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I . I n troduc t i on 

It h"l1 l ong bee n kn own that the degener acy of the bound 

/I t " l ..n in the nonrela ffvistic Coulomb pr oblem can be des

or l bed by a four-dimensional orthogonal s ymmetr y group . 

The 8ame approach was used by Schwinger (1 964) t o obt ain 

an expl i ci t construction for the Green function of t hi s 

pro bl em. 

Recently (1Ia tveev, Slepchenko and Vardiashvi l i . 1988 ) ;. 
an exact solution of a three-dimensional coulombi c \'Ji ck-

Cutkosky problem (Wick,1954. Cutkosky,1954) has been ob

tained which p08sesses the hidden O(*)-symmetry. Here we 

shall give the del~V8tion of the corresponding Gr een func

tion and cons~er its connect ion with the asympto t i c be

haviour of the scattering amplitude. 

2. The Green funct i on 

Lot us oonsider the el ast ic s C Bt terin~ of the two Scalars 

w1 th t ho a:nss m in the l a dder approxi~ ti on . The 

exohnng od particlen nr o aanuned s culn.r and mass le s s . The 

oorr os ponding Bo tho- Sul pe t or oqun t1 on tor t he Green f un c

tion 1 

~ \ ~ ~ ,11) ,1:) 
-

:jT& '- ( n _ n " ) l! 
\" II 

Co {) •(rn" - 1J)~Q - w)S~ .w .t) = -tP _
1
P I ) (1) 

We consider t he cuno at the t - chmulU l .: l/l ll t i o ! orwurd 

ace t t ez-Lng p...=(p ,E)=O 

f... 2 2)E i (p :t) _ _..L-- +~ \. Vp":t2 d" (2)_ I I 

~ -p J ' - lP-p'j'l. ~l: r: (p -P''Y P 

The corres p onding three-dimensi onal quas i potential equa 

tion (Logun ov, Tavkhelidze ,196 ) for the off -shel l s ca t 

tering amplitude can be y~t ten i n t he fo r m 

t""J • --..r r- • 

T(p.p') = -V<p.p'; E)- ~:ii~d9\ttP'9~E) F(c\)T(r~9)'() 
where 

F(9,E) =J~~ (EP.-9W~9)t· , 'vJ(q,) == {cf' HI'\ ~ 

and coulombi an quasip otential in t he zero-enerGY E=O case 

has the f orm (1lat veev , Slepchenko and Verdin:Jhvili , 1988 ) 

u .... -.. ....-t -i...... .. _ -l (4 )
V(~ JP' ;O) =)'T1 WCp)lp -p'\ 

ThUll 

(p! +m2i1. qA).P') == ._~ _- + ~~ JeT ~C9 .p, ) (5 )
J'IP-p'! 471 l lp -ci"1 

here 
<tJ(9 ,·p) =T(~ .r)(9!. ~'YI~ )-3h. . 

'fll l o uquu t Lou i o equi vul ont to th e f oll o\'l lnC diffor entia l 

qUlIti on: 

v;{Cp2 + mt)'t}~, 'p')} + A 'b(P.p')== _lIAb(P-P') . 
( G) 

'No tw o !l OW th e ux plLc I t I'o r-m o r t h u nX U C l n o l u tL on 

f or l he C O TTe :l p Ol\ l1J I\ I~ h Olll llg nl\ l)" ll:I uq u n t Lon ( un t vcev , 

.:llopch,)I\\{o . L1 HI V/l rl1 l !l:Jhv l l l , 1 ')nn ) 

('n'p =U(P) L. e tr') ' "tm=P.jr) ~ (O,(p) nem ' \r,m P, ,,, • 

U(P) = (r~ ~ ' ll'~5 'N. 

3 

\ 

, 



I I
 

I e ... ~ , -(~ till!)In rCn+e+i) O/m -+ p mt -p_~) . J. Asymptotic behaviour of the scattering amplitude
 

~e = r(n-e) Y2P P (
 ml!+p~	 Rewrite now the Green function (8) in the form of the"-If2 
off-shell scattering amplitudeThen, for the Green function 

G(P.p';",)= 'ho(P) A (.:.o!'.>'P )~) ~c.Jp ') 
* i 1 ~ \'\ S",n n'l':.. (9)C(p,P';J.)=L Znh.,(P) Z"~M(P')	 A

- alp) alp') 2'J1 2 ~I "+1-"l\~ ~i"'t' 

J ne", n COo(P);: Q(p)-3/f. :: (p7. +m2.)3/R •."em (2 KZ) (A - /\ ) 
Transition in (9) on the mass shell mus t be done ca re f ul -aft er applying the addi t ion theorem 
ly as the scattering amplitude is divergent there. This00 e. k 

