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1. In troduc tion 

I 
I Generalization of (nonrelativistic) q~antum mechanics of a par

ticle to the ge ne r a l Riemannian space-time V;\ with the metric t en

aor /)-</' (x) seems to be in teres t ing from differen t po in ts of view. 

Firstly, this theory is of applied i n t e r e s t for invest i gations of 

quantum effects due to an external gravitational field and noniner

tJ.ali ty of motion, particularly, in sstrophysics or grav1 tational 

wave experiments. Methodical aspect of the problem 1s of interest too 

becauae formulation of quantum mechan ics on 0 wider ge ome t r i c a l bas i s 

can contribute to a dee pe r i ns i gh t t o the theory and to findin g out 

ita connection s with thtloriou of a h i gh e r l e vo l. However, such a 

ga ne r a l i z a t i on could hardly be done i nunodi u tel y on the nonr olat iv i a

tic level. It S8emB moru r e l i a ble to ox t r a c t tho non r o l a t iv ist l c 

content of a Ge n e r a l r o l a t i v iu t i o (j . 0. ge ne r a l l y c ov a r ian t and bnu ud 

on ~.3 ) a truc ture wh i ch Illuy c ond f t i onu lly bo cu ll od tho go nora l 

relat ivistic quant um mucuun i cn (OHQM). 'rho ncn r-e Ju t Iv Ln t i c quan t um 

mechan Lc n (NHQM) with r u Lut t v Lu t i c co rr- oc t I nn u will uu ob tu l n ud here 

I1U an ony mp t o t i c o o r t hu GHI,JM f or U lIlnull pur-umo t o t - p r-o portLon uI t o 

·otC , u.l';. thu t n vu r-ne c omp t on rr'oq lIU IlO,Yt,.r '! = £ / £ "'C/', C [111(\ 

rrt: UUI IW, Lhu ve l oo l ty 0 1' l l ght und thu IllIUIII o r I.hll pru - t t c Lu , r UIl

pu o t i vo l y , In i ' u c t , th u unymp t o t Lcu t u x punu l nnu wi ll IIl'oVU t o bu po 

WOl'lI o r t h ll I'u t i on 01' th o lJ l1 l1 l'f~ l (J u 0 1' u l uw mo t I on u l n t hu uyll l;om t o 

t.ho r-o n t IlIlQI'I'.Y o f t ho IllIl't i o ! ll. Of OOIlI'IIU , 0 1111 IIllIy u pe uk u uo u t thll 

u l ownuuu o f' mo t i on on ly Imp ly l llg II 1' I'II 11l ll 0 1' ru I' u r-unc u (10'11) wh i oh III 

n uc c un a r l Jy n ou tn e r-t l u l 111 th u 1',' lIl1luwo/ '11 u l' IlClrlfll' n l Huln t.l v l t y , III" 

:Juc . ? :; 0, t ho t o r m "uon re l u t l v l u t l c " I II lIUlI" IllJl'U III th lJ lJUllllU or 

IIl oWlWIIO 0 1' mo t Lonu I II /lll n p pr-o pr-f n t u I~H . 

1'l1n 1110 11 1. lmpo r LU ll t 11' " ' 0 I' tl w NIII..IM t h un 00 / 11 1 t ru u t o,l III Hy t u / '11 ou L 

l<' bu 111 quun t um t1l11 o l'y 0 1' Lil" I'l u l <l (I' 111 l{ I ( wi til t'u rth n r- " o pp_ 

.l l c n t Lon '' 1.0 p u r t l o l e o r-u u t l on P l ' U Illl III1<11I I n t li ll 1I /II' l,y 1I11 I v'Jl'ufI) ' th 

OIlU- pUI' t I 0 I II WU VIJ t'uno I. I nil II 01' Lhll NH I,J M po I II t U II I. t.Il1J I-'n o ll l'Il/.l I'Un" n 

t ot l on o I' th u c uno n l cu l c onnuu t u t o r I"l l u t l o lll' 01' llUIIII I.u lIl 1'111 111 , tlll l1l til 

d l uo uu u l o n o r l.h l u p l'olil.lIl111 ll/ 1/ , liP ' 1/14 -1 /1'( . :10 LiI'J 1l0 LI Oli o r /I 

pUI't l o.! " wl.J .I <I 11111Wd on t ho cuo t ce 0 1' 1 wh l uil OOI' !'llll ),o ll<l u 1. 0 til111,
 

po In t o r VI.IW wl ll', l y nd o p t ud 1I 0 W I :', '.J / .
 

J
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The problem of ge ne r a l cons t r uc t i on of the NR(.,!M i n T{, has r e

c e i ved li ttle a t t en tio n . The most comple t e r e s ul ts and r eferences may 

be f ound i n t he bo ok by A.C .Go rba tzev i ch/ 4/ whe r e the ~"RQM in ~ 1 
J 

f or np ln 1/2 par t ic l e i s fo rmu l at e d 8S a mod i fica t i on of the standard 

sch~m e o f quan tum mechsn ics wi th 8 p riori Hilber t s tructure of the 

nL u te njl llc e . Ne ve rthel ess , i t has proved n ec e s s a r y to appe a r t o the 

~e ne r a l re l a t i vi s t i c Virac equation for obtain i ng a Hami l ton i an . 

~x c e p t f o r thi s po i n t, o ne mi ght call Gorba t z evich 's a p pr oach a n i ndu c 

t i v ,- o nc wh i Le ours i s c omple t e l y deduc ti ve in th i s sens e , Compari 

110 11 o f r e su l t s o f the s e t wo approaches is of i nd epe nde nt i n te r es t . 

MUI~ ov c r , c onsiderati on o f the boson i c c as e is impo r ta n t f o r the men

t I one d a ppl ica tio ns t o quantum proc e s s e s i n the e a r ly Un i ve r se . 

