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I n 1946 S . Tomonaga proposed a relativistic-invariant fo r 
mu lation for the qu antum f ield theory. Acco r d ing t o it, the 
sta te amplitude ¢(a) is a f unc t i ona l o f a s pace- like sur f a c e 
a. The sur fac e act s as time , and evo lu tion of t he system is 
det e rmined by the covar iant ge nera l iza tion of t he Schrod inger 
equat ion in the interaction r epre sentation 11 .21 

i~¢ (a} _ = HI (x , a) <Il(a ), ( I )
 
Bo (x)
 

where HI (x, a ) is the dens i t y of t he interaction Hamilton i an 
constructed o f f ie l d operators c omplying wi t h fre e eq ua t i on s 
of motion . I f ~ o i s t he sta te v ector det ermin i ng the ini ti al 
physical state on t he s ur face a O ' the s olu tion of equa tion (I ) 
ca n be writt en a s 

<Il(u ) = U (a , o 0) (lJ 0 ' ( 2 ) 

whe r e U0 ,a o ) is t he evo l u t i on op era tor . 
F.Dyson / 3! obta i ned a r ep r es en t ation for the ope ra to r U(o,uo) 

relating stat e vectors on arbitrary s pace-like , s urface s in 
t he f orm of a se r ie s o f th e perturba tion theory in powers of 
the int e r a c t i on constan t 

a 4 
U(a ,a ) = T exp(- i r d x H «n. . (3 )

o 
ao 

T i s t he symbol o f chrono l og i c a l ordering, and the int egra tio n 
r egion in (3 ) is be twe en the sur f a ce s ao and a . 

1\ we l l-known examp l e of ano t he r f or m o f U(a, u o ) wi t h no 
1"(, 1:11 i on t o t he po r t u r ha t ion theory is the r e pr e sen t n t i o n 
l o i 1 IIf ' \ ' v lJ!1I1 i o n o pcra t o r , co nnec t i ng sta tes o n I l a I fol l l l l d (, ( ' ~ : 

I " 11' 11 II 

1111
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III ,, ' 
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where Ho, H are t he Hamiltonians of t he f ree and i n ter ac t i ng 
sys t ems, r espec t ively. Another exampl e i s t he r epr esenta t i on 
f or t he evolu t ion opera to r descr i bing evolu t i on of the sys t err 
from t he sur f ace Xo = 0 to the surface Ax = 0 ; f..2 = 1 , 11. 0 > 0 

o j 1M . Cl)
U(Ax =0, xo= O) = e - 1M oj {V e oj , ( 5) 

Mj.LII, ~ j.L1I a r e gene r a t or s of t he Lorent z gro up ,wi t h a-9d without 
a ll owance f or t he i nt erac t i on / 4 ,51 = ( Aj / IAj) arsh!Aj . J(Ll 

Not e t ha t opera tors (4) and ( 5) a r e r e l a t ed to trans fo rma 
t i ons from t he Poi nca r e group t h r ough t ime transl ation s an d 
pure Lor ent z t r ans f or ms . I f , however, t he r e i s ano t he r s pace 
t i me symme t r y in theor y , t he re s pec t ive gen erators C and Co 
( i n the free ca se ) may be r egarded a s evo l u t i on op e rators. Si 
milarly t o (4) an d ( 5) , we have 161 

U (u, X = 0 ) = exp (- laC o) exp (i a C) • (6)o 

Her e a i s the su r fa ce obtained f r om X o = 0 by a s ymme t r y 
trans f ormati on , Q i s the trans formati on par ame t e r · . 

Exampl es (4) - (6) indicat e a poss ibi lit y of wr i t i ng the evo 
Jution operator as 

U (u 2 ,a 1) = l' (u2 , u 1 )'1""(u2 , (J 1 )' (7) 

wher e T (a2 , (J 1) i s the ope r a t or con s t r uc t ed o f in t e r a c t i ng 
o 

f ie l ds , T (u2 'u 1) i s t he same ope r a t or when t he r e i s no inte 
rac t i on co nnec t ing t he f i eld ope r a t or s de f i ned on the surface 
u l and u2 : 

q(x) ; x~a2 = T + (u 2 , u 1 ) q (x) j x ~ (J 1T (u2, (J 1 ) . (8) 

Note t ha t , a s in ( 4) , an opera tor o f t hr e e-d i mensiona l t r an s 
la tions exp(i p.a ) c an be add ed to t he ope r a t or exp(iHt) , T (u 2' u 

is de f i ned ambi guou s l y . The ambi gui ty i s ca used by t r a s nf orma 
lions which do no t ch ange t he f or m of t he sur f ace , only chang 
i ng i ts parametri za tion. 

