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1. Introduction 

It is well known that the bound state proble m of two 

sca l a r particle s inte r a c t in8 via t he scal ar "pho t ons" is 

~ xac tly s olve d in t h e f r a mewor k of the Bet he -Sa l peter 

e qu ation in the ladde r approx i mati on. This pr oble m ha s 

exac t ly be en solved by· Wick [1]. and it turned out t ha t 

the solution ot the zero en ergy equa t i on pORs es s e s t he 

higher dynamical 0( 5 ) symme try. Cutkosky [1] c ons i de red 

the case ot non- zero ungul nr momentum (In!1 obt ai ned th 

complete set of solut i ons. 

On t ho othe r hlmd. t he compa r i s on of s pootra of t h 

quu s ipotontia l e qua ti on ot Logunov-Tllvkhol1dze [g] trl. tit 

the Bethe-Sulpoter on oho thu t t ho ti r o t 1(1 voo 1\ good 

deo cripti on ot ro l u H viutio of f eo t n . Atthu ollmo ti llie , i t 

d oe s not lJuf f or trom lJhortoollll ohllr llo t or i s t io ot t it 

Bet he- Snipo t or a quuti on : thl 0:1:10t one l of t ho "re I " t ! vA " 

t i me, the "bnon oe of pr obnbi 11 t y In'torpro t ll tion nnd lin on . 

lIon oe it 1" inh r eotin g t.o l ook f or u%no Ll y lJolvublo 

modols in " t hroo-d1ml n Il1 on"l qun n t um H ol d t.hoory lInd to 

study h1ghor oy mmo t ry proport.1o n 01 lJoI ut1 01Ul o or r oopon dine: 

to IllUIIJipo t oJl t 1nl oqunt.1o 

I n thin pn plr WI I nvllllt1gl.l t o tho uol. u t Lon n 01 u t hr oo

tll lDon o! on,,1 Wl ok- Cu t kook,y probl ODI lUIlI nut ul n Lh o CJJ[no t 110

Lut Lon of t hl n pr olll oDI t or t ho Coulomb IIIIIIU .\ po Lun Li /ll 1100 

11l1l: Lhll h I ddon 0 ( 4 )- lIy mlllll t.r·y . 
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satisfy the differential equation of the Gegenbauer poly
2.	 D,rnamical symmetry of the Wick pr oblem 

nomials and have the following eigenvalues ').=Cn+\0(n+\l+ i) , 
The Bethe-Salpeter e qua t ion for two equal mass scalar where k is a new quantum number which is set to zero for 

particles ex changing mass l e s s and scalar "photon" in the the right correspondence with nanrelativ1stic case. 

centre of mass system ( c . m. s . ) with zero total energy has 

3. Solution of the quasipotential equation for thethe form 
Wick problem 

(p2+m2.)'l. x (0] ::::~ (' Xl\<.) d"\z (1)I JI e J (p _\(y'. ' Let us wr~te the quasipotential equation for the bound 

state of two scalar particles in the c.m.s. {2] 
where P is a relative 4-momentum in the c.m.s. and 

Wick's rotation is performed.	 [I 2. JUf. - {\. ~ V .. '3LE _~(? 2 -+mt.) 1(P)=i~Z~"'t.J'flK) (f-k)dk.(4) 
After mapping a four-dimensional momentum space upon 

the surface of u five -dimensional sphere by a stereographic -. 
where p and k are three-dimensional r e lative momen t a 

projeotion, we derive the 0(5) invariant equation for a five-
and ¥(p) is the quasipotential wave f un ction of the bound 

dimensional IJphcr i c ~l hnr-monf.ca [3J 
-et a t e witb the f oll ow1.ng normaliza t i on co ndi t i on · : 

6< - A Sol.2. SH(OI.I) , e It <-oJ

H~ ) - i6'TI2 51n..l alE ~ Yep) F'~l YtP) d ~p = i . (5) 
(?) ,.... 

1='0 ill th o opor a tor of Lhu t r Gro on f unoti on of LhoH(OI.) = s e~" ~ )«(01).
 
quuui poton t i ul uqunt 1on .
 