It seems to be r eas o n a b l e t o fo llow t h e phy m c a I l ev el o f r igou r 

i n the pa pe r whi ch i f] aime d at workinE; ou t en approach t o t he pro blem 

of c ona t r uc t ion of tn e NIl(.,! M in V ; so it is s ugge ate d that the f unc 

t ions under cons i de r a t i on h av e t h(; pr ope r t i es wh ich are ne c e s sary f o r 
ei ther assert i on. 

2 . Tr ansi tio ll	 t o t ho 1I0nrulativisti c a s ymptot icD 

As the o r i g l n u l e !HjM WIJ sha l l c onsider the f orma l utructu r e
 
c on s i sti ng o f
 

1 ) t h l! Kl o in-(;o l' do ll- I"o c k l!g ua t i on f o r the c omplex n c ular fi el d 

I II ~. :3 wI t h	 u mo t.rL c I,., noor (I 'I' (O.') , :l' <: 1i .1 and i n un 
ex t o r n uI el o Ct l'Olllll l.:IICt.l c f i eld J L(:Xj* ) 

( ;',1 )9"'fl V/ iJf\ ((i,	 (y t·f' =0 , ,J. ) j !:', K', = 0, J, z, l 

~ be 1 n l ~ l.Iw co vu r-t 1111 t, uo rL v n t l VI! , 
---' ," '-) 

.< ,v -= 1l,; - i:CJt 'd • ~':'-..I l ' -.t ~ 

2 ) t h u i n 'Jo l'l ll J t o 11I 1 1no ll l' 1' (0) 1'111 

'":I ,/)( ~ If. }. :; L ) rJ()·' (. . ) (I!t ~: ~ ~•• 7j 'f ) ( ;> , ') ) 
x.. ,I " ). 

:i

.. ) We ou ght t o c c ri u Ld u r- t.Ill OOIl I' O I' lIIu l -l n V ll l ' l lI n t ( 1'0" t'" . q ll ll t ion 

( r •~o(~ ~ 'i;), If ~ ' ( +h'-l If =o,j 

where R. is t he II Cll J,II ' c u i-vu t u r-e , 'l' hl ll wnu l d Ill ' Ill Jpoo l llJ l y II JlJlI 'O
pri ate bec ause e q . ( t' .J ) wuu o rl g t nn Ll y I II 1. l'OdUClt111 I n II ph,yLl) u lI l 0011
t e x t i n j:Ilpe r / ':JI 1'0" /'Oll ll lln ll / ' 0 I o V il li 1. t o I;h o "" II/11m 1. I' UI'<H ' , 

where ' f is t he comple x conjug a t e of 'f' and the i ntegra tion 

i s ta ken ove r a space-lik e hype rsurface Z:: !.T ~ w'.s [ r. .... / ~cc..,i/; 
if 't'j and '1'2, are s olutions of e q , ( 2. 1 ), then (« . '11. ~_ does 

no t d e pend on [ 
z, 

3 ) o pe r a tor s of observsbl e s, gene ra l l y noncons erv ing; they , or 

40	 more strictly their matrix e lemen t s i n the sense of the "scalar 

pr oduc t" ( 2. 2),will be introduced from t h e pr inc ipl es o f ge ne 

ral cov a r i a nce , hermiticity snd co rre s po nde n ce t o the part iculs r 

cas es wh e ~e expr ess i ons for them are known 8 S d iffere n t ia l o pe
r 

rators; t h i s problem will be d i scussed i n 8 so pa r a t e pa per. 

In t h e Min kows ki s ps ce ~ t ime , trans it i on to t h e nonrelat i v i st ic 

asymptot ics procee ds f rom extraction of the " f a s t" ph ase from t he 

re l at ivisti c ws v e fun~ tion : 

If= C O~Jt · ex p (.iw, 'C) + (;~, ) . 

Th e condit i on 1'<> (Cl 'l.J ,+,,)/ oLk< '-"c po Ln t a out. t he c Laaa of ~' R i n wni.c h 

t.ho motion of tile quantum system des cribed by thu wave f unc t i on 

lu nonre lativi ot ic, 

In the Gene ra l Relat ivity any 1J"1·t[C IJJIU· c oo r-dLna t e u are SCOl OI' 

fu nc tions of t he geners l c oordlnste o. Mo r n accur ato ly, four ro a l oca

lor f unc ti on o wI t h t he n o ri z e r-o .Jnco bLun ,1"'lx), eI, t /I '(.,~ .foL)// I () , 
locally de te r min e a holon oml e lly n t.urn 0 f c o or-d In n t uu , 'l'h u r -e f o r o , in 

tho ge ne r a l c o ord i nat e a 7:W~, X e: 1,ij, \ , e x t ruc t Ion o f t ho " Tun t " 
ph nu e wi l l be do ne in the p;un ul' u l c o v u r-Jnn t 1'0 1' 111 

~ r ~ VJ~ e - i ¥ , ( (X) J.. ('l' ) '	 ( ;'.1\) .	 ; ~ 
5 (,>: ) uu l n g 0	 r u n l l ' u n c tf on t o bu d u l'l ll tlu . If 0 11') c on uL du r n " 'I ' ( ;~,1) 

II U lin uquu t l on wIth tll u ruun ll PllI 'lI l11tl t IJl , ( J,' ;... f ) " o l' ti ll) h 111,h lll' do r Iv u

t l vun , thoII nu bu t.Lt u t l ou o f U'l . (;> . I\ ) l uuu u t o tll u qu uu l o I unul c unymp 

t o tl c ')I) t. l l11l1 1.1 0 11 0 1' 1.11 0 WIIV " t'uno t Lun 1111 11. ""'. 0. Ilowuv u r, t h lll wou ld 

