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I. Introduct ion 

In desc ribing t he elemen tary particle dyna mics in t he 

f ramework of the fi eld theory, a i n ~ular or degene r a te d Lag­

rangians 1- 4 are mainly use d . Usually , the s ingulari ty of a 

La gran ~ia n i s ca us ed by t he i nvariance of the ac t i on wIth 

r espect t o the t r an aforma t ions of fi eld fun c tivns whi ch de pend 

OIl an arbitrary f unction of t he co or dinates and t i me . Suc h 

transformat ions defined i n the tange nt bundl e are of t an ca l l ed 

t he ga uge t r ans f ormatione I fw d tue co r r ea pond I nr: th eor i oo , 

ga uga t heo ri es. 

A ge ne r-al mothod to obt ui n t ho Iluml l t.on Lun dy numl cu f ox' 

o i ngul or Lug t -nng Lann wall de ooribed hy !Ji r oo 1 • 

The oqu a t i on of mo t r on f o r an orbl tru ry dy numi c vur-Ln b.l e 
1!f nun t h e f ol lowi ng t 'o rm i n 1l11'00 l lJ II ppr ouoh : 

' _r)' H 1. fg - t{f , H
T

. ; Hrz:: e +Ll'k"Tk ' k -= i, ,,., m, (1) 

J 
lIU l ' U He JII tlw c uno u l c u I I I1IIul1ton J /lII, U k I " ) III' " I Lro r,Y 

1111/1 LI p l 1 0 \' II , 11 1'0 LllI. ]I r I mlll ',Y C OII II I; /'/1111 1.11 0 I' Lll u 111 I.1'kI 
UJ ' IIII1 . :, UIIUIIII L lo lI ru n n OVOI' Lh o l ' upuII l,u ll 111 11 10 '" \ hu r-u /11111 

Ll lI 'oll gllo ll l, Lilt! P U]lQ r , 

'I'h ll 1'1111 01. 10 11 H• I II 0 1111 " ,1 1.11" 1.0 1. 11.1. 1IIIIIJIJ Loll ! lIlI . NoL " 7
LIIIIL In t.h l u ]lIIJUII' Wll 111'0 11Il.lI r'u IIL' JlI III g ll ll , : !) 1I !1 1 ~I ' O n ll 0 1' 1','0 0 ­

dom uud I II \ II ' o Il 1 111l111 I'n I Il L,,1I 1.0 gll ll l~l) 1' 1 x II I. \ OIl I 11 0, \'Ill nhn lI 

u un u ruo 1.11111. 1.i1 'lI'" lJ l' lJ o ll J ,Y , '0 .1 ,, 1. 101111 o f' Llw "1 1. 11111 \ II 1.1' 1) 

LIl', O)',Y' 'I'll II "" II IIIIlpl. l1111 " I, "plll' l ,, " " 0' "'" f' 01 '11I1I 1II I ' f ll, L 1.111 ' \ 11 ­

LIII ' pl 'lI L"I.I1111 1'llIlIld l ll l I ~II I1 IJ1 ' ,, 1 ( " " " APl lIJlld l x 1\ ), 



P t' l l11ll';l c o u u t. r-u l u t u 1)1' UIP l il t. 1l 11l11" 1'1111111 1'" ""111 .' 1 1 ' ·'U 1EJ ­

I' o r-mu t i o u a i f I l l ru p l llll lt ! f l )lII ( : I ' . :j l' f ~' lI l d ' II ':1 l 'I, II II II "f1i I J I" " I I. l lf · 

1 (J t c La n n ca n a Lno p ro d uc o I ~ll ll /," t 1'lI n l11'" "111/1 1. 1,,,",. I I I ,'/I,' 1I lll ll Jlll f·d 

t na t a ll c o n u t re t n t e o f t he 1u t c Ln u u p ro d uc e d 1 ', ( I1 I I ~e t , '/lIII1I'" ,'­

mo t i o n s 1 a nd pro po s e d '0r e p l a c e H by the r;o nc r uli oodT 
Ha mil to n i a n : 

mk mkH H mj;=2" ,.,M/<;. ; k=1, ...,fn., ( 2 ) E = T + Uk Tk j 

m 
whe r e U:ka r e arbi tra r y fac tors , fit: k are secondary 

c o n s t r aint s ,MJ,;-1. i a th e maximum num ber of the s e c on dary 

cons t r sin t s o bta i ned un d e r the r eq u i r e me n t f o r t he k - t h pr i ­

ma ry c o n o t r a in t. bei ng n t a t Lcna ry , 

Ge nera l l y s pe a king , Dl r a c ' e a s s ump t i o n wue wron g . The r e 

are e x ampl e s whe r e e e c o n dary constra in t s o f the 1s t cl as s do 

no t pr-od uc e I"aug e t r-nn u f'nrrna t i o n a ), 5 

Dl r a c ' n 1 t.e i-ut l o n proce dure prov i d ee no re a s o ns 1' 0 1' 

o d d 1 /l 1~ ne c o ndn ry co nnt rn m to to t he t o t a l Hamiltonian . The 

I~J o l lfl l un d !,u o lllu l,r lc 1 ~" lIfll' 1I 1 I. znt l o n o f Di l' llC ' H appr o a c h t hl'o'JIlI 

