t h e  d e n s i t y  na t r i : :  
and f o r  any o p e r a t o r  (observab le )  fi which doe: no t  depend  e::r;:i- 

c i t l y  on t ime,  1.e. w i t h  t h e  Nemann and ' J e i s e ~ b e r g - k r n J o r d a n h c  
e q u a t i o n s  

i n  t h e  S c h r 6 d i t g e r  and Heisenberg p i c t u r e s ,  r e s p e c t i v e l y .  I f  t h e  
Hamiltonian H does n o t  depend on t ime,  iorc.al c o l u t i o n s  of t h e s e  
e a u a t i o n s  a r e  

Between 7 and eqs. (41) and (42) t e e  2 f o m  zf t h e  l i c , v : l l c  ' /25,28-32/) e q u a t i o n  (c f .  r e f s .  

Is a L l o u v i l l l e n ,  a p a r t i a l  2 i f f e r e n t l z l  ? e r a t o r .  k f 0 ~ &  5 c i G t i G ~ ~  
o f  eqs. (45) and ( 4 5 )  r e  have 



supposing t h a t  t h e  Hani l ton ian ,  and t h e r e f o r e ,  t h e  L i o u v l l l i a n  do not 

depend on time. These s o l u t i o n s  fo l low a l s o  from eqs. (43) and (44). 
The b i l t o n i a n  and i t s  nonoperator  and o p e r a t o r  r e p r e s e n t a t i v e s  

a r e  w r i t t e n  as f o l l o w s  

ti -- 
4 4 (51) 

and t h e r e f o r e ,  t h e  L i o u v i l l l a n  i s  

where Eklm i s  t h e  t o t a l l y  ant isymmetr ic  t e n s o r ,  k12 = 1. Here 

t h e  r e l a t i o n  (see e q  (A.16) i n  Appendix A and Appendix C j  

was used. Now eqs. (43) and (46) t ake  t h e  form 

a a =F@,t) = - ~ k ~ k c m ~ t $ w T ( ~ , t > ,  =9(5')=0, (55) 

and t h e  s o l u t i o n s  (48) and (49) a r e  

9 tt,t) = er~(wk2rc,,,sc sm) p ~ 5 , 0 ) ,  (56) 

1~(p,t) = er r  ( - d ~  . t ,sL%-~@,~).  (57) 

One can a l s o  w r i t e  eqs. (54) and (55) i n  terms of t h e  nonoperator  

r e p r e s e n t a t i v e  of  t h e  b i l t o n i a n  

a a H (2) a y(g,t) at 9 ( f 7 t )  = 9  t-' t ,'tm S,' 
a s  as, 7 

This  form of  t h e  equa t ions  resembles t h e  L i o u v i l l e  e q u a t i o n  i n  t h e  
c l a s s i c a l  mechanics ( s e e ,  e. g. , r e f  s./29-32/) 

The r ight-hand s i d e s  of eqs. (58) and ( 5 9 )  resemble t h e  Poisson brac- 
k e t .  kt h e r e  t h e  v a r i a b l e s  5 ,  on t h e  s p h e r e S P = l  P a r t i c i p a t e  i n s t e a d  

of t h e  phase space v a r i a b l e s  x and p  i n  t h e  usua l  Poisson bracke t .  
h e  more way t o  w r i t e  t h e  L i o u v i l l e  equa t ion  v i a  t h e  nonoperator  

r e p r e s e n t a t i v e s  i s  t o  use t h e  m u l t i p l i c a t i o n  o p e r a t i o n  (27) 

and s i m i l a r l y  f o r  eq. (42). Equat ion (60) may be reduced t o  eqs. (54) 
l o r  (58) by i n t e g r a t i n g  over  g' and 5" i n  t h e  r.h.s. of eq. (60). 

1 One p a r t i c u l a r  s o l u t i o n  of eq. (55) i s  

CT CT -ST s,(t)= e s,= e s m e  ShCto) =Sm . (61) 

( ~ = t - t o  ) ' 
It i s  d e f i n e d  by i t s  i n i t i a l  condi t ion .  One can e a s i l y  check t h a t  

t h e s e  f u n c t i o n s  form t h e  genera l  s o l u t i o n  of t h e  s e t  of  o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n s  of  t h e  f i r s t  o r d e r :  

and t h u s ,  a r e  c h a r a c t e r i s t i c s  of eq. (55). Due t o  t h a t  i s  a 
I 

p a r t i a l  d i f f e r e n t i a l  o p e r a t o r  of t h e  f i r s t  o r d e r ,  any s o l u t i o n  of eq. 

