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In Ih., :Hlldy of 1 he" l' i" , of extenolf'1.1 objccb M pos<i ble ~anciidat('S fo r a l1 "jO, '" fun cla­

Illf'nlal t h,'Ory of IHatl{-r ol.eI force<, a cenlral 'lur'S tion iii ",!trth.'r m,,,I ...,, ' tnlP< i'l l'" present. 

In . l rin g thc'Orics , it is kn o\\'l1 lhi'll lIla ss less sla t c'S OCC llr both ill II", bo-o nic siring ",,,I in the 

'-arimI> s l1 pc ,',lring' i" t h "ir n :spN:l iv(' cri tic«1 dim('lIs i o ,,~ , f o r highl'r-oiln("n<i(,na i ("~ll'ndpcl 

vLjPf'Ib. . tilL.. quc:- lir)ll lias ht'('n th<: su hjpcl uf porn"" r on!ro\"("r"y. F'or hO"ion ic nWlllbra nf'S. 

il has 1>('('11 arg ll ed IIsin;; ,('mid""sical mr-lhoJs [Il I h,,1 t he inkrcepl of 110" !cwl in!\ mass­

aU,l!;:ula r nlomcnhllO l r~j(-'(;tory i:; iTlcon~is t l'1tl \\,'jl11 l~w t"xj.:- t( 'nc(~ of rna"s l{"ss !'ta tc<:; in any 

inlC'f'; ral s pacetime dim"nsion, 

For Stl rerlTl Plnhrnnr-s (1.:j } (an d mon: g,t' nf'ra ll.v: ful' SlIp '·1 TJ-h ranf'S), Illa .. ",Jp,"s :-;."Ir-.-; will 
lit' prc~.t~ n l as it COII,.,('f1H('nn~ of thf" spa('C't i flu: sll p ("r~ynllnrtry alpphr1l , pro\'i d( '(1 Ik-lt sl1 p<'r­

;;ymmf'lry is 11 ('ilhpl" expl ic itly brokf·n (by itno rna l i~) nor ~p onl(ln(,oLl ... ly I) rol,wn . A rom plrt,p 

~ t ud ) orsll pcr.:;Yln nwlry anomalies has nl/l ~o far Ot."(· IIIIIHI (' rt (\k('[L Ilow{'\' ('r , ill ' 1t (' li~hl -(oll (-> 

gangc} ilny an01n,d ies wou ld he: ('xpr ctf'ci to nla ll iff'.''' I I ' H' III :-.t·l\"(~: ill t l lf' Lot'rnlz rtl gt'on\ itlld 

pl1<:~ ih l .\ tltrough a failure of lhf' ~u pf'r nJldt i plt't qrll rtllrC', In fil r j ) lh il' (it II 1)(, ~ ho\','11 to oc­

rllr for i1.11 $1 11 '('[ P 1)l"illJ('S t 'x(':c>pt slI pf'rs lri ng:-. a nd ill<' SlIprrlTl l'l llh ra llf' i ll d"\'f'n-dill wlI, inllal 

~pacetil1 lt' ( I,, ). For thC' ::::' I1 IH'nTH 1"nhran (' in d = 11 ~ p()rdilllC' . douhb cO IKC'rning lh r P;(.... ­

(' Il (C' of l ll.t'-"' :'ll(-:,~ S liil('~ wcrt.." ra is(·d (6) a ~ a resu lt (,f i1pply i llg lhr s('mici;)ssica l Ilwt hods of 

rrf. (11, but Ih i<i d i!'r uss ion did not ta ke' inl o il.rrount a t reat mf'fll of li lt' Z('I'() I!l()rk-.... prrsclll 

ill (\x r<. n~ iolls ahout pf'riocii(" class i(al solutions, Tak ing th 0.0 t· ill to ~r("o lltll, nflf' ra il show 

LI . ~l lh. ' I' l'rl llr\ )il l ivr pari itio l1 fU11 c tion ,I r(f - fit) """ ish,,, '" " r(', ull of f(' rmiol1i c ro lll'c tivc 

connl i l1atc int.t'g rrdiolls Fl. '\5 a consequC'n ce, the stl pC'rs), l l ll llrt r ic d~gpnf' r(tcy o f thp energy 