Equa Li on ( 2) io i nVtlrillnt undor 1111 Lhe r otu tiona of 
Thoro 111 o onne c t Lon bo Lw II tho 'lUII D Lp o t on ti lll un d th 

5-11phore, A",=N(N+i) lw d t ho oolut i on may be prunent od 
Bct ho- 3 nlpo Lor "IIVO t unc t Lonu 

nS u Iive-dJ.lIlonoi onul lIphllriolll hnrmoni o
 

l l't\ Q"~ ('X) RI\ ·~ -l .- (6)
 'X~ :: (" -0 (:t) J'1..y\ (~) Gn-t-\ Jf "r (p) =. ~ cl Po 'X(p.po ) . 
nt :i n ~P.. '1 p~) 2.'" ( J) 

Lo t un UI' I' 1,y th'j rlllluJi pot oll t Lu I uqulL tLou (4) t o th 

IHck-C u Lk OIJ Ic,y p r o bl ulJI . 'rho ohoioo ot II nu I t lll.1Q quuu lpot err-where R2= (p~ l'mlJ' + J, p; , X=m"'- f1' . 
t 1.,d h i Lmpur -t nn t , 'rhc t UlI C ti onu ofth~J'Z) ••
 

:I.) n ~ n+ LIfo •
 
Q (Z) :-.: (\ - z C (z)	 Yl\~ ) 111 un .l l gontullo ti on lit t hu OnUll li rll:: OOIlIl LILII L 
0",	 k IH'obl ul!I ILL r boll IlJlor fJ;Y (41 

:1 
:l 



problem, and we sball show below that it describes Wick 
We may derive the quasipotential for the relativistic 

model in terms of quasipotential
interaction by the prescipti on given in (21. It is possible 

to rest or e pot ent i a l f r om quantum field theory by the cor 
(p2 +ml.)'i. 1flP") =.a,S'¥(~) d:lk , 

~ (8)r esponding Feynman diagrams. ~jf \p--"it \ 
Si nce the Wick model is a problem of searching for 

For the case of the zero angular momentum equati on 
the ~r o ener gy bound states, if tbe Coulomb inter action 

(8) i s equivalent to the following differential equation: 
exis t s , we consider the standard procedure allowing deri 


vation of the potential from quantum field theory. (9 )
~ t 2 (p(p~+m1)2¥(p)J +:A"Y(p)=0 
We should like to r emark that an important f eature of 

with the boundary conditions 
the Coulomb potential in the momentum ,space is ,t he dep endence 

p·Ycp) -0 . p-oof the decreasing power on the dimension of t he Space 

1 IN lCir p (p2+M~)"'f(p) - co\'\!>t p __ oo •2j\N/a
t=(J{WN-~ ~a ~e . 

W N= rlN/z) The ground state solution (nel) of the a-wave prob
."\ ,( - - 2. t.)'~ 

_ . _ N-l 10m T n:'(P) :: C ( p t m coincides wi til the c cr'z-e apondfng 

Tho Itt!rnel ot tho potentinl V(p-\r.)=lp-k I in a integrated so l ution of tho Be t ho- Sal pot or oqua t i on (J ). 

(N+i) - di mens i onal s puce is the Green function of the In t ho configura t i on npnc e it t£Lk eu the form 

Laplace operator '¥ (I") :: .ii[ (..t..) K (m 1')
-1 W+l "=1 3 m 116 NH (lu_uI W

- ) =: -eN .i)WN+l~ (U-U)u Owing t o tho wol l - m own t outur QII of t he modifiuu 

fi r s t kind I fun otion Kt(z) I t ill ol uti on hu u I t turnod out that tho qua 81po t ont1al f or ap inleoo, 
oor r oc t behuv Lour lit zur c 1\1111 chur nc t or-Lu t i o IIl1ymp t ot! OIJequal m partiol os, int er aot1ng through (l IIIOosaleao ooular 
for tllo hound Il t n tl "liv e r unc t i on , partiolo, ovnl ullt od t r am the oond or dor of p o r~ ur bll tlon 

I r w 11 l1 l1 i d. r t hu c nuu of 11011- ;':0 1' 0 L lIl l~uhl r momon tu m, theory in t h o fruffiowor lc of qUILlItum ol Qot r orl,ynnml o (5) 
wo deal with til Il lI lI ti 011has the follnwinp. f or m in tho zor o on o r~ 11m1t a 