~ L L Z (i,eIJ~') Z (~")el')~'I)= Z (~) divergence is of the infrared nature and is induced by 
n . • ntl'\ nlM 1'\00e=0 I'll .-" 

the distortion of incident and reflected waves in the 
1 sin n~Z (0)=	 long-range Coulomb potential of the Wick problem. 

no 0 JZ:sl t Sin~ 

In quantum electrodynamics, infrared divergen oes are 

CQ'£> ~::: ':"0 S¥>' c.csVf' T ~inS!'1 ".,/\~" co::.9 connected with the omisoion of soft vi r t uul photons ,~d 

a r e cancel l ed when the r oal photons and Dof t ones or o t ak

c.o",e -= t()SEl '.:.o~ell-+ s\ne'$l/\{i'c.os(~I_\f'I/) en into a ccount. This situuti on t nkoa pl a ce in any order 

of perturbati on ·t ha or y and in our cua o of oca l aI' phot ons 

we obt ain Ull wol l. Al L t hi o arlot o in t ho Bot ho- Golpe t ur form ula

00 n i tion of the Coul omb pr obl em ( Okub o unu P" l dmun , 1960 , 
G(P.P';i\) =U(P)l\~')L 2]' 2 ' A-A" ~ 

n.i ~\" Y (8) Nukuni ahi, 196I\u ). 'rhore Hr l) n omo dirt i cul t i oe i n t h ct l nut 

2(p-pl)2. c aae 0 0 t h e Bo the-G ul pe t or e qun H OIl donn not correBpond 
COS\S ':: i - , - ... - - .

to the c onven t ionul per turbat i on th c ory , 'l'hu a , 1'10 r:1U S t 

t oke in t o LC COWl t r enl n or t " plio t onn" n onpur-t.u r-bn t Lve Iy , 
Thus , Lnu t eud or tho ullunl ox punn.Lon i n tho l~gulO l' 

Le t ,12 c onaLd ur' t ho po un Lb Ll I ly o r t hu 1 01'1 llllGl'SY 
momcn tum, (JUl' Qr oon f unotion i xpumlod i n t hu prinoipa l 

cut of f 01' ": i r l uul phot onu• .Por t hi ll pur poue wo rn uu t dn 

quuntum nuuib ur' n • 'rhl tl r uct I~i v u p ou ~ i b i lity of 
rive th e c cnvonLc n t intoer ul rc pr Q~ lIn tn t I on , I\Y u ui ng I II 

Lnv uu Lign ting t hQ lJ out t Qr l ng lunpl i t UUIJ i n t h w O UlIll I111 X It. 
quu lion 

plUllO 11I III uny mp t c t Lc IrnhuvL nur- i n t he )-1Il0 Ill o n t ll lll t rn nc 
_ . ., f\ f'\ '1'\

f or urul t o I~. t 1n!lll' lIlntlon ubou t H ll el ~ Ci1 palau Ln t hu \'/i c 1'	 "" ~ ,~=(-)....l- \ ' ( Ll. -\.!J _ ~ _.:=- ') . ( 10 ) 
[ AT~ - '\ tI' ,'" 't' 8' 2 ( ~'l n 'lI L ' " J r , - ", "-\I " ,• III wipro bl llill.	 T 1" \ 

['I' I~ -;:'I
whor u	 \ ) ::: '-

"~ 
IIII t h i n : 1~ I : l ' "l~ ! 
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~l N -a - ,~ ~ i - x~ ~
 

we may write t he of f -~~s s -s he ll ampl itude 

i v _ Y 

i 1 lr~ '~ ~ J~ , (11)
A(y ;>..) =- - 'Z,j1 P.' O q>J Cllp') ' '8 ~ 1-21Jc. o~ '~ +~ I! 

o 

Expressi on (11 ) is ac t ua l l y the Me l lin t r ans forma ti on 
-1 

with t r ans f or m (1+at-2~ c. o ", "f)' or a s t he COS"\' has the 

f orm (8) we may wri t e 

i v -)I
 

, - H \' ~ + '2l J ~
 (12 )A('1' , ~) - lEl'Ji! J 0-~ )~q (p )G(r '> + ~t::t 
o 

t -:: lp_pl)'?. 