" No t:e t hat repreeen t at-ione ( 4 ) - ( 6) aT'e valid i n t he i nstan 
(.'!l ll alll i r·r; f orm wi t h the initial condi tion sur face X o = o. 

..~



I n this pap er we sha l l show t ha t r epr esenta tion ( 7) is va
l i d f or arb i t r ary space-like sur faces, the expl i c i t way to 
co nstruct T «(72, (71 ) being presented . We sha ll also show that 
t he Dyso n fo r mu l a i s universal, i.e. expansion ( 3) does 
not de pen d on the way of dividing the evo l u t ion operator into 
a " f r ee" part and an "interacting" one . 

To prove formula (7), we shal l use P.A .M.Dirac ' s approach 
to quan t i za t i on of relativistic sys tems, ba s ed on Hami lton's 
method 17 ,8/ . 

I . RELATIVISTIC THEORY OF INTERACTING FIE LDS A LA DIRAC 

To obtain the relativistic quantum theory, according t o 
Di r ac / 91 , one mu s t start with the classical Lagrange relati 
vis tic f ield t heor y , go to the Hami l t on form and proceed t o 
the quantum one following defini te ru les. A desire t o retain 
the explicit relativis t i c invariance wi thin t he Hamil t on for
malism make s one i nt r oduce add i tional degrees of fr eedom re
lated to arbitrar iness of the surface (7, where t he phy s i ca l 
conditions are f i xed . In o t he r words, there must be equa t i ons 
of mo t i on whos e s olutions contain arb i t rar y func tions , i. e. 
the Hamilton theory mus t be a t heo r y wi th f i rs t - c l a s s cons t 
r aints . For this pur po se , for any ini tial Hami l t on i a n i t is 
enough to use var i ab l e s de f i n i ng the surface i tself , as add i 
t i ona l dynamical va riable s and t r a ns f orm t he t h eor y into a 

/ 91 form where the Hami ltonian is equal t o zero in a weak sense 
To do t h i s , a common pr ocedur e is us ed , which will first be 
ex emplif i ed within quantum mech ani cs. 

a . Quan tum Hechanics wi thou t Ab solut e Time 

Lagr ange equations of motion f ol l ow from the s tationary 
character of the ac t i on i ntegr al 

t2
 

S[ q ] = ( dt ~ (q i ( t) , q i (t» ; i =l,...,n. (9)
 
t 1
 

One can go from the Lagrangian f(q, q ) related to an absolu te 
t i me t to another Lagrangian f*, regarding t i me as a new dyna 
mi c coordinate q O(r) depending on a parameter T: 

~ (q i dqi / d T ~ *(qkdqO .----)dqk k = 0, 1 , ... , n • (J 0) 
d T . dqO/d;-) d T ' 

In this case we have f or t he action integral : 

t 2 T2 

( dt~ 
t 1 

( 
T1 

dT~*. ( J 1) 

The Lagrangian ~ * contains one degree of f reedom more than 
t he i nitial one a nd is a homogeneous zero-order function of 
veloc it ies. So, the theory described by the Lagrangian f * is 
reparametrization-invariant; consequently, the existing cano 
ni cal Hamiltoni an is equal to zero in a weak sense. Thu s, in 
t he Hamilton theory based on f* there is a constraint X 

¢= p O+ H = O, ( 12 ) 

where H is the Hamiltonian of t he i n itia l theory , pO i s t he 
momen t um conj ugated to qo. Equa t i ons of mo tion al l ow a rbi t ra 
riness associated with the ab sence of abso l ut e t i me 

~g- = Ig, H'T I ( 13 ) 
dT 

s ince t he t o t a l Hami lt on i an is o f t he form 

H ~ = a(T ) (p o + H) (1 4 ) 

where a(T) is an arbitrary functi on of T • 
Bes i des , constraint ( J2) i s a ge nera tor of gauge t r ans f or 

mat ion s 

8q k = Iq k, (¢l , opk =l p k, ( ¢ I 

with an infini tely smal l transformat ion parameter ( T) compl y
i ng wi t h t he bounda r y cond itions d T 1) = d T 2 ) = 0. 