TIC} l i gh t on t h l n pr ob l om. J ltl1 / l / ~ n r-nn u Lt, o f t h e e e e Lgo r-i t h mn , 

1. 11 0 l.o Lnl Hom] I. t o n l un u u no rI bo n dy n u ml cn o f t h e ay s t e tn bu L 

] t dou n 11 0 1. eO ll t lll ll 11 11 " il li g '. d ugr u llll o f' t' r-oe d om, Th ere f o r e , 

i t 10 OJ'1.(l1I 1II01'1l oo u vun l u n t. t.o lllllPl11Y t ho V,(l/ IlH'u 11 sed Ha mil ­

t on I fil l J II lJl'd Ol' t o 0 .11111 111 11 1,(1 nOll pll,Vll l c n l d " If,I'OOO o f' fre e­

d om fr-o m t.he L1 ll1 o, ',V by IlItl lI ~~ lid II1 1.10 11 11 1 0 1' 11, 1I1l11,O con d l t i o n u , 

A j ~c n e l ' (l J 111 , '1.11", 1 0 1' 1I" .. l y I III', 11,1I1lf'.1I o o ud l Ll o n u wl tl11 11 

o i ng ular t.n uo rI u» WUII Ill '0 I'0 1l1J 1I lIy Ut l' II0 (, • 1,111. 111 ' Oil , tll 111 

rno t.ho d wall r-u p r-od uc e d 1I111/l,V tl llllUJ ( lI . g . 1I11 11 Il'J I' . '( ) . N" w 1 11111 I." 

a re i mpo s e d on t h e coordinates Cf and momen ta P 
m 

( ) 'Xi Cq"p};::sO i, ::: 1, ... ,2: Mk E I
 
k=i
 

mua t obey t h e f o l l owi ng c o nd i ­and t he function X ~ (~'f) 
t i ona : 

(4 )cUll {Xi, ~:~)III OJ k =l, ...im ; mk=l ,...,Mk 

( 5 ){'Xt,X i/) =O; t ,i'=1 " ",I. 

the s e c o nd i t i o n n areNo t e t ha t fo r the f unc t i o nu Xi. 
nece osery ou I. Lri a uf' f' Lc i e n t f or be i n , ~ p:U l l gO condi t l o n u , 'l' h l a 

Ln due to t he f a c t t h at c o nu t r-u i n t.u (J) t (J t~O t h or wi t h I'1 C\l Ill ­

t Lon e of mo tio n c an l e ad t o new r-o Lu t lon u 0 1' dYllurlli c v u rl.a h l e u 

a nd phy n Lc a l d tllf,r e e O 0 1' f l' oo d om wi l l 1)0 1 0 11 t , :; ud , u xumpLcn 

o r e con u l d u r ed I II Ho f. n . 

I t 1 11 o lloy t o 011 t u bl. l u h II ro l l! t I o n uu tWOOII t llll " III1 C t! o nu 

'X L (~)P) 1111(1 I.og r nllg u t'uc t o r-u , '1' 1111 r-e q u i r -ud u Lu t Lo nu r L t y 

o I' I ~ O U ' ~tl c o nd l tl 01111 (J ) Y l c ldu 

( L )XL = CX/;, He} + U;1c {XL , ~:~} 0, 

U W I Il / ~ t o eo n d l t l o u (4), U'l ' «( ' ) H .U .I>WII d. , t " I'lIdllll t l oll o f tuu l t i « 

lc•p lt e r-n U
m. 
k 

III t h ll g l vll lI PIl)ltl l' Wtl IIhow IllJW t o IlOll ll lol 'II01. thtl ,(tllI. I'n t o /'n 

0 1' ' ~ I IIlJ ~ " t. , ' /ln"r0 I'lIIl1 l l o lll1 I1t p, l v lI lI 11 111 ,\ 11 1 11 " 1,1I/ ',I ' /l II p:11I1I 1\11,1 

I.l lfl l ' U lIl' l ul' w" 1'1,"1 l llr l ll lt ll ll l lll/l i. 1''' ' I1 ' '~ ' 1 t l 'U III ,l'o l 'lII J1 I,IIl II II ;l • 

1"III'tll lll ' , Illl llll ~ 1.I 11~ oo nn t r uu t t o u /111,1,110,1 0 1' tll ll '1n ulI l g l'ollJl 1'1111 ­

t ll " J. f~ lII f lllLn 10 , 1'0" nl lJ , ~ Il I . ~H ' " ,V ll t . II /1 , WI! u h Ln l u t llll ttrun l L t u n l u n 

'''1'111 U " III' 0 1' mo t i o u wll t llll uo u LuI u t.IllJ wllol ,. 1':" IIV,II 1' I ' " ,~ do /l l . 

:l 
:l 



We	 eo t a bl i flll tho lIe w 1 1111 1 tu t I Il l ' Il II til .. 1"""1 LI Il l ' whIchXi 
t o{:';ether wi th the r-e J u t Lo n (4 ) Wfn' u tho IU 1( ~I ~ tlllli r",Y /l lId lIuf f i ­

c i en t condi tions fo r el iminati on of t.lie I~ UII~~O I" ,'u eu olll . 