1(,,1', ,1, is rrr "<c rl" -Q 10 all ordf'rs in pprl llr haliol1 theory, 

\\'Ilf' ti 1C' r s"p c- rsy tntn f' try is brokpn spolltal1('oll s ly thro11 gh nOI1-p('rtllrhaliv~ dfccts has 

1101 yf' t Of·t.:n esl ;, hli:, 1i"J, In a Gr(·cTI ·Srhwarz formll lc1l ion ()( a ~ uprrsy mmetric p;uticle or 

(":< I<'nd ed -objf'(' I t lwor)" thp variablC'S tran s form under ' "prrsytn"wtry as the comdi natps of 

"1I 1)('r"pacc ', Sincr tlu' ff'rmi onic \'(\riahl(~ \II transfo rrn ilihomog('lI f'()JIsly) and Lorf'ntz invari ­

(tnrc ff '(l lIir('~ th al. w \'anish in thl.' \'arlllllll. at If'i\$ 1. O:; OI1lf' of th e !-'u per"::iymfllet ry gf'nera tors 

will !lll l c.nnihi lctf t· the' \ '(\ (1 11 1111 , Th(· importiillt qtw..,t ion , how(;\,er , is wh et her all of th e 

o.,lIpt·l-S j'IlHlH.'I t'j' g('Ilf'r;,t nrb flr' t ' brokf'n , 

Working in I h ~ lighl -cOlw ga llg<" I hI' :l2-romprlDcn t d = II ~.fajOl'ana ,u pcrsyolfnclry 

";c'w' r,ln,, ",,'ak lip inl o 1\\'0 iG -r omp"nr'nt ' pillms Cl and /1 under the ii f';hl -cone lit tle group 

SO(9 ) In th is gallgf', Ihl' su pprsynllnr lry transfor ma tions acquire co m pensat ing world ­

l'o lulTIP' " 'paramctcri""lion terms [81, \\' h ich hav... the prr('("t l hal onl y th e i1-, "persymmetry 

Iran, fo rms the , pinor va ri abl es inhornogr nm,,, ly, Ihlls ncing obvi ou~l." broken by th e vacull m 

\jf = 0, Sinc" t he cla%ical (, -su f>" rsymmPI ry I rans formal iolJ s do not contain an inhomog"­

om liS shift o f the s pinol vari ables, t bis slIggests Ihat Ih e (J -slI p crsy tnm eLry j, unbroke n by 
the \iaC uum, Assuming that this is 1111' case, lhe If; C oldst o ne zero morles co rres pondin 

to I he l,rok,,1t ti-SIlPt'rsYOIIO('t r ics gen"n, '" upon qu a It l iza!ion a Clifford a lg"bra tbat has 

, II <;'0 (16) 1I1110mnrphi'm symmetry, T he un ique faithful irredllc ihl ... representa tion of tili' 



ills"bra ilCtS on a spilce of 128 boson and 128 fermioll s tatcs. t' nd er Ihe :;0(9) ligh1 ·cone 

lill Ie gro up, t hesl· .t"les Ira.n5form a.. (:11 + &l.) [lO'on 'lnd (mlF<ro.io". wl;; ch ar~ p r,,("i, .. I, 

the rcprescntaliolL' occuring iu d = ]] supergravity 191. 
JJ dyua mical su persYlllllletry breakirlS occurs uon pcrturbati\"(:-Iy, the a bo\·" u isc llssion 

would nccd to b" ammendcd. A frilr" ework for addressing the nOIl- per1ur hat, i\'e ~ 1rllcllire of 

U1P thc~>ry has 1>",," ,pI u p iii ref. [1 0J. This work sbowc ..d th"l the sIII' P[r\ lit rges alld !l amil 

to ni" n may he se pilrated iuto inde pcnden tly-c.ollsprvc ...llerms. Q = Qu+ Qand H = HII + i1. 
Qo and 11i) d epelld o nly 'Ipon the zero modes, whil e Q ~ nd ir drpcnd only "1'011 thc' Ilon­