Accor d i ng to Dirac 's scheme , the corresponding quan t um 
theory i s obtained in the following way. We regard our var i ab 
l e s ' q and p as operators complying with t he t r ans pos it i on re 
la tions corresponding to the Poisson brackets in the c lassica 
t heor y 

[qk' p£ ] = io~ ( 15 ) 

and demand that the constraint on the state vector I ~ > shou: 
hold true : 

x We think that t he Lagmngian .t' i o no t 81:ngulaY'. 
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H
T 
* I 'P> = O. ( 16) 

I n the co nfiguration repr ese nta t ion ql 'P> = q l 'P> co nstraint 
( 16 ) i s the Schrodinger equat i on 

d 
i- IIJI> = a( r) H I 'P> ( 17)

dr 

i n t he absenc e o f abs o l u t e t i me which coinc ide s wi t h t he or di 
na ry one i n t he ga uge )( ;: qO- r = O. 

I n t he nex t sect ion we ob t a i n a gene r a l i za t i on of equa t i on 
( I l ) t o t he qua n t um f i e l d t he or y c a se ; its f or ma l s o l u t i on 
will be de t erm ined by t he op er a t or T ( a2, a 1 ) . 

b . Qua ntum Fi e l d The or y on Curved Sur f ace s 

We fo l l ow the c l a s s i ca l ac t i on 

S[ q] Jd 4x f (ql (x) , _~_(x)__ ) 
ax a 

f or t he system of f i e l ds qi (x) ( i = I , .. . ,N) de t ermined in 
Minkowsk i ' s fou r - d i mens iona l s pace xa ( a = 0 ,1 , 2 , 3). Since 
in t he relativi s t i c t heo ry t he r ole of t i me i s p layed by the 
thr ee-dimens i onal sur fa ce , c hang i ng i t s character ist i c var i 
ab l e s i n t o dyn ami c ones a llows covariant writing of Hamil 
ton equa t i ons of mot i on . 

Let us i n t r oduce cu rvilinear co ordi na tes y (Y1' Y2 ' y s ) 
on the sur f a ce a. Func t i on s xa (y) wi ll characterize t he sur
f ace a i n space- time and t he way o f i t s pa rametrization. Si 
milarly t o qO(r) i n sec tion a , we sha ll consider the f unct i ons 
xa (y) a s dynamic va riabl es. Now, we de ter mine t he pa r ame t e r 
r wh ich changes whe n pa ssing f r om one surface t o ano ther. 

A new Lagrangian f * is to be cons t ructed s imilarly to (10): 

* I Jql a:(a I aq I - 1 af (q , ---- , --);: det l] I ll f (q ,---(1 ) ), ( 18) 
aya ay b aya b 

I a = ...,ax~, y O= r
 
b ayb
 

cons i der i ng t ha t 

f f d4 X = f f *d 4y . 

6 

A theo ry wi t h addi t iona l fie l d f unc t i ons x a (y) t u r n s ou t r!pa 
rame t r i za t i on-inva r iant with rega rd : to t he subs t i t ution ya = 
= r a (y) ; consequen t l y , the total Hami l t oni an i s expre s s ed a s 
a l inear comb i na t i on of co ns t raints with arbitrary f unc t i on s 
ca (y , T ) 

HT= f d3 y e a (y, r) (p a + K a ) , 

wher e Pa ar e t he momentum variables conjuga ted t o x a ' K& i s 
de termi ned through t he ener gy-momen t um o f t he i n i t i al theory1 
T b 

a 

K a = T
b 

a e b 
(e b i s t he co f ac t or o f the co r r e spond i ng e l emen t o f ma t r i x I ) . 