2 .	 Construc tion of ga uge transformations f or a g i ve n 

singular Lagrangi an 

For findin g the gauge- t r ans f orma t i on ge nera tors fo r a 

gi ve n s i ngular Lagran gian we shall use t he mi n imal action 

principle for mech ani cal sys t ems. The firs t -c l ass constra in t s 

must r ema i n to be first-claaa quantities under the gauge trans­

f ormations . Then t he opera tor ensende r ing t he infinitesimal 

gauge t r anet'or -ma t Lone mus t itself be a quant ity of the f i r s t 

cl ass , t he ge ne r a l fo r m of which i s given i n t he fo l loWing 

way : 

m.. ~~4 ~ ~k s ) _ m/eJ, '"'Ie }p =~ II: '" i\ - o 0- =ek 1.Cfk' • (7 ) 
It C} 'fL c:ip£ (JpI, tJ 'JrL
 

k -1 " ...rn:, »« : i, ...,M k ·
 
m 

Hero 'It und PL U t'll coo r-dI n utea and momonta, C
k 

It;. ar e In-
Tn 

l'1 rd t 0 8i mu l n rb I tJ'Ul'y funotionll , und 1k. ~ aro first-class 
t 

con lltrnintu , 1I10r'OOVtlr fie ur o primlllj' oonn urua n ta , and i f 

fft k ;> 1.. , Il UOOI1lI U I'Y oonut r nf n t u , 'i'ht! M/t-J. io t tiu 1J18xJ ­

mum number- of uo c o ndu ry oon n t l' n l n tn all tllinn. l J'r olD UlO J'oq lll ­

reme nt of 8 ta t 10noJ'1 ty 01' 'fk
/. 

• 

Let uu now procu od in tho followi ng wfJy J iJUIlJg Lhu opuro­

tore (7) we CUll co nn tr-uo t i n1'1 11 1t llo JmnJ. t t' llllll f o J'lJl lltlOlllJ of 

co ordin a t oe and JOOllWIlI ,u I 

( 8 )8'q., (t)= ep Cf (t) , 8'p(t) = epp(t) 

and requ i re that und er ouch transformat ions t he act ion remains 

i nva r i an t : 

( 9 )S-S[~'f'U-~]=felt S-(pd/L - HT ) = o. 
hL 

The r e lation (9 ) gi ves the restrictions on the f unct i on s ek• 

I n v iew of this , infInite s imal tranofo n nati ons (0) wi ll 

cor r cs pond t o Buch changes of the coordinates and moment a , 

a t which t he phys ical state of t he ay a t em r emai ns unchanged . 

'l'tlO a s surep t i.on t ha tall COll Ot ro in to arc f i r ot- c l aoll con­

ut r a i n ta l ea ds t o the equat i Oll" ! 

. nn' , 
L l) f"t'-!..e k' - 1( PI;. , 'Pj = kj It' epk') 'J - ,. ", m: ) (10 ) 

{He' f~) = ~~f f/m»: i = i, .."Mk ; L- t,.. ,,~ . 
Let it 

110 1'0 t ho oooft'lo1 on 1,11 Jltjkl 1I1Il! gkj JIIt1.y lJf) l' UIl C t.1 o n u 01' Cf, 
lind f . l nnur t Lng ( Il ) Rrld ('n l n t o ( ~ ) WO I' Lnd t 

Er $ ';' JcL t [~/, ~\.PL - fit. S''J-L +1IcpLt ,/- ,) - G-lie 

( 11 ) 
C'-	 I 1 IC\- t] 

- -0 "'Ie ~ Ie - Ll-k 0 Tk
 
_rtitre"'Ie Q1 '"-If._ Gmit {i-I (1)fnk) _ CD t s-U t


JI Ie t» k , c ' Jk. J Ie " 

I mIl {c t m. ~'l d (. »« ~ f;k mk mlt~l 
· - l.LL Gk, Pit ' p~, .I+'J1. PLGk ~p! - ek f l:)j' 

.,,I 



l'
 

Up t o thi s step o ur c onsiderst ion was of s g en e r a l chara c t e r . 

Now we mak e one s ugges t i on, namely , we r equi re t hat t he Poisson 

br s c ke t of t he primsry c ons t r a i n t s wi t h ths fi r st - c l as s c ons t ­

r a i n t s be equal t o a linear combination o f ths pr i mary cons t ­

raints ·) 

i J1l,.1;!) _ .r. 1mk , i 1
{	 ( 12 ) C}'k. ,Pit-' - J kkf L ~i. 