1I0 t bo II IIlIy ll l c ll lly III1 [J1d uuy mp t o t i o u 1'0 / ' " - .. . ..., b ll C II UII U tll u l'u UPPUUI' 

udd l t LonuI 1I0WIlI'II o I' C: ' 11 1'1.'11' 1.11" t "11 11 11 1 Ll OIl to t llu 1'1/11 1 , 1..1.. 

muc i-o u c o p l c ul l y lII "II I1I1/ ' 1I1I1u, c o o r d I n u t e 0 1' tl lllll t , 110 1' 1. 11 111 I ' ll 1111 0 11 , 

th " 1. "111111 1 t IO il to ti lt: lilly 111 11 t o tl a ll 1'0 I' C· 1. u t (,) " ;( 1. 11 1' 011 / ',11 Il q ,

" (; ' . 4 ) douu no t I IlIIU t,o IIl1y lllJl t Otl O nx punu l nnu l'o r- 1,11"1 WII V " r uno t l on 

bu t p r-ov l uuu IIlIy lll " to tl o uqu n t l c uu 1'0 1' I t t hllll I lllltl lll /r, I." /I n"W t huo, 'y. 

'l'I: I II t.h"o I'.Y t II vn Ll d IJIIII " l' t.1l11 uo nu t 1. 1"11 I) I' 111111111 /111[111 o I' "h'"1l1 V'"' t /1 

t.l ll lI lI o l'ep ('l:.) wll. ll /' ''"I'OOt t .. (r-t./t).)('J, I. " 

rd. s' ' ?>~ (l ~1 'I'I ,/~ ~~ rd~ ,'\'';) 0( \ \ ' I, 
. lu un Ll Lu t t .. 1I u l' ( ; l ,~ ) 111 1. \) " '1, (;' , 1 ) 1" 111 111 to t.II" " ' I II II Ll ll lI 

:1:l 
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(~<AsirtS-J)ep "' 2 ~ ~ &" ,5' ~~O< +fO$)cP-~t~= 0 ,(2.5) ';1(= )-( ~ t9.. (..i.~ \7y: il +-1.. \2 '[ -< V ~ /~_~ :J.) ( 2. 1) 
o ;. .... t! 2 :L i! 'f 11 J , 

-== 4'':i!> - ';\ 
j O - 0 V~ ' p . -I· = - 1<.. \Z .75'" -= - t. /\ I	 ( 2 • 14 )

Now if the func t i o n 5 (:Ji!) is t h e c omple t e i n tegr a l t he eq u a t ion	 
~ 

I o - ,;I.... o-: ,M., /~ 
, 
S 

'tl.s ' i~ t he ge~e ralised La p l a c ean (wi t h t h e g auge cova rian t deri v a t i ( 2. b) ~o
~,( ..... S' C:I~S =- .J.A ve a () ....:::CJo< - t t-).o(. ) on t he hy pe rs urf'ac e ,S (2K) = C'l<'.jf- and t he poi n t 

be t ween di f f ere nt i al o pe r a t o r s denote s their op erator product , e . g . 
whi ch is evidently t h e Hami l t on - Jaco bi e qua tion f or a fre e particle 

i n 1{." then the ve ctor fie l d ~... := c-:)c< will be the tan- Note sls o tha t,S'	 
rl ~ <D~ l' =:;: \? (D{'>1) 

ge n tial
J 

fiel d t o t h e geo de s i c c o ngr u e nce o r t h ogon a l to the hypersur
<,

fac es ~ . =tX EO 'iJ.l IS C"")"' CoJH ~ f f. This cong ruenc e or equi valently. the	 ~ '- 1..-r-o.! a 1/ ~ f1 i 17 -< rr , / '- ,-J .:t. 1 R ~./-rjJ 
.J('T;" ) .=:: - ][ L v" Vi' L - z: v.,. 7 \.j'( Z = o - .i vil~ '-- c, l 

v e c tor f ie l d .<; < is an example of wha t we shall call the frame of 
::2 Rr e fe renc e (PR), fo l low i n g e .g . / 6/, n ame l y this i s a normal Gaus s i a n cJ and oI. p. being the shear of c on g r ue nce a nd t he Ricci tens o r 

FR. ~'rom the phy s i c al po in t or view it may be c on c e i v ed as a fl ow correspondingly , »ee /6/~ 
of free fe lling bodi es each or wh i c h mi ght be the c l a s s i c a l part of Comb i n a t i on in the ope r a t o r :9 o f t he term e:r /.2 wlth t he 
the "quantum o bj e c t t measurin g device" s y s tem. d e rivati ve T"P: alon g t h e c on gruenc e s e e ma s till ra ther arbi tra r'y 

Now we introduc e t b e fi eld of 4-velo c i ties 1:' '" '= c: s'" , but th La f s 8 very i mpo rt an t poi.nt and it wi ll be jus t ified hy r et:l
'7: -r"':=. C i.. and t h e tensor fi e l d acno of Sec . 4. Shortly , the qu anti i y ~ . c-<- ch nracterioe s t ho VI1

0( 

r La t i on of t he s pa c e v ol ume alon g t h e vector t' J e Ld -t: : • uue P. . /';. 

j .< - .l .. P.,()

"I!, .=: C. 'T "Lp - 6 

\' l 
f'> / 6/, e nd it is t o be t ak en i nt o a c c oun t for tho righ t def ini t ion of
 

the wav e f unct i on of t h e on e -part iclo sta t e, 
which is t he pro j e ct ion o nto t he i n f i n i t es i ma l 3- are s o r thoc on a l 