~crO modes. TLe imporla.nl POiUl is th"t t he Q, if sys tem it.sdf fonn, it su per,ym llll't ry 

algebra. which in the center of nlass frame \\·it..h \ranishing lran!3 verse lflOl lll' ntulll roin<:tdC'S 

with the o.-s llpersymmet ry <llgcbra. Tlnls lhe' iss u" of ItOIl - l'crt IIrbaliv~ sp()nl, npollS SlIpr'r­

syrnn1c'try br,,~k illg In ..y be studipd by concc ll tratingon t he non-ze ro mode" oll ly. T he () t1 '~ r 

main fea ture of ref. ILO) is 1\ 8upersYIIUJlelric rf'g ulari za l ion of t he theory I,)" wplacing t he 

infinit" llI.UT1ber of degrees of freedom of a sup crrn ernhrane with sphericitl topol()gy by a 

qua ntll m-rr",chilnical system wit h a fin ite l1umber of degr"i'~ of frec'd o[IJ. This i, ilChiever! by 

representing t be res idua l rcparameteriza t ion symmclry of th e li ght-cone giluge: ( the ~roup 

of arca-pr<.;;erv ing dilfeo rnorphisms) i\.S the limit of an 5 (f (1lj gauge sym metry as n tends 

10 ildin ity Ii IJ. Thus the supermembrane problem may be replact.'Cl by t.hat of an N = 16 

supersymmel ric SV(n) gauge-i ",·ariant quantum-mechanical model , where the boso llic a!ld 

fcrmionic trans verse membrane variahlcs arc [(' pl,cOO by variahle.; transforming ill t he ad­

joint rcpre,<;entalion of 5U(n) . This quantnm-medlan ical model may also be vicwrd as the 

dimens ional reduction of d = 10, N = I or d = 4, N = 4 sup er Yang-Mills with g,lllge group 

5U( ,, ). 

The a im of ref. [lOJ wa.' to usp the above framework to cons truct ex plici tly the- grollnd· 

stale wave function for the N = 16 quantum-mechanica l model. This explicit a ttempt. 

was Tlot s liccessfui. and heu ri stic arguments were given to t he effect that norma li zable zerO­

ene rgy sta t cs of this system might not exist. If this concl usio n were co rrect th en all t.he 

super1ly mmet.ri cs would be spontaneously brokl'n. Since the Ha millonia n if for t he non-zero 

mode sys tem is in fa ct just 1/2 times the (1llass)2 operator for th e full theory, (hi., wou ld 

imply t he absence of mass less states in the supcrmembrane spectrum. 

In a supersymmetric theo ry with many fermionic d egrees of freedom , the st ructure of 

t.h e vacu um may be rather complicated. invol ving summ ation over all of the variolls sectors 

of the fc rmionic Foc k space. Thus it may not be poss ible in prac tice to cons truct. pxpli citly a 

su pcrsyrnmel ri c vacuu m wave fu.netion, even thoug h one may have clear indications th a t such 

a slate exists. In fac t , then, exist powerful tcdmi'lues for proving the existence of z~rO- f'n" rgy 

wave fun ctions without ha'·illg to cOll, truct t hem expljcilly. It is su fficie nt tc() show 1hat any 

one of a nu mber of indices for a given theory is non-vani shing to es t ;;.b li sh the exist ence of 

~ s llpersymmetric ground s tate 112]. Tbese indices are topologic:ally inva riant, i. e. ill varill.ut 

under smooth d efo rmatio ns of the parameteI~ of the t heory. The sim plest of t hes<> W itt"" 

indices is just tr(- I}F, whic h counts th" difference between the numbers of boson ic a nd 
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f"rllliuu;c Z('rfH 'nt'rgy stale:' ( in d "1J""'iymnwtric t bror),. the nOli wro' ''lIl'rI;Y stilt(" alway> 

com<' in equal numbers of bosons and fcrrnions) . In the ca.'<' of thr· ,r1("'rrrI<"J1Ihra n", 111;, in cl." 

,hould hi' 7.NQ h,~'(;a"ce the ob vivlI.ly- broken 3 -slIpr·" }'lllmdry g..-nt'ril\"f" will prodll(f' <'qual 

!tuml".,.,. .. f boson ic illld ft'nnionic ground .t.ales. whether the l1-supprsymowtrv is hrokrn or 

not. 