A standar d way i s u s ed to go to t he quantum theor y. We s t a 
t e t ha t the fi e ld qu an tit i e s ql (y), pi (y) and x a (y), p a (y) are 
ope r a t or s with the corre spo nd i ng a l gebr a 

[ ~ I (y) , ~j (y ') ] = i 8 ~ I) (y , y ' ) • 

[ ~ a (y), ;b (y ' )] = i oab o(y, y ' ) . (1 9 ) 

[q j(y), clj(y' )] = [qt(Y},; a (y'l] = ( p l (y) , pj(y ' l]=[p&(y}, p b(y ' )]= 0 

and demand t hat the con s t r a i nt on the s t a t e vec t o r sho u l d 
hold true: 

H; IIJI > = o. ( 20 ) 

No t e , howev e r , that in vitrue of t he equa t i ons of motion 
ai _dx a = [ H T' x a ] = c (y, r ) t he variables x a fo r t he f i e l ds

dr 
r emain c - number func tions a fter qua nt i zat i on a s well . 

Cons i dering t ha t t he fi e l d f unc t ions ql (y) and x a (y) a r e 
sp ec i fi ed on a fixe d space-like surface ao q I(y) = q I I T= T 0 ' 

x &(y) = Xa lT=r and the state vector de pend s on the evo l u t i on 
o 

pa r amete r r, we obtain the Sch rod inger scheme. Evolution o f 
the sys tem is determined by equation (20 ) which has the 
f o l l owi ng form i n t he coordina te re pres en tation 

i ..!- IIJI > = ( fdsy ca(y , r) K a) IIJI >. (21 ) 
d r 

Eq . (2 1) is a relat ivis t ic equa tion wr i t ten un like Tomonaga ' s 
eq ua t i on ( I ), in Schrodinge r ' s r epresen tation. 

7 



Taking the space-like surface in the form of a plane XO 

co nst, i . e . fix ing t he gauge X = XO - r ~ 0, we obtain an 
ordinary Sch rodinger equation. 

A formal solution of eq. (21 ) can be written as 

r 

1 \jI>r exp(-i r dr'd3ycaKa.) I ~! > r= r ' (22 ) 
or 

o 

where we have made use of the fact that Ka is explicitly in
dependent of r owing to translation invariance. Note t ha t 
the operator on the right-hand side of relation (22) wi l l con
nect f i e l d operators determined on di fferen t surfaces 

q l (y)\ = exp (-iF ) qi (y) I exp(iF) ,
r r o (23) 

r 
F = r d r ' d 3 Y ell. (T' , y) K a • 

T 
o 

2. EVOLUTION OPERATOR IN INTERACT ION REPRESENTATION 

Let us analyse t he r e l a t i on be t ween t he Tomonag a equa t i on 
an d Eq. (2 1) . To do thi s, we exp l a in t he meaning o f t he ope 
r a t or s i n t he r i gh t-hand par t of Eq . (2 1)/9/. Le t u s in t r odu
ce a l oca l bas i s on t he surface a wi t h un i t vec tors 

a ax a a a a 
(e k --, n ); n a n = 1 , na ek= O, 

ayk 

and l oca l l y expand Ka i n t he no r ma l K.L = I<a n a and t angen t Kr 

= Kae~ comp onen ~ s . 
Assume ~ha t x .L = 0, i.e. the sur face does not change in 

t he di r ec t ion pe r pe ndicular t o it , bu t on l y sur f ace coordina
t es change. In t hi s c ase a non-zero contr ibution comes from 
componen ts K which t rans f or m f i eld func tions, l eav i ng themr 
on t he fixed su r f ace . It means that they can be determined on 
t he ge omet r i ca l ba s i s , and they do no t depend on t he i n t e r ac
tion . As to K.L' i t corresponds t o t he surface motion nor mal 
t o i tself and is r e spons i bl e for dynamics. So, operator (22), 
de s crib i ng dyna mi c s i n Schrod inger's scheme, is used t o obtain 
the evolution operator U0 ,a) i n t he interact ion r e pr e s en
tation only af ter the effec t of t angent components K i s neut
ralised. 