Now we ps s s from t he exact olju ll ti on ( 2.11) t o IIpprox imo t e lJ'IUII
t o '1:.... Th en. tho o pu I' U tOT' of t he covarian t deri va t ive may be ru pre 

t i o nn tha t c a n be o b t a i ne d by th o t t ur-u t i on nc ho mn uu ud i n / 7/ f o r
 
ee n t ed no
 

t ho t r unu i t i on t o t he Sc hrodi llgu I'- I'llu l j IIljUIIL Ia ll f r om t ho lJiruc c quu 

t i on wIth trw ex te rnal e Le c t r omngn u t Lc f iuld (wlt ho ut g r uv 1tu t i on ).\l. -= " .P..-r- jllj " 1) 'J). ::; j /~v. ' ( ~ , • 1\ )
ul ... c.....v( I), ...... .... /1..-.,1. I! 'l'h u uppr-ox Imu t u e qu a tion o r thu ze ro Lh o rdu r 

( ,!. 1' ) )Fo r t ho l ~ lJ o '1 u ll i c n l CO l li : uO IlC l! wo n vidunt ly ha ve ,_tJTp = /I~ 
- ,.In - 0	 ( :?• ~.)) III unud I' OI' uu hn t.Lt u t Lon of .:J I II t11l~ rlgh t-h und u l du o r e.t q . (2 . 1 1 ) .

'I.... v.. · l"/~ = 
'I'ho l'ullu l t I11l': uq u u t i on o f th e ftrnt a p p r-nx Imu t t on I n u n nd III tll o 1111111 

!lnu conllulj ulIll t l y WilY 1'01' o b t u Jn Ing t he uecon u uppr-oxIm ut l on , o t c , r'o l' th g N-th ullpr o 

x 1 11111t I on O llt l hn
 
, " .( n t .\ ( ? .1 0)
 
c- Vol " ~( =0 .
 t 'T11 ~ II ,,;	 (: ' . H, ) 

r'r om uqu , (;~ . ~ ) , ( ;'. (,) hy v l r-t u o r ( ;>, '( )- (;'.1 0) oIll.! o nt.u Inu th"
 

1'o llowi n p; c q u u t t O Il 1'0 1' ...
 ( <! , 1'( )1-/",. LV ·I ~J. ..... , 
( '!. 11 ),: i: :.1c:j' \1/<{'	 h ·O 

(: ' . 111)wh e r e	 L ..... II. ) h. .1 = t 6(:)- i. . I?: II) - t t J 1.'
i .,j,T ,: ,[../1/,• . t- \J rc 1 

( :.? II' ) _ ,. t 
.J 

I,. - . , ( ;'.1 !);" L ~r:, I, .. - , ' J... .. j , "l' -?"I, f 1" l
" 

,I 
I".
.



The i mpo r tant pr o pe r t y of ~ i N 

a l ong ' r ~ ( i, e. derivative in 

( 2.1 0 ), ( 2.1 2 ) on e ha s 

r;~ .~ J '~ 
LT , ~D'A cp = - (9.. I:,l 1) J.'. + ~ ~ YPZ ,;. +-1 ])... 'iJ", 1: P) ep . 

,~ 

where ~p.= V... :Ap - (7,1..h'"" • Consequen tly , t he c ommu t a t or o f J 
with an operator wh i c h i nc l udes on ly 7>"" ' r , e . the de riv a tiv e s 

a long the hypersur face S ( s pa c e de riva tives) g i v es a ga i n a n o pe r ator 

i nclud i ng o n l y these d e r ivatives. This asser t i on is i nvalid in the 

c as e of t h e n on g e ode s i c vector field .~ ~ because in e a c h i teration 

there may a ppear the de riva tives in the d irection of r"'" in the 

r i Rht - hand s ide of eq . ( 2 . 16 ) . However t h i s i s not a seriou s o b s t a c l e 

because time de riva t i v e s may aga in be ex c l ude d by means of e q , ( 2. 16 ) 

o f the prece ding o r de r o f a ppr ox i ma t ion . 

Let cPtv' be a suff i ciently s moo th so lu tion of eq , ( 2. 16 ). Then 

evi de n t l y 

(,AT JI)cp/v z: O(0-~ ·N j). 
( 2 . 2 1 ) 

'I'h i a relation doe s not mean s t ri c tly t.h s t c?N' prov i des on a symp

t otic cstimat ion o f B no l u t i on o f eq . ( ;! . 11 ) . Howev e r , tho phy o ical 

lc vc l of r i l'.olJr al l oVia onc t o ke ep off th i n q ue st i on /ln d t o conlll duI' 

e q ua t i on ( 2.1 6) un d the nuy up t o t i.c s t r uc t u r e ban cd on 1 t a s on i nde

pe nd e n t t hu o ry , ruu ue l y , the quant um rae chan i c s with r u Lu t i v Ln t Lc c o r -« 

r e ctl onu up t o tllo o r-d o r N. 

lrouo tu by <'P t ne n pne e o f a ll appr-o pr-i a t e I' unc t l onu tf1 wJ 1.h 

U "u l o w" ph n uo lind lly ~l~ ')1 t ne spac e o f ouch u o l.u t Lon u of "q .(:! . 1f,J 

l llnl g~ c:. p . 1,IIIIlIII' d l I' I' o r-cn t t a I o pe r u t oru on ci? c nn hu d l v l uo d 

I n t o t wo c Lnun uu , 'l' lu: rI ru t c l uun cone i n t u o I ' t h u o pe r-u Lo r-n ( 1IIc ll1 l1 

i ll l: th o 0 1'0 l' lI tO I' o r 101111 t t p Ll o utJ o n by 8 uc nl a r - runc t Io n ) lhut co n t n ! n 

11 0 do rl vn t t vo In lhu III ,·... c t lOI1 o t' '7: .... and tnun net n ! oll g t llll IIy plJr 

n u 1'1'uc e ,c..,' • .10 II 111 I l li oll ~ . - 0 pe ru t o 1'0 a n d d ur io t o th em Ily til l;! 1111 li n 1 

ltnli e l u t t.o ru .. , ,:. II , It. . 'Ph u ue c o nu c I unu c ou t n l nu l llU upn ru t .oru 
rI .. 

wi th du rl vu t. Lv e u I II 1.111' d l r-uu t Lo n o I' T " , T h o ll o o \IlJ I'n lo r ll will 1m 

c u l l o u t. - OlJo r ll l." r·1I IIlId WII ,I IIlIlIl. " 1.11 0111 by I.IIlJ our-n l v » \ •• LLIJI"II , 'l ., : . 