Let til) consider th e ampl ! tude (1 2 ) f or the l arge mo

men tu m t r un:1 f cr :1 e r t (when pi and. p'P. a r e 

f i xed ) . Chunging ~ ty .., <I wc muy i n thLu l i mit ex t end t.he
 
ur cu o f i n t egra tiun t. u lnf Jni t y i n ( 12)
 

00> ( ~ ) -J ('? - -J 1C>:>...L e tt +t,t) _( I- »'t r z -" dZ 
+ O(tv)

[1 t ~ OlP) olp' I +Jl - ;;t) j t 1lpl "'lp ' ) t z 
o 0 

urul i f we uu u t.I 1 '~ III L':I: I"' , 1 
0<> ....,

'Jl o - "'..JIOl,," d ~ _ • x" -.,\ 

- '"'- - -- - <")'JI l - - --- '::~ ~I - :x. - i \ - '" t _ o ? rr i~ !o\ n ~i r:~ 

WfJ IIhlli l IiIlVll 
' 'iT 1>,71

~ \ 1 ~ , . .)1'1 \ -JI :.II e ' I I _ "
AI(t ; ~) =lb ll l" " ; ' I\ j; id(;;t) . <J~ ) " ~I' I ) I I () ( l ) ' ( 1) )- Do. 

:;0 wu IiIL v ,: II I1 " wn t.I ll' t. nI L Ln Ll u l Ll on 1; " lll lU.; l " t1 w l l.h 

ih.! \,/'1l1l1,,1t lon li n 1. 110 , 111 '111: 1 uliu i l I:.-' y IHI u vo Ldc cl lJ,)' t. 1I , 

1 0 1'1 0 11l ' 1'1;:{ uu Lu I' f III t. h" In t. 1l 1 ~ 1 · 1l 1.., on .. _ ,) 
- >I d .' \ 7. tt.. 

) 1I11" "' \\, ' ) \ :1. ~ J~ ~ ' 0 (1') ':;1\" 1 o 

4. Regg e pole s of the Wi ck-Cutkosky problem 

In the framework of the nonrelat i vist i c po ten t i a l t heory 

Regge has establ i s hed the exa ct c onnect i on be~v e en the 

asymptotic behaviour of the scattering a mpl i t ude in the 

crossing channe l and t he s olu ti ons of t he bound state

J Schr odinger equat i on (Regge 1959, 1960 ). Further, i n (Na

kanis hi,1964 b ) i t t urned out t ha t the norma l so l utions of 

the Be t he-Salpeter equation a re c onne cted with t he Gr ee n 

func tion asymp totics in the crossing ch~nnc l . ~e sholl 

consi der the s tanda r d way of inve s tigatinG t he Regg e 

asy mpto ti cs of the s cat te r i ng a mpl i t ude usi ng the Sommer 

f eld- We.t s on t r unar orrna ti on. Instead of the t r odi t i onal 

expans i on of t he a mpl i t ude in the Lcr.;endre polyno mi ul s Vie 

shull ucre mor e a convenient for our purpocre expunoi on in 

t he 'rcbe by cr lle f! polynomi nlcr in pr i ncipnl quantum nu mber 

n 

Lo t \111 wr ite the ncn t t orIng umpLl t.udo JII t ho f or m 
t I rv

A Ct ,>.) = CI\p11'i,p' ) i 'Ji l? Al'r.. ,,>- ) , (14 ) 

r '" (X) 

ACt ,A) =L 1"1 5 (>') U,,(l:.05,\, } U,, (COs, lt') = __\\ n f'l ~L , 
fbi " . !. " " ~ 

'rh e a nn Ly t i. c c on t Lnu u t t on o f 'SJA) III t ho Il r OIL of 

c ompl ex n. n LLuwn IW t o w r Lt. '1 t I ll ! JlIII I' l l Lu du '" ' t. ho 

foLl.owi nr ; illt. "I: I'" l: 

ACl ~ ) = ...L \~ ~~ {61 ,\ ) u LIJF.\" · ''1' ) 1 . ( I ~ ) 
J ~~ L J ') If \ J\ t\ ) , " 

wh u r u t. l,,· c nn t.u u r C !'mulIIII t il " 1',11,)11 Itr lI lIJ f un ct i on 

••i ri 1'JI 1\ • 1"0 " 1:11 t.U n/: l ll .. IIl1 y mp t.n LL')II () f (1 ~ ', ) i ll t hu d1 

I" 



rec t (t) channel, as t ~ - 000 ,we must perf orm the 

analytic continuati on from cros s-chann e l \c.os'f\<:: 1 
on the area lc.os,,\> l>1 

AJJ sin1'J[n ~ e-:lil'll , u,,[c. o ~CTI-'¥)] .... J"-1'II't\ 

n~ '\ +-. 'l ,the inteers l exists i n the nonphysica l ar ea 

0< "¥.( 'JI • Now , t he integral on t he circle f or a bi g 

r adius t ends t o zero and th e in t egra l on the imaginary 

axis i s con ver Gent. ~e way cons ider an a l ogous ly the con 

vergence of exp ansion of the ampli tude , whi ch is con ti 

nued in t he phys ica l area ICOSfl >1 , taking i nto 

acc ount the rela t ion3 

...... i. 't ll. e-"" - ';: '1e e - eV = 5i"t- '.'l: , LlnCco s l~ -"I' )l v. e"t _ e-L 