111 a giv('!l t heory. then' lIlilY b<' a numher of ot hr" Wi tkn ind ic..s thill re·",' ol c1 ifr" r"nt 

a.o,; r {\('" 1~ of Ihe vacuum 51 ructure , Tlle f'xi5lf'ncC of t( l1ch ()1hrr indin...., reliPH upon Ilw PXlf' tf'nrl"' 

t.f furd ...r ,ymmet rit><; lhat ,·ommllt ~ wit It .upersymm<.'l r.\; typ ica Il y. t 11<"(' rurt IlI"r '~H,"wlri'" 
;11 L' ,:1I'c r"l<-. such as charge conj uga li,)n !J ~ l . In t he r"lIow ing, W( ' ,ha II cr.n",I ,·r two ,"d, 
di,cr<'lf" sYllllTldri!'S Il ,at cnmrnute wi t. h I hI' II ,1I1',"rsYlllmd r} lrall, fo rrTl .1I iOllo. S illce ti ,e 
3~UIH 'rs.Yl11rttef ri~ ;\.1'(' clearly !Jfokt' ll iu itll.\' ("(\'-I£" \.\p ~ha l1 not 1)(' r OllcP l' n cd \\ ith drri ving 

all illl lvx that is inva rianl under lhpll1. 

III til,· light-fOil.> gaui;e. witll X " ~ T . 9"_ = 0, gr,o = - d,·I(.'1",1 (I/,h = I, ~ ) . t h" d =II 

~lIpt'rlJL('n l hron(" wuiahlcs (, OIJ1p r ise~) tra nSH'Nf' boson ic (oord illiltf'C:: X ' and i; l{1 -COTll pOl lf'nt 

i"'O( !) ) \la jor"llii .pinor S. I"hr cla" ic;,j p(lli a linns of III"t iOIl for Xl al lf l .'i are 1:--1 

),"1 __ _ {Xi ( X l , X l)) _ ; {S.I""' } 

,s' =- rl{XI,S} , (I) 

whrrl' I ll(" IHMk~t nOI" t io ll 111.10) is d,· r,ol..:1 by 

{A , II } :0 ,obiJ.Aiif, n (2) 

a nd On denotes rl iff,'rl'ntiation wit h rr'S p~1 to t he two llJ('ml,ri.ne spa l ial parameters 0" and 

t he <loi s ill (I) denot e d iffe renti ation with [f'Sp~ t to the ti me parall1<' it'r T . Thr €<jllations 

of Inotion ( I ) aTr s Il PJ>I~n"",nt ed by t.he co nst raint 

<1> :0 {_\,I, Xl} + l{.S'. S ) = 0, (3) 

wb ich ("",ures I hC' in'·;,,;" 11(1' of the theory "nder th .. r<'Sid",1 ar"a- preserving diffrolTlorph isms 

{,XI = {c Xl } . 

6S = {~ , Sl, (4) 

wlwr(· «174) is an arI.ilri\.f~' function of th p s patial p;nalrll:ters 0". 


Thl' C(juat ions of motioll ( I ) may be df'ri veJ from thl" Lagrangi"n df'llsi ty 


_I ;'-12 . -, . I { f J ) ! . - I{ -I II__ :;-(.,) +.88 - - ( X.X ) +,sr ,\: .5, 
- ,I 
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wi t h ihe const,raint (3) sti ll to be im p osed. Of cOU"''', one could also in! rod ll(p a gallg<' fi dd 
fo r the t ra n;Jormations (4) . making t.h",m T-d ..pendem, and thus deriv" ( ~) as \\('11 from Ilw 

Lagrangian by \'arying with res pec t to the gauge fie ld in the 1I ~1l" 1 way, I\o t(> t hat since \\' P 

have b een t ak ing the membrane world-volume metric to sat is fy goo = - det(g.b ), there are 

110 fllTtLer dens ity factors lleed",] ill (5). The Hamiltonia n corres ponding to the Lagrangian 

density (5) is 

H = Jd2a [~(P')2 + ~({X" Xl})2 - iS rl {Xl, S} l, (6) 

for which Hamilton's equations give pI = Xl 
The sliper'syrrllnetry trausfoflna t ions th at. leave the action invariant are 

oX' =iarJS + i {XI, 6- for SeiT} , 

05' =/3 - ~C\;frl - ~{XI,Xl}r/J)()+ ; {S , Q 1o'SdT}, (7) 

wl,ere Q and j3 are the SO(9) spinor supersymmetry parameters discussed above. The {j­

supersymmetry is clearly spontaneously broken, as we ha ve noted. For the Q-supersymmdry, 

we hav" the supercharge 

Q = Jd2a(p'r' + ~{x " X]}rJJ)s (8) 