'T ' .I( . ~\ 

J . '1 '11l ' II CII II'" III ' lId l ll~ l , IIl1d Il lIl ·III I I.l ul l.y ,, 1' 1.11 " 11 11 111 1 I t.out un 

Cunol der IIOW, 1111 111111 1" ' 0/1 p l u n u u rl n L I.I Il! lIul ', I'lII 11l/: ,, 1' :) 1)0 . , ' ,
 

the Lnd e tLn l tr - h i l l n o n : I"" 'IU ( ;, . ;. ) 1111,1 ,, 1I1.1I 1 11 1111 IIlIy luptO ti c 1I 01l 1 ~1I '
 

i s t h a t i t includes n o d e rivat i ve 

t ime). I n fact , due to e qs . (2 . 7) , 

. (2 • 20 ) 

pr o du c t induced by it in ':E...... Oh oo a i ng S -r [:» E. ~ J:I /.s (oc) = (oJ".! f 
as ~ and s ubstituting express ion (2. 4 ) i nto ( 2 . 2) , one ge t s the 

followi ng bilinear fo rm : 

D . 1) ',).., f 1 {-:- ,....f." ~ - )1 u:1'+'1/ <Pi, s =. !Jolo(~ ) q,1."+'l.. ..... LW~ lcPJ. Jep'i. - T¢.1 <Px- J= 

(lfj ) l.f,t )5 ' 
where d()(x) -= c. .:l -Co< dcr'" (JJ is t he elementary inva r i ant 3 

v o l ume of ~. Th e f orm ( 3.1 ) is evidently positive de f i n ite un der 

the c ondi tion 

( ~ I j. . -9 )clo(1- ~(Ul!1 rlepl <,w oo j d( i-;rf)/ ~ (J . 2) 
~. 0 

Und er our s up p os i ti ons on 

If A, A, E cP 
~ J I '"'t".£ ._ .),../ 

J I J - (. 
1<:PI .epi, \,s ':- Is-'4:>1 11 

P~ 
the space the o ond i ti on i s valid . 

, on e can wr :ite r nn t e a d of eq . D . 1 ) 

H'" H) Of .,-./.J) D . ) 
t' i- --:,:c l CP:<. (u c 

We denote by 2 '" t he He rmit i a n con j ug a ti on o r t lto .<; - o pe r'uto r 

wi.th r uope c t t o t h e s tand a r d ocaloI' pr od uct 

C'3 .4)(~ , 'fe-) -== f c:1 « '+'. If. 
1 :i..,', 

1. . n . , 

( ~1 ,'l f 'I',. t> (ZIf, I t(~ ) . 
I. ) 

I II 0 th or' wo r du, tit ... t, -o llfn 'l) t o I ' Z' 10 til CUV II1 ' \ u n t ly l r'Il/II1 pn uo d 

Hli rl c ompl »x c o n ] I l f~ /Il l!l.l .~ - 0 1m , 'II t o ,. 

1"II I' t l llJ ", W fj t u t.r-oduc u t hu l' uuc LLo nn -r -= V - 1 ¢> 
V 1", 1 /li'. ' "1 [, - 0 1''' 1'11 to r' d ll l'ln llti h.y 1.11 .. llq llll l.i" " 

f (J . 1, ) V", (1 ./ IIL :~ ~v ) 
I LII 1'0 1'1111 01 pu rt l c u l u : 1I,, 111I. l lI" III 

11 ,~ ,I If,, ) l /:J. (J . '/ ) ·v (11, 
t ... ( ' J 

II. \ 11 dl lt<II"lIl n ''' \ u l' Lu 1,IIIJ .l u t"L 'liult ll'lI Jllltl,," h II uu l tU l'Y . ... - t"I J)'.I

" II t o r-, 

7h 



If CPJ.I 1;bp"" then it 'f o l l ows from eq.O.)) that 

( f. 'f) -' C ( - ~- 1 ) D. 7 ) ~~J '~;lJS J. , s. -r we , 

Thus , a symp t ot i cally t he basic bilinear fo r m ( 2. 2) i nduces t hrough 

( 3. 3) ge n e r a l i z a ti on (3.4) of the atandard scalar pr od uct t o t he c as e 

o t ' curve d s pa c e - l i ke hypers ur f ac e f or 'f's if the l a t te r satis fy 

t he eq ua t i on 
1\ 

~ t crt z: ~/II! f , 0. 8 ) 
whe re 

(J. 9)- j . I ~ f/ ~ V l'liw ,V- [i t~~J)J 
f ollowing f r om e q . ( 2 . 1G) . We cu l l it the S chr~ di n8 er equat i on with 

re l a tivis t ic co r r e c t ions lip t o the N-th order. 