The r e qu i reme n t 0"3=0 means that the Bum o f t he c oe f fi c ients 

of the prima ry a nd second a ry c ons t r ai n t s each tur n s into zero 

in s s tron ~ sense . Collectin g the c o ef f icien ts of s e c o ndary 

c on s t r a i n t s arid t akt ng i n to acco unt (1 2 ), f rom (11 ) we get 

• mk _ L i.ml; - 0 j ( 13 ) 
G~ Gk,I 1k/k - , mk > l 

r r om th i s oq ua t io n I i i n oo e o that because of the pr e s e n c e o f 
Lm~	 m

fjle'k .l n It , I II t1w I,e ne r a l c a se lilt, k i s a l s o a f unction 

<>1' Cf and p . 'l'h l) f;;:I Hi l on (1) g i v e s s u f f icient limi tationll 

«n i ho f unc t Lonn G IeI II 0 "d e r ihA t the o pe r a t ore ('f) e i ve 
k 

IIlICh C!llI l1" UII o r c ou rd l nn t.uu /11 IU momcn t a , a t wh i c h the phy n l c u I 

II iu to 01' illtl lIy n Lu tu III 11 0 l c hung ,"l . ~'o r ou c h value of thu 

l n d ux k I II ( 1UW() 0 11' " 11111 II mux l mu m VII I ' lIJ Mk = f7l,Q;X (rn/c.) 
nn d co n u l d u r Gk Ie. 11/1 1111 Ill 'il l ir'or 'y t'uuo t i o n or t I mn 051.(-/;). 
'l'he n a l l o t her 6:1c will <1' '1","<1 on 8':A(i ), '?- and p . 'J~ il ( 
f orm 0 1' t h t n d e puudu uc u III <1" i ll"m l/lll <1 iI,V t' o rmu l u (1 ). 

. ) We do not kn ow /In.v ox ruup l o wholl (1 ;.» I II no t rul ft.l ln d. 

Now we r ewrite f ormula ( 8 ) in a fo rm roore sui tab le f or 

o u r purpos e . Fo r t h is , we us e t h e i dentity 

(k) Ie rc (k) , (k)., elkI

oX (~=tJ.)JS-Jl(t'Ydi,O(t'-t)clt; 8':1. ·(i)=Jp:8'A(t). ( 14 ) 

Th e n, we f i nd t he	 f ollowing e x press ion fo r t he o pe r a t o r ep 
an d ( 14 ) wi th allowa nc e f or not a t i o n (10):from f o rmu l ae (7 ) 

4J =Etfltm1S-A,Ct?[~~k ', ) ca~k-m/r)O(t'-t )cL t cit', ( , ? ) 
k

We s ubst .i. t ut e this ope rator in t o f o rmul a e ( II) an d f ind i n ­

crement s o f coo r d i n a t e s and Illomen iu.: 

s-~/t)=f8'JtinQIeL(t:tll)~lf,clt'cli~lt) -fQkjS-jtltd:t!, ( H I ) 

8p}(t)~fS-~(t!)P,it'.t!')S-~(t'cLUt'~ (t)~JIi..Jif.rt.kcit'. 

'l' l ltl l' ()l low l n ~, n o t u t l o n I II l ll t r o <! llc fll t 11"" 11 

M-m +1C\9Tr 
mk (M )

Q"ii,t)- (-1) ~ It E:!.£. S ie-mit oCt -t'), 
CO PL 'i ("/l 

I? (t t " _(-J\M. /e- mk CC)?J!;-k ~ (MIt-m,,) C\·(t t ') 
kL , /) caa t 0 - . 

r L 

111'0 1.1I e. , ~u ll n r'lI ­flo lllIl.lly . il ll' o po ru t o rn QltL /1 1111 kL 
t n r'u o r I': /I ll /~" l r' llllltrOI'lIIl1tl ollll. Un i llv. t,I II""' , ~"'"l1 ' lI t O " l l U II I.h'
 

l U
 
II'IMI" o r llt ll r-u n u Lt,u 0 11 1. 11 1/11)(1 I II r e t' , 1'0 .' qlll ll ll " r o upll , 111 11
 

0 11 11 (111 mllll,V WIl,VII) " 'J O UII III., 'U Ot. rlll l t il " ,II II I',OJ l" llIIlt r LIJ'lIIltt lll lll l . 

7(, 
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Th e se t r ans f or ms t ions may f orma l ly be wr i t ten a s 
Ac c ord i ng t o Di r a c 1 , we have 

~jCt) = q. '1j (t) j p;(t) = ~ P.1 (t) , 
( 18)	 r;(t+8't) =g.(t)+8(t)ot =~ (t)+ {lJ' HE) 8't 

( 19 )

G-= e~p{J:A,/t')[ Qk/t;t') -g- ... h' 
= g(t)+({g,He}+~k {<j,,1'k} +PJ (~,lfJJ}) si: 

~+I1Jt;f') ~:(tll)]clt'it'7 
Let us take BOIDe o t h e r values for t he coefficients dCk 

Ac t us l l y . t hi s s o l v e a t h e prob lem of c onstruction of f i ­
and ]3j , e . g . oC 

, 
k an d ~j 

, 
. Thi s r esults in another value 

n ite ga uge t r ans fo rma t i ons st a gi ve n s i ng ul a r Lagrangian . J'i 

of 9-(t +81;). We de note t he di f fere nc e of these tw o val ue s 
Purther , knowi ng t he e x plici t f orm o f c oo r d i na t e trans ­

by Llg(t+8't) and wl' i te i n t he foll owing way: 
f o rma ti o ns (1 6 ,1 7) i n t he tangent bundle we can cons truct 