(55) i s  expressed v i a  t h e s e  c h a r a c t e r i s t i c s  as fo l lows:  

Analogously, one can e x p r e s s  v i a  t h e  c h a r a c t e r i c t i c s  any s o l u t i o n  of 

eq. (54) 

KT 9 S,t *,c ,t.)= d y(c,to; go ,to)= (64.a) 

-+ 
Rere So i s  t h e  Liouvi1l i r-n (52), a c t i n g  on t h e  v e c t o r  So , and 

d 9 2  which r e s e n b l e s  ti-., clzssical k i l t o n  e a u n t i o n s x s m = - ~ ~ m L e ~ Y - 3 S e =  



-8 
s ( t )  a r e  t h e  f u n c t i o n s  (61)  g i v e n  by t h e  i n i t i a l  c o n d i d i o n  
-rO 4 
so(to) = so . The e v o l u t i o n  i n  t i m e  o f  t h e  p r o b a b i l l t y  d e n s i t y  (17.b) 

i s  w r i t t e n  i n  t e r m s  o f  t h e  c h a r a _ c t e r i s t i c s  as f o l l o w s :  

-9 
The v e c t o r  so(t) i s  t h e  v e c t o r  < r o t a t e d  by means o f  an o r t h o g o n a l  

+ 
m a t r i x ,  and t h e r e f o r e ,  t h e  v e c t o r  s ( 2 t o - t )  i s  t h e  v e c t o r  7 

r o t a t e d  by means o f  t h e  i n v e r s e  m a t r i x .  
+ 

I f  t h e  m a g n e t i c  f i e l a  B, and t h e r e f o r e ,  t h e  Eiamil tonian and t h e  
~ i o u v i l l i a n  depend o n  t ime ,  t h e n  t h e  e x p o n e n t s  ect must  be r e p l a c e d  
by  t h e  T-exponent s . 

10. An a n a l o g  of t h e  Markov p r o p e r t y .  F o r  complex a m p l i t u d e s  i n  
tHY quantum- mechan ics  t h e  d e c o m p o s i t i o n s  

<MI e - ' H - o  m,,-,=-i,+l ...t m s = - ~ , + ~  t w,=-t,+l 

a r e  v a l i d  wh ich  r e s e m b l e  t h e  b k o v  p r o p e r t y  i n  t h e  c l a s s i c a l  dynamics. 

However f o r  t h e  p r o b a b i l i t y  d e n s i t i e s  an a n a l o g  o f  t h e  b r k o v  p r o p e r t y  

h a s  a n o t h e r  form 

It c a n  be checked by u s i n g  t h e  comple teness  r e l a t i o n  (9). Again t h e r e  
a p p e a r  a d d i t i o n a l  c o e f f i c i e n t s  and t e r m s , t t u s  d e n o n s t r a t i z r ;  d i s t i r . c i l : r  

o f  t h e  quantum p r o b a b i l i t y  t h e o r y  from t h e  c l a s s i c a l  one. 
Note t h a t  if t h e  H a n i l t o n i a n  depends  on t i n e ,  d e c o m p o s i t i o n s  ( 6 7 )  

and (68.b) r ema in  v z l i d  approx ima te l ;  f o r  s a a l l  i n t e r v a l s  Ati=ti-t;-, 
w i t h  t h e i r  own c o n s t a n t  Hami l ton ian  Hi-l = a t  each  A t ; .  

11. P s e u d o c l a s s i c a l  f o r m u l a t i o n s .  i . j ? t i > n z l  c o e : f i c i e n t s  and 

t e r m s  c a n  be h i d d e n  i n  s u c h  a  n a n n e r  t h a t  t h e  above f o r m u l a s  t&.e 

" p s e u d o c l a s s i c a l ~ o m  . To t h i s  end we c o n - ~ e r t  t h e  c o n p l e t e n e z s  

r e l a t i o n  (9) i n t o  

M a t r i c e s  &(l+3~;) and &(I+& g a )  a r e  h e n n i t i a n  a s  b e f o r e  

b u t  a r e  n o t  i d e m p o t e n t s  and canno t  be decomposed i n t o  s p i n o r s  (k.2L.- 

eq. (6)).  f o g e t h e r  w i t h  eq. (8) t h e r e  a r e  ,?ls3 v a l i d  t h e  ? - e l a t i s - s  

Now u s i n g  eqs. (69)  we c a n  r e p r e s e n t  any  o p e ~ a t o r  i n  t h e  f o l l o -  

w ing  t h r e e  ways ( i n s t e a d  o f  egs .  (10 ) , (11 ) )  

where  

r c s ~ = + ~ ,  F ( ~ = F ( G s ) ,  Fcq=cc3r). ( 7 2 ~  

* F o r  d i s c r e t e  : = , ~ l > ~ s  o f  ~ 2 s .  (c,:'? ; c i  l.;:'r3i:r E. 
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