We wi ll pro ve no w t h a t the ope r ato r I~~. wh i c h wi ll be called 

the Hamil tonian , i n aay rnp t o t i c a Ll.y Herm i t i a n in t he s pecc "1",.,. or t he 

solu tions o f eq.( ). tl ), i .e . , 

c: = i .1/ 1(1 _J( f)w) :::: 0(uJ .AI- 1 ) () .10 )
UtV' - ~ I j ) \1 ,v' 1/ f.2 c 

for 't ,f,i. ~ ~l.f. )J . '1' 0 p r-ov o t h is we snb a t i t u t u uq , (J . 9 ) i n to nq , 

D.1 0 ) lin d uu e Lh" h u r'ml t i c H y of 'V and t he r e l a t i on 

(J . l 1)

[d~ ~( ZJ" == -[tLT Z'],
 
whi c h 1u vu I i d 1'01 ' un ,Y n c u Ln r S-Op0 1'u t 01' Z bu t Lu n o t 110 o v l dun t 

IJS i t: m1,~1i t nu uru n \. 1\ I'J 1'lI l II l gh L. 'j'he rnaL t el' i n Lilli L rr I II 

o po r-u t.o r , uo L J ' - ilj ll:l " I Lo r' , un d Lh o ru t'o ru , tlw U"nnll:l illl c on j llg u Lion 

wi t h 1' l! lI p Ocl, t.o LI ,,· ucn l n r p r-od uc i. ( ).4) III 1I0L d ul ' {nud f o r' i l.. /III 

a r a oul L, wo hn v u 

F(']~ v -~J} 4,:b:
IV 

:: 
I I ,:t I rr- j '-1' II '- M,v '" ~ L ) rl, 

fI .t I II ( ' J. '1~ . 
Using s q . (2 . 1(, ) we o b t.u l n 

/.(T I!) bN = j 'c!<l..:i: (1·/ f· (i. t':Cl)(-h rio' If , t ,(.L f: !.4. 
,c,' ..../-"j ;,/ ..... " . , ( . J I~ -(, , j ( ~. 'tj 1IV :z, ~ 

, S' .t
 
IlI HI hun c u , In v l ow " I' O 'l . ( : ~. ~?l ) ,
 

II 

Co,v ~ 1(k;cf>,(dr~UZ J"r O(.,-"_J)-*- ---
'do' ('Jf -t (ctft <- O{ , .,v-d L ¢J .iii-. Co .. It c Jj+'l <.. 

j' 

Further, as s consequence of eq.(2.13) 

'0 N = )sJ~i (J-ra of- ~:) -f D(W toI
-
J })4;7.c 

- ~ d~ (H 0 + 5c;)T C(UJ~ ;/- 1 ijCPJ cfJ-
S 

Hence. in view of ob vious hermi tici ty of Ho , we co me t o (J. 10 ) , 
1\ 

i.e., asymptot ical h ermi t i c ity of !-IN 
A In conclus i on of the section, we demonotrate the express i on for 

~IL' i .e . , fo r the Hami ltonia n with r e l a t i v i st i c corrections of 

thp. necend orde r 

t\ .1.. ( ' ;2, i 2. i.' ) 
H~:;;;. HD - ~c z Ho - :E o;C) . / (J.l t') 

+ ~:~£r(2; HD ~ +[df- l Ho )[d:-f; H·~IJ .. f'~/o <+6;;) fl..)} 

'l'hn cOlTlmuta t o r[ZL~tI.] i o oa lc ul a t e d on tho ba n j o of eq. 

( 2. 20) and reads 

-= a,!> (V~1f·1l. ] _i7 V"'r4'])o(_ .~ '( 4'~xJ. 15~LLl-'f HoJ 
j.., Ol.. Vt ""f.'> " c.~' 

-+ _ }(nl"9:, - :I:. ~ V;.,~ 'La')
v H" Jf 01. . t •Jt

t_

,c-
Ono c l llllrl y o a e o from u(j . ( J . 12 ) th o L wo I II f uct huvo un nuy mp t o t f c u 

1n tllu rat i oo of k f n u t l e ll/l ll r v,i llo of' mo t.t on u .in tho lIy nt lllll un de r 

c ono 1derat.ion t o tho r ou t IllOUU or Lh ,~ uc n.ln r- Il!Il't l c l o wh i ch Iu d 01' 1

lind liy tho f j o l d If 

4. Orn uro r'vu t l o n o f' Lilo 110 1'111 o f' Lllll WII V c. runc vr on 

A 

'('ho hOl'III .iL1c .iLy or 1-(1/ .lllllL Ilu l.n ld .lnh d IH'OVLdu n O O Il/I U I ' VII L I 0 11
 

0 " tlll l 1101'10 o f' t ill' WIIV O I'uno t Lo u 41 fio '.~~ /o/ I II L1 11J d1 ,'<loL1ulI 01' 'l.~ '"
 

II 



(of course, asymptot i cally u p t o O{W;:"'"Lj). To show this we intro

du c e a normal system of coord i na te s i n \{J wh i ch i s assoc iated 

wi th t h e g i ve n FR, i . e , , we t ak e fo r ~c the canonical parameter 

c- t on the time-like ge od e s i c in t h e d irection o f 1-do. , e a c h 

ge ode s ic beLng in tur n nume r s t ed by thr e e n umbe r s "1 i , L,d,k -:: 1,2., 3 • 
Th e 1 's f o rm curvilinear c oordinat es on e a ch hypersurface ~ 
The me tric form of v:! " has the fo l l owi ng f orm i n t h e s e coordina

tes {Z, r t. I ' 
:J. J j2 ( 4 .1)d:; :l z: C t { [., W'i (t ,1) d r"clr.J". 