The be haviour f or 't ..oe depends on and i s mi
~ 

nimal When • As Re~ =Jt>o there 11ill 

be no p z-ohLcm for convoz-gencc and we ohnll r eoi eve 

"\ = 0 

.. ,"
Afu,\: .i \' n t\n (0 'X' U lto (r. -..,.~+n· RQ!> ~) J':iT"';l\ [(.o ~Qr-'i')l,( 1 G) 

2 J~l n\; • 'J 'Jr n") • 'J " 2~ ~ in'Jlel l "', 
- i ll'> ' 

whon \cos "PI :>i • AD 
9 " " ·1

U ,,('z) ~ .. 2 ,z-_ 
i nt . grll l on l ho i m n l ~ inllry nxl ll un 't' _-00 

Rtl n >0 

Ln of 

:z.- I nn oI"dor of und ! l nul ly wn Cllt l hu Dot of 

pol , ,... , ,:r00l ;
 

A(t. , 'A) V" 16:ir ~ .(P) l\(p') (_t)d \ - l
 

(17) 

Col i : 
~~\(p) ::: lifpJ<"A i '2 

t or thu vuLu x . ' , 1 ~ . .... . .l. ll . Cur t li O Ol H! 1 1111 L: / 

of t h oJ"rlllupondi n /r, bound lJt n t olu l i onl) or t hu hOUioGc

no oua uquII ll ou . 

II 

The correct asympt ot i c s ta tes for t he l ong- r ange 

Coulo mb poten t ial a re the waves in t he form of the packet . 

Accordi~ to (Finkelstein and Levy ,1967) 
b 2r t 1 i. 1

lCllp)O(P ') O(~-O lf Ct-
j 

!'» (-)
Hb 

and 

~ in! Ji'o( ;;:: r (!- <>I.) r(l. -+ 0( i) 

we way f inally wri te the renormalized asymptotic of t he 

sca tterin~ awplitude as i: -  <>0 

ACt,A):= i. .i ')' ro >O( ,) e&1fC<;Ct)<>I, 0 ell .. ,) 
('f:iT)2 -t t r(l-ol ,) -+ t · (18) 

which has the s e t of daughter polen in the ~ pl ano 

e=<>I ,-l '~i - 2)" - . , • when d \ "= \'I Y\ 

1, 2, 3 , • ••• 
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C1>YIIKlJ,HH fpHHa E2-88-701
 
Tp e XMepHo H 3aAa4H BHKa 

~aH BbffiOA T04HOH $YHKlJ,HH fpHH a Tp e XM e p Ho H 3aga4H BH
tea - Ky-rx o cxor-o , 05naAalO~HH CKPbITOH 0 (4) CHMMe TpHeH, 3 
TaK JKC paC CMOTpeH3 CBH3h pemenna 33Aa4H H3 CBH3allHbIe CO
CTOflHHfl C aC HMnTOTH4 e CKHM nOBeAeHHeM C OO TBeTCTB YIO~eH 

3Mnn HT YA~ pacceHHHH. 

Pa50T3 BbInOnHeH3 B na50paTopHH Te Op e 'l'H4 e CKOH $H3HKH 

OH5IH. 

Flpenpanr 061oe,nHHeHHoro HHCTHTyTB R,nepHblx HCCJle,nOBaHHH . .uy6HB 1988 

Mll tve ev V.I\.. , Sl .epc henko l..1\.., vurd i n sbv Lt i M.D.
 
Gr een Function E2-88-701
 
n r :1 Thre e-Dimensional \,Ji ck Pro b l cm 

An so l .u o f lu- c e -x l c o u l.ombexac t. t i.ou :1 t i rnc u a i o n n l ic 
\.Ji c k - Cu t ko s ky prob l cm has b een ob t a in e d whi ch po s s e s 
ses t he hidd en O(4)-syllnnc try. lle r e we uhn l.] g i v e the 
d e riva t ion o f t he c or respo nd i n g Gr CL: n Fu nc t i.on lin d c on 
Hid er its c ounc c t i on wi.t h t ile nnymp t o ti. c hchnv i. ou r o f 
t.hc sc n t t er i nn nmp l.i.t ud c , 

The 'i.rrvc s t i gn t i.on lin n b een p c r f'or mcd u t t h« Lnhora 
t ory o f Th eor e t i.c n l Phy s i.c u , ./TNIL 

lt uoo l v ud Ily 1'll u 111l11 11lVo ll" i' Il r'LIII 'i Il L 

1I1i : JIJI' L l'I1I1HJ r' ~2 1 I ~J UH. 
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