Upon quantization , we ha ve 

[pl(a) ,X1(a'») = - ;0/102(a,a'), 

[S"(a),S3(a')J+ =0",802(a,a'), (9) 

where the charge conjuga tion matrix has been takf'n to be jus t 0°3. From (9), it follows that 

the supercharge and the Hamiltonian satisfy the algebra 

[Q"' ,Q"'J+ = 2Ho,,3 + 2(r')",3 Jd 2aX'ip , (10) • 
which reduces to the u.sual result when the cons traint (3) i ~ imposed, Note that the tot a l 

trans verse momentum does not occur ill this relation because we are considering only the 

a.1 gebra of the "' -~u persymmetry genera tors . 

Even t hough we are considering just the Q-supersymmet ry generators here, we st ill have 

T IllS ill (6) a.nd (S) Lhat depend upon the Goldstone zero modes corresponding to the brok('n 

·su persy mmetries. To reveal these, we separate Xl, pI and S a.ccordin g to 


" 

1(1(a) =X,{ + \'((") 
)'1 tIT) =1',1 t i" (.7), 

,,(tTl 8" I· C:(ol (1 I) 

\\'h~ ,... IIIf' ""1'0 mo.I,-.i H" IT"-intlC'p"lIeJ.. II1 1111<1.r ,I ~a .\" = J,Pr> P' = r,,2 a~' = O. Tl 'lIs one 

Ii"d< 11 0) Q = Qn +() nnd /l = 1/.. + if willi 

(1 2) QII =I'I'J r l SIl o 

I /" , ( 11) II" ~~I' ( 1),) ­

Q _ j "'17(/"1'1 + ~ { .\:I . .\J)I'/J ) '; , 1\ ) 

if '~ J"~IT(~(I '!I! + ~({\ I , .'.Jl l ' - ,,~ r '{.\ J ,.S'I ) . (15) 

where t' = J (/"" is a. Il '" mal izing folf t"•. All illlpurtan t point [l O) is tbat neit her 110 nor 

)j conl.,ju, Sf) . ,0 Su is •• con,I ..." t of the lIIotion and henc!' Qt. ano Q are inrj,·pendcnlly 

("()UQ:f"fvro. 

rhe fact that () alld if do not involve th ~ Zl'ro modes gin!'> risf' to a d iscr!'!!' symmetry 

G of the Q and If gcof'fato rs Il ,al 1rd n,fnrrn- only 111<' 7.<'ro modes; 

G : (xJ,p,I,·''-o) .(- \',{ ,-I'J . - ~n ) , 
(,\: 1,1 ' [, 8) ~ (X' , i,I ,.'.: ). (IG) 

Thl'fC is nbu aftull,er d isc rete symmetry (' that ronlh inrs " sigll cha ng" fur X J, p' a nd S 

w,tti ;HI oricnlat iolJ' revers ing, area-pr('Se" "ing diffrolllorphi!ml lhat cha nges th .. sign of tl.e 

I/lNkp\ (2): 

c : (x.L PJ , Sn)~( - X~ , - pr- ~o). 
(.y l ,pl ,S)-.{ i;l_pl_ ,c: ), 

{ILl)} ~ { /\. R} . (17) 

A "OIlVl:rllcnl way to vi"w t he or i (,lI l dtiun-rl:\e"in~ difr.'"lIlorph isITl i. to change the sign 

of (ob . One may verify by inspection lhal th" ,upprcharges amI Hamil to nians (12 15) a.re 

invariant under G and C. 
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Us ing the discrete ' .v llllile tri", c: a nd C Wt' may constru ct gener. li zed Witt,'n indices, 

Fo r exam ple. by proj(x:ting into th l! space of s tat.,::; inviliiant nn,it" Ihe the operator G, 
one dfect.i yciy farl ors out Ih" <'If" 'l" of lIw ze ro mo dc'S associat ed with the spontaneously­

bro].;,-'n /1-su persymmelry. T illiS, on(' could rom;itlcr I r[( - I )F( I +C)/2J. Since th" 128 bosonic 