Consi de r now 

I-- ..; II' .t. If 1, ._ . t: j f"do' X c.f 
Lh {.{~ II '(" II = /.. dt;; i . 

drf := eI , J clr :l. cI(~ yw(t,f)Ta k ing i nto acco unt t hat 

u.J -= ch i /t tlJ) 1 on e obta i ns 

J ~ J' r 1. . ) {3 - 'dCf' ~ v l.f- ft- - 'f .+- <f' L-t dt url/ -= l. ~ cI\J..J") G w +'f 'Of; COt · 

Re member no w t hot 

01.. 1. 2... f. r.- "['I. ) _ 1. ---0 /:5 (4 . 2 ) 

(> t'V... '[ ::: R v .i.~ "' \ V' d . - {;:; ·

'l'llc r ufo ru , ~ 
i- t ;k 11'f I/;J. :: l:JJ c' IT F L~ -f ~ ? <f ' /I. 

e A ( ( " , d 

j'cJIJ' "F( /!'v '.' //!-) 'I' o(LVc.-N"·f) 
t : ( .. . , L 

(/ . 1': . 1) . 

'1'Ill) cc n u o r-v n t l o u u l' 1I1tl 110 1'111 o i ' tl lO WOV U 1'1I11 c lI oII nn d tho p r I u 

c l p lo o f' CO l' l'o n p Ollll lJlIClJ IIll l 'VI: fi ll U hu u I u t' o r t lill u Lnnd u r d 1101'11 I n

t Ul 'pr otn i l oll o f' t ~' ( I/ I.. / Irr'(~' ) lll l the p r o bn b l L.I i y f'OI' fl. lIll.\n¥, t ill , 
"(

pur t t c I u I n ilw 'J I 'JlIIUlI !. 0 1' v o l umc t I (} ;;I' ) o f' t.h ll ll,Y P UI' Ul ll' t' U C:'~ 
o j 

I 

III t h l u c o n n o o t l o n I ' l l. lUI I' lI t lll'n t o thll qu c n t l on o f c.Iu l' J ll l l1 l-\ 

t - O p OI 'll t Ol' .r I II "'I" . ( 2.11), (: ~ . 1 iJ) , 0 . 11 ) n u u n 1l11111 0V,llU o r 

tlm« d Ul' ! v ll t,lvo I II t.il y 111 111 11 1 :lo l ll'; ;u l ll V, IJI' .11 11111 1.1 0 11. (I f' oo u r'u u , 11. dn uu 

11 01. rua t.t c r tr -om t il" mll til tllllHt l o ll l pu l n]. o t' v l tlw WIl Il I' O w ill t.il o 1. 101, "11 

/.- 1;, v.- 'c'i:J- lI ,) nu t IIl1d willi!. w i l. l bioi c nL l nd I,ilu lllln" 1 t rlll J 1111 

1-1 or J.('" - ~ ~ v~ L 1;l . Howuvu r, III ti ll! t u t t o l ' 0 11 11 0 tilo Ilnrn l l t o n l u n 
101 

wi I L btl nOIl-l! ul 'llIl t.o uu , I\ cllo l'dl l "~ t.o tl lO II 1. II II UII I' ll p h,Ylll o ll l l ll t U I'!l I' tt 

10 

tation, t hia i s an indication of instabil ity of the one -particle 

s t s t e . This i ns t a b i li t y , however, would be c o nne c t ed not with the pro

b a b i l i t y o f a re a l decay o f the part i cl e b ut with t h e va r i a t i on of 

the pro bability o f f indi n g the parti cle i n a sma ll spac e r e gio n be 

cause of t h e d e pen de nc e of the me tric o n time. 

It is worth no ti ng t hat one migh t work f r om t h e v e r y be g inn ing 

in the c oo rdinat e s 1: , r a nd o btain ve ry f amil ia r f o r mul a e : 

it of", - H f 
" t - "",N" uJ, ~ I.
 

U/ i/o( ,v ' .1 / f( . ~
 
whe re 7 = W 7 l-i /' -= W '( , r...J

"'" .- 'lwN N ) 

a nd 
I .

\<. t: 9. ) =-= Jd f j I If 2 j ff ' ~J t~ (Yi, 12.) ' 
t-:;:'l-' ~ I t 

Howe v e r , the a ppr o a c h pr e s ented here h a s t h e v ir t ue of g e n e r a l c ov a 

r i a n c e wh i c h i s im po r t an t in itself , ol o r l l' i e s the rol e of PR 's and 

io necessary f or su ppo s e d construct i on of t he NRQM fo r non geo desi c 

framss o f r e f ere nc e . Inde e d , the cho i ce of the Hamilton-Jacobi e qua 

t ion f or Sir:>:') i n the form of e q , ( 2 . (, ) ne e mn to be na tura l i ll our 

problem, but not be nece s s a ry . We mi gh t conu Lde r the Hamiltonian dy

namics of re f e rence bo d ie s interacting wi t h Dome external field~ snd 

c ompe ns a t e the c hange i n the Hami l ton-u ncc ut eq ua t Lo n by inclusion 

of the c orrespondi ng t erms i n t o t he uqua t Ion fo r $ (",,) . Part t cuLer-Iy , 

t ho o l e c t r oma gn e t i c fiel d d1.t ('0<: ) wh .i ch pu r t.Lc Lpu tcu al r eady in 

qua t Lon (2. 5 ) mi ght be this exte rnal !.'101d . '1'1Ii o would mean that tIll: 

( o ll1ssical) r eference bodies ar.e ch nr ge d lind into ract with the field 

110 well as the quan t um parti c l e d oe u , in I ~o nc rlll, fo r oo c h concro t c 

pro b1om the r e will be the moa t a du q u u t e 1"ll. With r oope ctto wh l.c n 

t ho Quantum s yst em will be" IU oo tly n on r oJ.u tl v i o tl c " f o r t he " l o ngo n t 

t 1mo interval". 

l.eaving detai l s of thODO <j llo u t l o no 1'01' U up e c i nl .I l1vl!oti gat i oll 

WI) no t e n evertheless t h o pr inc i pn l I duu t hu t f o r ox t i -nc t t o n or II non 

r-e Le t Lv i.a t i c component o f quun t um dy nu ml. cn or lJ pu rt l c .lc , It Iu 1I1)(lu

r e n t ly nec essar y that thu ~'H WOI'O duI'Ln ud dy nu mI o u Ll y 1111 /I 1I11111 11 Lo II I IIII 

oyste m bu t not k i n ema tica lly . 