'V; t(p · +mt.Y- ~( p )1 1. A. l~(P ) = O 
VCp-I() =Ji aJo rt\t. ' IH"-1{\ ( 7) 
E-O wh QI'Ii th o J ~ LJ , l lloo " p u I' ll t o ]" " ,' jI Lll ln /3 L1 11' Il n~ll),d · vII]"11l !> 1" " 

" It 1 t.'J. II.I f wo t ul,e 1 11t 0 IIOOOIUl t en, (4) lJ UO LJ lllflll IIllll l o g Oll 1I t o it" =VI' ' pa 0. '1' 

II throo- d i moll ll l oll ll i lIu t hu- 3 1111lu Lor UIIII Il Ll lIU oI' t hu \Vi ole 

" 
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Por tbe purpose of confirming the above-mentioned,I f we suppose t ha t a solution of the equation has 
let us introduce the stereographic coordinates of tbe

the f or m ~.Qt) = RneO» .~"M~ '~) ' we get the following 
surface of a unit 4-spberer ad i a l equati on : 

2. -r.m -p -1. !L. Ip2 4.. (p2 t ~~l R o(p)l+ r~_~~p2*m2)!JR (p)::o	 ~==~ ,fo=~~-+~:::. 1 
p ~ dp t: e1 p m J ~ 1'2 \"It	 m2+pll. ',,= m2.-t~s 

or (12 ) 
to

which a f te r subs t i t u t ion of tbe variables p=lI li=sinO!sinO ~in~ (PI =t~ ~ 
-1/" 2 - g ,f, 

M B 
R=U ~ +\'TI) 'i:'(U) takes the form 

~2.:: ~\nC( ~'\\'l9 c..o~~ fpl - Sll\.Q!....
-Imfl...,p" 2

fda ! d /\ l/~ - He + 1)] '" 
(10 )	 "\ ::: SiMI (.Q~QLd u a +u J U+ 'iu(i.I +m!) r. + '1 US 't'n~ltO=O	 ~ m = we;..!:!L 

Vm!+ ff~ z'.1,= coso. 
of di1 f eran ti a1 e qu utioI~ of adjoined spher i cal f unct~ns The connection betw~ntbe volume element in tbe 

p; (2)- [6] . new coordinates and in the four-dimensional Euc1ide6Q 

Thus , e i genfuncti ons and eigenvalues' of tbe equation space is given by 

( 8 )	 nr e d3k =(1: ~leCr.~)~ d"SG 
i -(t+~(m2_pi ) J ..~ :::d-= 5",,,101. SW,edolcl9d~Rne(p) ="P Cpll+ml )' P"-Ifa. mt +pt \" 

and equation (8) tokes the form(11 )
'), - J. .. _ i n =1,2. •... /\- ' n I	 

H(QI.) =AnC\-\(p.')d~.st:
t\ = YL. ~ '(13)/\", '32~J ~ln"'/a 

4. Dynnmicu l sy mme try of [\ thr oo- dimonn i oIllll Wi ck pr ob1om	 whore H(Ol) =c.o~S i "f(C() undo 

("0 ",;1( = c.O:!>a( (,O~ ""l + ~\n l)l, ~h'\'lI.t c. a ,, ~Th th li- :JlIl pot or c quut Lon fo r ~wo up In'Louu P,Ll'

t i c l eo in tho CUllQ of t ho zoro tOt ll l onor gy POOllUO C.O !.l( :or c.o..O c.oo.o'~, ~\n e ~\,,91 ~C~ -~) 

O ( ~ ) dynllm1 cul nYllullot ry . 'rh i n c i r oull1IJ t rU1co nl l oWIJ un til i ll condne of un ung1e be Lwoon t ho voo t or n 011 thll uurruo e 

f ind fI cODlpl u Lo 1I 11 L or llol u t l onn thllt lir a U lllul t l plo 0 ot 4- nphllr u. 

u ! 1vo- dl mc'nui onn l uphor LcnL hur monl oll. 'rh o Poc k II t or uo l~q \u, tl 011 ( 1 11l now wrl t t UII i n nn ouvl ouoly U(4) 

grnphi c prll j o o ti on 1110 Lho<1 [31 IIpp1 i o <1 with tho '1\1 1111 1po t un nYlIImll t r i o t or m. I f Wtt oxp l o1 t the l'unk-IIQoko thuor OIR [1], 
t Lu L a qun t :, on ( 0 ) r:i vQU l hu o ol u ti on (10). 