( 20 )No ether ide n t i t Le a i n HI! follo wing fo rm: !1~ (t+g-t)=S-tg~Ji"~k){ff'<Pk)+(Pj -pj)f9.' CPj)] . 
i=t,.,.,n; k=1, ...,m, J:~~(t? Qki(t: t)dt'=O; On the atho l' h and , Wf) C Ull c noouo tl defin i te t r uj ec t ory 

o f UlCl elynami o n l vur-Labl e	 so t on 1. t t,ywhere 9 (t +ot) u nd thll 

8"$ ~ ~ cL ~ ':l o por u t o r c;. f rom tho oxpr ouu i on (1 11 ) . Th1.n w1.11 me a n that 
- -~-

8"~L (t) = ~~t(t) cl t s ~i It)	 t ho dY/lllllli o vu rl o bl o go on f rolll one "1I 11 1 ~1l t o OW ) LIIOI' ( a r b i t ­

l·ury). :;utJtl'llc tJ. /lg tho v nr -t uu l u fJ C1'O/ll G-~ . 1'1 11 o u t n i n th 

Ku ug o vu rl u t Lou o f Lllu dyllllllli a v n r-Lu bI u 

. In I ml.n u t Lon of go uv,o t'r-u u dom 
( 21).6.9Ct +fJ't)- ~9-(t+s-t) - ~ (t+ 8' t ) . 

'1'0 n i mpI l t'y t 'u r tne i- Il1'ulIo rl Lut l o n, wu uh u Ll u t I ck t o thu 
t 

1'o 110wlll tf, no tut i o n (lin in 1'0 1'01111" (1, 2»1 Cjk - epk ' VII t.hu unn I u o r ( 20) 1I11l1 ( 2 1) Wit o h t u I n t h q u u tl o n 

ep;k -9?l; k -1,.",In.; In/t-£,.",Mk; j - i, ....n. 
oc #i. ("Mk - k) ; U1 - oCk ' LLr- .pj ,	 (~- 1)9- (t+ot)- 8t~k-.i:k)ra,epk) +cpj -j3j){g:,lfj)] . ( t' 

Le t UlJ c oun Ldu r thu t l my lIvUJ ll t j o ll o f tho II.Yllt"m 1I11111 ~ 

the go nera l l z e d 1111111 11 Lun Luu ( ~). Wo lIh ll.Ll t nk ll lUI o /' h l t /' Ill-Y Now 10 L un d 1llOU1I1I h ow ll ll l'! 0 1111 II 0 11 . ( 22 ) 111 LIIO 1'.'111" ­

dynami c v u r-Lu bLu !J uIHI lIUU how I t 11l uXP/'UIIIIIJlI u t u. mumullt. 1'11 1 e nn u • 'fli u II , WIl uh ulI , ~l v ll t.hu lJ ll l ' I ' II II I Il) lId l ll l~ IIX flIll PJ. 

t +lrt llUlIUlldnj ', L1l11 L 9Ct) 111111 II ,Iu l'l ll l t.tI VUll1 " . Nlll.lIl' lIl.1,V, Wll (1I111 lIIWlI,VII l ul' " tli ll 1 ·~ "" I1I ' IIJ I z nll Il 0 n J' , Il ll 11t.1l 

n ~.. U1IIOII Lhn un uu t r-nLn t u 4>./ fal lf) l l nuu r-Iy 1I11t1 
cr 

1111,1~k 

/I II 



functionally inde pend ent, we can alway s f ind a s ituation whe n 

~k, wi l l c o n t a i n at l east on e momentum variable, e. g.~p.t ' 
which does not enter i n t o fly . Then , t he t erm {~l' flJ} in 

( 22) reduces t o zero f o r the variable ~l . So we f i n d the 

f unc t i ona l in t e rdependence be t we en g a uge trans f o rmat io n para­

me t e r s enteri n g in t o formulse (1 8) and functions cIl-k-cIl-~ • 

Eq , ( 2 2) for t he c oo r d ina t e wh os e c onj uga t e mome n tum i s in rj}J 
will connect the paramete rs Jtk f rom (18) with functions 

I Ipj -.Pi ,tfi:,k-~k can also be included. Finally, we obtain 

tha t i n t he ge ne r a l case a rb r tra ry f i x a tion of the fac tors 

oCk, and Pi i n the gen e r a l i z ed llamil toni an may fail to cor­

re s po nd t o any ga uge . In 0 t he r words, when c hooa i n g ga ug e con-
m 

s tra i n ts a nd us i ng c q , ( b ) t'o r fi x a t ion of t h e ra c cor-u U1/~ , 
we mus t no t br e a k t he r ela t i on s be t ween t ho s e f a c t or!] 60 8st ab­

1 i s hed in e q , ( 2 2 ) . 'J'h j f1 .i (J t h e on l y case whe n c a ndi t i onn f o r 

XL U 1'0 the t;a uge c o n n t ra I n t o I'll, i c h , on one h an d , f ix the 

wuo Le ge uKe r r-c c dom und , o n ttHl o t h e r hand, do not l e ad ­

t OI ~a t he r wi th t l lO 1110 li o n oq uu tl o n - to ll',W cons t r-a Ln t e ( r u l u ­

t i ouu }, TllU8, we h uv e I'r"' J'I( I lIlU oufl' i c i on t c on d i t .ion wh l c h 

/111 01'111 I' un c t t o nu XL ol llJy i n /" cu nd t t l c n u ( 4 ) e nd ( ') 1.0 bu 

[ 'o gu l'd o d 0 11 1'; /1111 "0 I"IInc 1. 1' 1l 11i . 