App endix 
'" 

To prove e q . ( J . 11 ) we cono ldor n 11 1 I'flll' l'ln t.Lul t, - o pOl'lI t OI' 

III f (f) UDi n g the c oordinates h:; f ' j t nt r od uc s d III tl II O . 1\ : 
A Y\.-- • • 

=!l., ('f", f) + :; ;z L
j

. • ""(-c, f ) .'-)", l , ' . . , w~< =1 

II 



According to (J.5) and (J.4), we obtain as a resul t of i n tegra tions 

by parts that 
....	 h-

(A.1 )Z t -; :t + .i- > d ~, (vw 7Z.J-- ' LiC) 
o VW;:;,1. Ll' " l i<. • 

Evidently, it will be s ufficient t o cons ide r the operator J 
Us i n g (2.1 2) and (4. 2) we have 

( A. 2 )--r i] := 0 Z 
/I 

.,...£/7) ~ J; . '7 -Z" .d' IW)L	 , 'O r. .2 '-<J t: z: '" T' I 
and c o naeque n tly	 , 

[rT 2 1 ~h Z)t_ i [~ 7 -1 ] (A. ]) 
'J 'L, -' ("b'C :2 ) j 

Ac co r din g t o ( A.1 ) 

('0 -Z )' ~_ '-) :1
0 

1 
-

-

+ -- >
h.. 

J '(). (t/W d 'i <~ lj . ~ "c) '(:' - raT {(;;	 - L l . " '- '<. ?'C
k-= 1
 

Diff e r en tia tion o f (A.1 )	 by t ' showe t ha t 

f-: i J: ~2 - IZ+ ' ) ~ ;:;J (A .4 )l	 C)'C ) 'J 'C t, 'ZI 'l 
, ~ - ; I
 

Sub n ti tut ing i n t o uq , ( A. 2 ) the ope r ato r I uu t.e ud o r L und '
 

GOIllPOl' i ll 1> t ho r e s u l t w.i t ll ( 11. 3 ) we ub t a in i n v i ow of ( A. 4 ) t nn t,
 

[~ :2 r z: [7: z fj 
<.1 . 1'; . n. 
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TarHpoB 3.A. E2-88-6]8
KBaHToBaR MexaHHKa B pHMaHoBoM npoCTpaHcTBe-BpeMeHH,
 
06~eKoaapHaHTHoe ypaBHeHHe WpeAHHrepa C penRTHaHcTcKHMH
 
nonpaBKaMH
 

HCCneAYeTCR aCHMnTOTHKa no c-~ !c - CKOPOCTb CBeTal TeopHH KOMnneKCHoro 
CKanRpHoro nonR B o~e M pHMaHOBOM npOCTpaHCTBe-apeMeHH, a3aHMOAeHcTBy~ero 

C aHeWHHM 3neKTpoMarHHTH~M noneM. B cao60AHonaAa~eH !HOPManbHoH raYCCOBOH! 
CHCTeIo4e oTC4eTa nony4eH o6uleKoBapHaH'TH~11 aHanor ypaBHeHHR WpeAHHrepa AnR 
CKanRpHoH 4acTH4~ ao aHp.W HH X rpaBHTa4HoHHWX H aneKTpOMarHHTHOM nonRX c pe
nRTHBHCTCKHMH nonpaBKaMH npoH3BonbHoro nopRAKa. nOKa3aHo. 4TO Y4eT reOMeTpH
4eCKora H3MeHeHHA BO BpeM eHH aneMeHTa npocTpaHcTBeHHoro 06'beMa npHBOAHT 
K raMHnbToHHaHy . KOT O P~H !acHMnTOTH4eCKH! apMHTOB OTHOCHTenbHO cTaHAapTHoro 
CKanRpHoro npOH 3BeAeHHA, 4TO cnY*HT OCHOBaHHeM AnA 60pHOBCKoro HCTonKOBaHHR 
COOTBeTCTBY~~H X a onHOB~ X ~YHK4HH . 

Pa60Ta a~n onHe ~'a B Jla fi opa r opaa reopeTH4eCKOH ~H3HKH OHRH. 

Ilpenpsorr 06'be.nHHelDlOro HHCTIfTYTB lIlI.epHblJ: Hccne.nOBIlHHA. ,Uy6Ha1988 

Tag l rov E.A. E2-88 -6]8 
Quantum Mech anics In RIemannIan Spaco- Tl m 
General Covariant SchrBdln~er Equa ti on 
wi th Relat Iv I s t IC Correct Ions 

The as ym pt otlcs for c - ~ (c 
a complex scalar field In t h 
netic field Is cons Idered . Thu qOOQrnl - covnrl nnt SchrBdlnge r equation with 
relativi stIc corrections for a sc n l nr pnrtl cl e 10 ext ernal g rav i t a t iona l ond 
electromagnetic fields Is nb t nl nGd fo r t llo CII SO of normal Gaussian sy s t ems 
of reference. Account of the !1 eomllt r lc va r l a t l on o f the s pat ia l volume e l e 
ment a long the peod eslcs of t he sys t em of ru rc r cncc l ead s t o II Hami l t on ian 
whIc h Is (asymptoti cally) ~ cl f - n b J ol n t wi th re spec t t o th Q I t andnrd sca l a r 
product. ThIs fact Is consldc r ed ns II pro und fo r th e Born In t orp r ot nll on 
of the wave functions. 

The Investigation has been perfo rmed ~ t t ho l nbo r at ory or Theora tl 
Phys ics , J INR. 
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