1
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.... l1.we may derive the eigenfunctions _ 2 !VI! - PR =..s- IplH~,e,i) =Pn~~)Y,m (e,~) 2\ ~51'1,I!. (yn'i ...pll)"1s Reo - :t5f (mS,. pl?)?11. 
(14 )i p -~+if8) :\? J<::>l)= ~ ~c;~ ~ I\ ~ i,2." •. R =_8_ \P~n" IIs\na. ,,- lIS 

32. iSl!f (mY.+ p2)91l? 
and eigenval ues .1 

,,-t =: 45i C e:tx. C l. (x) (i _ x'i.'\ltg and in general ( ~ =n-1 )
 
~ n... t JY1-~ ' n ~ )


- l 
2" \p\,,-l 

(A . 1)=t§ 'L.JL.  R","_I (fl) =.f5i(2n-i)\\ (m!+pp.)1H'3/s
 
Thus , the solution ot equation (8) takes the ·f or m
 

lHn+-t)2.-1. 

2 On the ot her hand; eigenfuncti ons ot t he Bethe- Sal pe ter 

lfl"~P )- (lYI2+ pi.)'il2 ~ l "' -1(2 ~9. ... t' 't~}P)(1 5 )
... _ t {ml+t O~+~) m_ pt) \ Te . 

equati on ~n d functions in t egrated over energy have the 

torm 

which is in compl ete accordancc with t he r esul t derived 
- -4 . ~ in the pr ev i ous s oc t i on . 'X lO(P) - -g i':i'"':'"'"~ I1. " ~ ~IO(P) = ~ em' :P l.)~/" 

The auth or s th unk . A. N. Tuvkhe11dz9 , R.N.FoUlJtov and 

A.A.Khol a shvil i t or uoo! ul diocUD oiono. 
j. 

It we t ake into aco ount thnt C 1(:l) = 2'1. wo r o-

Appendix , ceive f or the 2p , 20 , 3d-wovco 

Wo conoidor hor u t ho o onnuc t don ot tho gonorul ool u

t i on ot lonnl IUok problom w-ith t ho oorroupon c.l 
tb \PI ]l' \:PI 

i J18 no Lut Lon ot ~ hQ BQtho-S ru poter uquut Lon, X (p)::: is (m2 + p~) ~ "tv. l(P) =~ (m. ~ ~ l!)" 11.2 I .
 
Por tho 1 0 - Wll VO (n- 1 . e_0 , ,, - ) ) wo huv
 

mi _ pI. .. -..1 1'I _p

RIOCP) - 10 (pt .H't'IIt? P mll~p0 - ~ (mil.,plJ!l/: 
- ). - I~~ _ i 

:X-~O (p) = ~; (mt-+ l>K)~ 'It\ O(p)=lb'3f (tyll ' p l) 'l/2 Yll 

- 'oJ ~ -v ..I/e
 
AnulogOlltlly, uuLi I (c.o~ CI) ::._ (sino.) w
 I?' ,~ \·~i \ I', ,\ ' ,~ ) -_ .Ir _ 

~ rC·Hi) ir~ Y) j> l fl . ' - . II -~ ll 'l'lfvt or t ho 2p , ~ t1 , (\ -WILV ' I I/. 1\ (!.V1 I P 

II 'I 



and in general l"I=e+! 
_ \Pl,,-l 

)(",n_i(P)-N (......l1.._2\n+2 
(A.2) 

'115 -. Sf \p\ ,, -1 
1 n, n-1. lP}::: I'H.1 (A. J)

~2-\-p2)n~'3/E 

The comparison of expressions (A.1) and (A.J) 

completes the search for connection between them. 

References 

1.	 Wick G.l954, Phyo. Rcv.,96.1124;
 

Cu tk onky R.l954. Phy::J.Hcv.,96, 11 J 5.
 

a.	 Logunov A. A .u nd Tuvkhelidz e A, N. 1963, Nuov o Cl mcn t o, 

29, J80 .
 