4. Ex ampI uu 

'l'o unu k o I I u l I o l o u r, l o t 1111 c on n Id u r: Jll l l li l l 1I 111Ip l . , ll Xtll ll p lll ll . 

The fi rn t u xn rup l u III 1,1101 ll l ll ll ' / ~ Il Jl.l f11l u l uu tr-u dy uuml uu , 

The electrodynamics Lagrangian has t he form: 

ft=- t~~ F]£~; ~)l== ~A))- <a'll A)L . 
Th is theory has one primary tOnstraint If= 5'0 ~ 0 and 

one secondary cons traint 4>a~i~~Oof the 1st c l a s s . The ge ­

neralized Hamiltonian is defined by t he foll owing ex pressi on : 

.~ HE = He +Jd3x (~sr:O +p 9i sr i. ) , 
where He is the canonical Hami l t.on i an , 

Fo rmu La (7) i n t he field theory is ge ne r a li z e d in the 

etandard way 

sA. (X; t)~f cl'X .:"(i£.t)[:1:;, t) t;N;'i. t) 
0- f'"lt 0- ~ ( 2 ) 
- .J> ,,~ l , ~ Il ] A«(x;t) 

"' I n uer- t .Iug t.ho c o nn t r -a l n t u Pit!!! 1 n nd Pt2.. ':to' , W\l o b t u Ln 

tAo - e1
1 (x, t), ( ;>1\ ) 

s-AL= eel 6:(~, t). 
t . 2 ! 

I" r'olll ( I) W~ f l llll ct -et . I' lIt ' (J JIll)I. I ' i ~·, i ll '~ C b,Y nu n f' l l I t " II vst 
t'unc t l o u e(:£, t ) , I'l l) i'l l /fi lly o b t.u l n I,l l" wn l l.-k li o WlI t l ' Il I Il JI' O I' ­

11111 LI (JlII I 

8'A,. (fi,t,) - 9)1 e(fi, t ) . 

·f Nn w WA 0 0 11 11 tr-ue t. !.tHo' ()POI 1' 1.1 to I ' Q <1" I' I li u d \I,Y \.1114 ! " J l.u l. l (1 /1 (I 'l ) If 

Q.pCf,z) = ~J ~ (H- - 'l5) . 
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Th e n , we fi n d t h e o pe r a t or G: 

~=e';r,pf IcLlJd2:tl(~)S; t(ff--Z) A'"~ (,:<,~), 

a nd f i n i te g a uce tran s fo r ma t i o n s 

A; ex) = G- Ay(x) = A)l ex) + ~)L.It (x). 

Repl acing ff in ( 22) by A a nd t he n by AL • we f i n d t h e o 
fo llowing re la t ions : 

ra; Jt(X) s-t = [~'(X)-c,{(X)] g-t ,
 

<at 8 .Jt(x ) t i = elL [;'Cx)-FCx)] 8"t.
o
I<' inall y 

'do [p'(x)-FeX)] = q;,1 ex) -- tA- (x) . 

No w 1" l 1I11 COllll j tier t he mode l La g r-a n g i.a n pro po oe d i n
 

li e f . " , ' ~" :
 

';X= i fCjt - :1-T)x] 2 - V(X~) ) 

T = (~ 6), :E =( ~~) . 
II I.w,, - d l lll"I II ' 1" " 11 ) Vll c tO I' :xl IIIIII If """ t.hn 1',11 111 ", ,11 IZ ' Jd
 

coo l'cl l rlll l. lI l1 li ll l " ' , '!'ili ll 11 11 "Ill 1 ~llll O li O 1', · IUIIII·.V O() tl ll l. r' " l l1 1.p~% O
 

m a l Olill lI ,, " "l ld ll' ·.Y ""1Il1I.I '" I I1I,p T XI:10 . I t. I II lI ' O ' .y 1.0 I' l lI d 1.1 1"
 

o pu r-a Lot : or I'i l l i I , ' ,' ,l tlll ~U t.r 'UJlll I'1l1"J1 l1l 1. 1IJJlII 

(; l:2 exp{Jdt'dt./(Jt (t')[o(f-t')~~ (t!')~-i)(t!-t')~(f)~ 

- 8t~(t'-t fl) 8~(t, tI) ]) . 

I ' 

Us ing t his o pe r s t o r , we f i nd ga ug e t rans f o r ma t i o n s 

x/t)== X/t)cotJ:A(t)- x,ZCi)-JinJi(t), 

x;Ct)= ~lt)~JL(t) +Xz,Ct) ~.Jt(t),
 

~'(t) =Jf (t) + .It (t) .
 