n 

Le t us i n t r oduce an opera tor 

T 

U(T, To} = exp(-i r dT'd3 y caK a) e:<p(i r dr'd 3ycaK (24 ) a), 
To TO 

o 
where Ka,are the corresponding operators in the absence of in
teraction. Assume that the following conditions are fulfilled 
on the surface xa(y) 1T - r 

- 0 

iii i 
q (y) I r = q! (y) I T ; p (y) IT = p! (y) I T 

o 0 0 0 

Here q~ (y), pi (y) are the conjugated dynamic variables of the 
corresponding free theory. If these conditions are fulfilled , 
the operator U(T, TO} will be determined only through the com

o 
ponents K.L and K.L ' To be sure, write an equation for U(T,TO) 

OaU(T,T } - K (r) U(T, ro)'i---_ - I (25)aT 
where 

o 0 0 

KI (T) = exp( -iF) r d 3y ca(r~ y ) (K a - K a) exp(iF) 

( d3 yea (y, T) K I (y, T) , 
a 

o T 0 r dr'd 3yea(r',y)KF a 
ro 

In t he expr e s s i on caK~ only the normal components c.LKl make 
a contribution, the fie ld operators qi(y) in KI satisfying 
fr ee equations of motion in virtue of (23). 

Wri t e down the formal solution of (25) as an expansion in 
powers o f the interaction constant : 

r 
r dr'd3yc8.(r', Y)K~(r' ,uo, TO) = Texp(i y)) 

To 

or, with allowance for initial conditions, 
o b °b 0 b 

Ka-Ka, =(Ta-T a)eb =gabeofI 

(f is the interaction Lagrangian) we have 

U(T, To} = Texp(i r d 4x f I (x)). 

n 9 



whe re n i s the i n t e g r a t i on r eg i on b e t ween the surface s wi t h
 
T' = To a nd T' = T. Compar i ng ( 27) with Dy s on ' s solu t ion ( 3)
 

ma k e s us s u re t h a t r ep r e s e n t a tion ( 7 ) wi t h
 

' 2 

T «(7 2 • a 1 ) = exp ( - i f d~y d T' c a (r ' , y) x , ) 
T 

1 

hold s t rue . No t e t hn t f o r t h e case o f f l a t hy persur f a c e s 

a a a j
X (y , r ) =A ( T) + B j ( r) y 

it fo ll ows fr om ( 28) t ha t, fi x i n g a c e r t a i n gauge , one can
 
obtain re pre s e n t a t i o ll s (4 ) and ( 5). For t h e f o r mer case we
 
tak e X = x 0 - t '" 0 a nd fo r the l a t t e r
 

-+ .-" 

x ~	 th r _ X !0-A' -'" x o. 
I,\ I 
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XBe~eflH~3e A.M. , CaHa~3e B.B. E2-88-768 
I'anans r onos lPopMa JIH3M ,I:(HpaKa H o ne pa r op 
3 BOmoUHH B rtp enc-ra a nen a u H 3aHMo~e fi:c T B H H 

B p axx a x 0 60 6 ll\eHHO H r a MHflb To Ho Bo i"'i Te o pHH ,I:(HpaKa pac
CMa Tp HHa e TCH onepaTOp 3BOmoUHH COCTOHIIHH MeJK)J,Y ~B YM H npo
H3BOnbHblMH npoC'l'paHCTB ellllQ-no,n;06IILINH nOB cpXHOCTHMH. One
pa TOp 3B on~UHH CTp OHnC H C nOMOll\b~ Ha60pa nepBH4HNX CBH3eH 
rte paor o pozi a , r-eucpn p ytouurx npOH3BOJIblI bie ~ elPopMa UHH no
Be px IIOCTH. B KapTHH e B3 aHM o~eHC TBHH nonY4eHo npep,cTaBne
IIHe p,nH on epa r-opa 3B Omo[~1111 B BH,I\e x pOHOn O!'li 4e CKH yno pxno-r 
4 e HH OH 3KcnOHe llTW llaAcOHa. 

Pa 60Ta a smornrena B Jla oo p a-ro pna TeopeTH4eCKoA IlHl3HKH 
OlliB1 . 
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