). E'ock V. l ,) J~ , Z.l'hy::J . , ')0 , 145 ,
 

4.	 Aernwll 111 V. K, l101in!ull t o J . G, und Run n l ng c r- G. Il .
 

1966 ,Nu ov n C .t m~m t o , 4 4 A , '/4 0;
 

Cu t konky Il. llnd I.Qn n M. 1')64 , l'hyu . llov ., 1 J~ 1l , 1 4 '1 ~ .
 

5.	 Ng uy on Vlln lll ou lin d Puua t ov Il.N. 1 964 , Nuc l. l'hy .. . ,
 

, J J'/ ,
 

6 .	 Gr udahtcyn L :j . llt lll IlY '~ h l k LlJ, l ') 6 S , TlIlJ.lUII or 

In t Q (l r ,ll fJ . ;Jor l tl ll 1111, 1 I' r o u u c t u ( NG/ vl Yo rk i ACIl . l c lII l lJ ) ' 

'I. Pu n k 1', 19 1r. , r_~ , til . An n . I 7'1 , I]GI 

Hacke	 I'; . I') l U, 1.1/1 t il . Ann . , 7U , J'HI , 

ll " o ,Jl Vl" \ IJy I 'uh l.Luh l.n jj lJe plI r l lllllnl 

u n : 1 ,~ p t llm l> 'l r 20 , 19UU. 

IU 

MaT n e e s B. A. , CJJl' n tle HKO l1. A., Bapnuam nun u M.n . 

nlill ilMIi'! P CK'-'l1 CIl MMC' T Pll l1 E2- 88 -6 9 5 
r p c xxep u o n 3a lJ,3 ' lH BJ1K 3 - Ky -r-xo cxo r-o 

Ilp enn a r a e r c n H CCJleAOBamw p enre nu n 1'p e XMe p Ho H s auau a 

Buxa - KYT Ko CKo r o H nonyueuo r-ouuo c p eme nue 31' 01% 3aAa'I H 

AJ1H KYJlOII ODCKo r o KBa 3H 11 01'CIIlUlaJl a , o on an a iome e CKPblTOI% 

O ( 4 ) - CHMMCTp HeH . P a CCM01'p eH a CDR3b 06me r o pemeHHR 1'p ex 

MepllOH 3aAatl ll BHKa II COO1'u e 1'C1'BYlOIlle r' o peme HII H yp a nnenaa 

BeTe - COJlI1H1' e pa . 

Pa60 1'a BhlllOJll lC Ha B Jla c opa -ropun 1'COp e1'H'l e CKOH $H3HKH 

OJ.UlI1 • 

IlllenpHHT 0 6"benHHCHHo r o HHCTltTyn RACPllb l I Hccn en OBllHHit lly6Ha 1988 

Ma t v c c v V.A . , Slc pc hc nk o L. A. , Vnn l i n nhv l l i M.n .
 
Dy n a mi c al Synnnc l TY 10: 2- 88- 695
 
o f	 a Thr c p-lli lllC'n n i o nn l Wlck - CU\kORky Pr ob l em 

Th e so l u l i on R o f 11 l hrc c -di mc n nion ll l Wic k - Cut k o s k y 
p r ohl e m n r e i nvc s t i gn t.cd nnd t hc c xnc t no l u t i o n o f ltd 
pr obl e m f or t.he Cou l omh qua a i po tcu t i nl pOlllJ c s lling till' 
h id d e n o (lI ) - RynnnC' l r y i n ob rn i.nc d , Tlw c o n ne c t i on of till: 
g c ne r a l a o l u ri o n o f t h r e l' - d il11l' I1 Af ll Iln l Wi ck p r ob l um w!.th 
t.lu- c orn ' n Jl n ll d! I1 I~ no l u t.i ou of rill' Ilp thc - 5nl pc ta r c qu n-: 
t i ou ! /I c on n l de r c d , 

'l'h r- l uve n t.i gn t.Lo n h n n hp l/lI pr -rfo rm url li t: the 1.nbor nto r y 
or 'I'hl 'on l l (' n I I'lIyn l c n • .I1 NR, 

t" "llrI"1 "r Ih" ,'" lut lll. lIl II I" (m Nur h,. r Il....reh . Dubn. 198/\ . 

http:nolut.iou