Fo rmula (22) c o nnec t i n g the coeff ic ie nt s in t h e ge ne r a li ­

zed Hamilto n ian h as t he fo llowing fo r m in th i s mode l : 

it [';eJ. CQ1J A - x'z ~h. Jt] - Xi =- (f-~) x 2, , 

i =,£, I_,£, . 

'i'hea!! fo rm ul a e allow de t o rml n ut. Lon o f r o ln t i.o nn be t wne n 

t h o c oo f f icion i u or- Ilnd} • 

In conc ruu i on tho 1I 11 1;ho l' o expru uu th o Lr g r n t Lt ude t o 

A. N. 'l' lI vk helid z o t'o r- t ho nuppo ri lind une f' u I dIncu na i on u , WO 

ur o lno t hn n k f' u I t o V. V . No n t e r o u ko , (lli d N. H. ~ k u c hk ov 1"01' 

dinoll ll ulon li . 

Ap ilo nd i x II 

110 1' 0 WlI ounn 1.do r t ho co no t i-no t Io u 0 1' t hu I ntlnl t loimul 

~"ll\ lgll t r-nn n l 'o rmn t Lonn f or n p tno r 1J1 oo h ·od ynuml oM . 'l'h p l no r 

( I O I~ rG Cl n or I" r Qodo lll u r-n 111~IlI 11 nl u d I n tl d ll 1110 110 .1. nn d t h o nec onu 

c .i nnn nonu t r-a t nt» or. u l no lI r l ll l ll l~ Itf.i r u . 1' 6IIP '1U1i \ l ll ll h ll n tl i /. 

1'0 " 11 1 
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( A1)';(;= -t F;~F'\irOJ(~-ieA)1)r-mrr· 

are pl ay inf, t he ro le of the g e n e r a l i zedHere A}t'1 ''if 
co o r d i n a t e s . The gen e r a li z e d momen t a a re determi ne d in the 

fl t an da rd way : 

_ 'd ~ L' ~~ ,- ~':t
sr;}' -~A)L =flO)l ; ft ='dt =1-7(0°; fr =CCJt = O. ( 1\2 ) 

Pr om ( A2) we can fi n d t he sc t of t h e pr i mary c ons t r a i n t s 

1 , - 1. ( A3 ) 
CPt

t 
=5[0 Cf2 =P-r-l-fOo 13 =f f 

Ca nonic a l Hami l t on ian has t h e f orm 

1 t» tt: iJ :i L i C'\ A . A '1lfHc = '-1. .I'ijI' +! 5[ 9r +~t «c 0 +I-ep?/, 0 t ( M ) 

+i1oL(SL -LeAi)?jt +-r t ' 
Purt.ho r: wo n o t e , t.l1I11. i II till' pr-u n c u c u o f the u p t no r c!Ut, I'u e fl 

0 1' 1', ' o Q<\om WI! c u n lIlI ( ' t. ~ I O l' o l ll llOn b r-nc kc Lu I n t llo nll lllllll1 " of
 
13
 

11 . C: IH lfil 1>1I 0 1il 

l~ x c e p t tllo p /' !llIl1 r y c o n u t r-u l n t.n ( A3), t hu . 'u I II 0 111
 

u uc ondu rv c o nn 1.1' 11111 1. I II t llo t lll!ll l-y
 

( A' ,)Pt,,'..·.1 ~l 3t" t + ~f' 
r'or u o p u r-u t l o n 0 1' LII l! """ I1 LI' ,, 11I1. 1I ( A I) li n d ( A') Ln Lo t.1l" 1'1 1'111. 

IIlId u e c o ud C I Il I Il I c lI l " , L ,, " I I , I.II , Wl! IIIII II L Cll ll II L I 'I IlI L l t n u u i - Cll lll lJ l ­

n u t i o nu 1'1 ' 0 111 1.1 ,,,", , In 1'111 11 1 WII u l, t ,II lI , t.ll ll t 1.1Il! 1'1 "li t. 0 111 11 11 

" " I' ll L I'" I nL tl 111' 1) I' ll I l.Clw I ll " 

I·' 

i ( A6 ) Pi1 
=5'&0 ' 1; = catsr - ie(fyrr +rPf) , 

Ot h e r two will determine by the mu l t i pliers o f t h e Lagran g i a n 

i n t he total Hami l t on i an . Using ( 23) we find 

8'Ao=~: , tAi = ~l ef , S-7{= ie£~t, °r=-ieyrs:. 
1 • 2 

Ex press i on ( 13) give s e = e • At l a s t, we o b t a i n the well ­
1 1
 

known transformation rule:
 

oA". =~)' t: 8'f =ie&f ' or =-iee f , 

wh e r e by e we parame t rized e!. 
1 

Append ix. II 

He r e we ge n e r n l i z e d t h e we tha d of cons Ll'UC tion o f i n1'i ­

n 1t a u i mnl gu u ~;o tronu formo t I ona I'o r La g r ung I unn w l ttl h i gilOr 

du r-Lv u t I v c u , POl' lli mpl i o i t y wo r-ou t.rL o t ournc Lv on to th o cnou 

wnon tho Lu r-r a n Kinn 00110 I IItil on l y o f n uc und -io rd u r uo r Lvu t l v uu 

(x, X,£), ::e - ii(t) , ~ (Xi' ... , x,t1). (Ill ) 

On uo u I u u l v u r i n b Le n f or uu oh J, lI t , I 'lIl1i : l lI lIlI 111'11 du t u rml. n ud 

1111 t 'o .l.l. own I 

. 
( 112 ) 'fa - ::C L , X-t. ,
 

~ce _sf..
 PH .L-.PH - ~ £ L .ca ~ t d. 

1:1 



The Lagrall~i an ' ( n1 ) i s ca l led s i ngul a r if canoni cal va ­

r i a bl es s a t i s f y the r e1 a t i ons' 4 

( B3 ) k=i, ...,mepi(~l' ~1.'P1'??')=O , 
or , wh i ch .i a the s ame , rank If.lLij /I = ri - m: , whe r e the mat r i x 

:ilij is de t e r -nu nc d L>y 

~ ~ ot' 
( B4 ) 

Jt ij = ~Xi 'd£j 

'I' he canon i e a l Hami ltonian of the theory is cons t r -u c t ed by
 

the Us t r ol"r adS!<:,, ' ') me thad
 

( ll? ) He = P1 Xf P2 X- - ~ (x , X.' X) ~ 

wh t ch wi l L bu a fun c t i on onl y of canon ic al v m -La bLea , Po i s oon
 

t.r -ac k e t n a r e d e t e r mine d i ll t ile s t ondurd way :
 

( ill, ) [I, :/) = ¥- !9:_ U. ss: 
9i1t 'd f Lk CJPtk CC) Cf ih 

'J'11(11l ilw u qun t i un 0 1' mo t lon 1'0 1' dy numl cu L v n r I ubI uu wl Ll tu k 

II I'o r m cOIII P l e t.uI,V u i mi.Lu r 1. 0 (1) wi 1.11 1.11 0 c u no n I c uL llurn.lLt.on inn 

( Ii ) li nd p l'llllll l ',Y <:UI1 I1 1. 1'/1111 1. 11 ( ll J). 

/Ill hu l" )I" .' , II lf unnd ll l 'Y oo nn t J'lI i ll \.n III 'U o h t u l nud by t.hu 1>1 ­

I '/I C I Lu rn tl ou lIlu lhCi d . /1M I' Ml ' 1111 WU d u mn l lli 1.11 11 1. 011 co n n t.r -u t n t.n 

u ru o r 1.1 " , l'I o'II t. D O'UlI J' , 1.110 /' n[ IIU o lI lI (10) 11 0 1 d v u .ll d , 

'I'll o nc t. i o n 1''' 1' 1,II I\I 'UII " i llll ll wI t ll ue c um t d Ul' l v u l.lv OII i ll 

WI' \ t, t UII III Lilu 1'0 / '1111 

(I I'I ) 

S- f dJ [ fl i +flX - HT] 

lit 

Then fol l owing t he conside ra tiona ana l oeous t o sec tion 2 fo r 

G~ 
m'" coe f f ic ien t s enteri ng in t o the defin ition of the opera ­

tor (1) we a gain ob t ai n rela t ion (13).epee::'" ~:",) 
Thus, our method of the constr uct i on of ga uge tranaf or ma­

t ions can be applied to t he Lagrangians de pending on co ordina tea 

and velocities, as well as to t he Lagr angians with higher deri ­

va t i ves . 
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III 

POrHnJm3e C.A. HAp. E2·88·706 
<I>1l30BOe npOCTpaHCTBO B canr-ynapasix reopaax 

H3J1ataeTCR MeTOA nOCTpOeHIDl reaeparopoa KaJIH6pOBOtlHbiX 

npeo6p1l30BaHHH B !Jl1l30BOM npOCTpllHCTBe npa 3ll,lJ,llHHOM caary­

JlRpHOM narpaaseaaae. Ha OCHOBe 3THX reneparopos !JloPMHPYIOT' 

CR Heo6xo.ttHMhle H AOCTaTO'lHble YCJlOBHR HenpOTHBOpC'IHBOCTH 

KaJIH6pOBO'lHblX !JlYHKUHH. TIoJlY'leHHblC peaynsrarsr aHaJIH3Hpy­

IOTCR na KOHKpeTHblX rrpasrepax. • 

Pa60TlI BblOOJlHeHa B na60paTOpHH TCOpCTH'ICCKOH !JlH3HKH 

OHRI1. 

Ilpenpserr 061>elUUleKHOro HHcmTyn MepKblx HCCne/:lOBllHHit lly6HB 1988 

OoKllldzo ·S.A. et 01. ]':2-88-706 
Pha80 Spaco In SlnHUlar Thnorlea 

'rho method 10 formulated for constructing tho genorators of 
Gnugu t runsformntlons In the phuso space for II given slngulur Lug­
rangiun . 'l'h080 gonerutora aro used to Impose necessary and suff'l­
clent cond lt lona on gauge fu nctions. Tho resu lts lire unulysod for 
purttoulur examples, 

Tho lnveatlgntlon has boon performed a t tho Lnborutory of 
'l'heo ruticul Physlcs, ,lINn. 

rreprlnt of the JolnLIIUIUlut . for Nuolll. r lte... reh, (lubn. 108 