Z(' ro-clle rgy Sla tes const ru ct",1 usi ng en'n powers of ff'rmionic c reat ion operators built fro tn 

So are e\'en unde r G, wh ile t he I ~8 krnlionic zero- ene rgy s ta t(-;s are odd unde r C, one has 

i r[( _I)F (1 + C)/2j = 1281'r( - 1)F, whf'r" I'r is Ca knlatcd within the subspace of s tal es for the 

Ilon· z(' ro mod('syslo'tn with g"nprators Qand if . This mea ns that one ca n focus atl enlion on 

Ihe zero-ell e rgy eig" Tls tal es o f if _A non-z('ro ,-,d ue for this index would t hus imply d irectl y 

the exis t.cnce of the zC'ro- ('ne rgy eige ns ta t(·s sought for ill [IOJ . 

In pr"ctice, we sha ll r.nd it mo re colJ\'Pnient to disc uss a diffe rent Witten ind(" tha t 

in"ol",'S proj(·cting onto s tates illvari a llt under the o ppralor C. We- recall that if any Willen 

inci('x Inlill nsilJg operators lllOt "'Illlnlll" wi t h Ih" s llr('reharge Q is non · zero, Ihen th e 

o -supc rsYllJmel.ry will be nnb roke n. vVe thus consider 

/ = 11 1( - I)F(l + C)/2J. (1 8) 

Without breaking t. h" '1>a(-"l ill1" Supf' J'symm" try, w" ma y co mpa ctify Ihe tr an"'"rs,, d i· 

rt'(' l io ns of sp(l cct illle 0 11 (I q· torlls, 

x' "" X' + [,l ( 1'J) 

This is f'qui\'aient to iJnposi ll ~ notliid a ry ('onrlitions periodic in X' on the qUflntum wave 

functions of the sysl"m . Not e- I ha t I h"s" h O Il nda ry rond itions are cOlls is tpn t wi t h I h" d iSCl'f'te 

symmetry C rl eRned in (17) . ,\lIl onl'. III<' p<'riodic wa.ve fnn c tions . 111P rroj"clion op..ralor in 

(18) selects those that arc' ( 'H' II IllIci( ' J' (17) _ 

The problem of Ca lenl ' l ing I h" inil", ( I ~ ) is s ililiia J' 10 I ha I for s up"r Ya ng· \1 ills I hrori, " 

112J, in that th" Ha.lllilionia n ( I :U ·C,) has Z('ro-f'n(' rgy ""alky' '', i.e_ dir"clion, in (X',.(;) 

s pace where the po t.e ntial pari of /I is lIal fo r non- zero "a lups of X' and S. 'I' h..,!' ,-,lIeys 

now have finit.e ('xt('llt a..~ a f OIISC(I"C' l lf t ' of our _prri odic hOll ll d<"ry cond ition., (I !) ). 1)1 11 thry 

complicate the evailial iOIl of (" prr<s ions " "h as (1 8) sillce t hNe <co uld s l ill I,.. Zf'J'{)'f'ne rgv 

states for each of i he na t din'o l ions. Th" nal dir"ct io ns are ckl f' rmin NI by t h" class ica l 

equa tions of motion for ' n o " nNgy "lid Ih" s lrwlllr" of tit<> "'lll ill o l: ;'"1 (1 .1.1 .'; ). Sf'lting 

.S' = 0 in the fermi on <:'<IUill ion of mol ion (I). we flnd 

I" {\',,(;-} =0. (20) 

For configuratio ns sat is fyi ng (20 ). th" Hamiltonian If = Ho + if bc'('om."S a <111 11 of "I"ar"" , 

requiring for zero energy tha t. 
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pci = p' = 0, (21 ) 

{X' ,XJ} = O. (22) 

Sjnce zero-energy configurations must be inert under ~ u jJ er.!)ymmd(y traIISfoTrl1 ;, r ions, 0 1](' 

obtains by varying (20) under an a·transformation, dnd taking (22 ) into accou nt , 

{(r' SY , (r /5)P) =0,0= 116. (23 ) 

For "ymmetric hispinors X" p of 50(9) , one has t he Fie rz d ('COntpositio lJ 

xo{J = ~(liOPXn + (r') ",PX >b(r' »h + ~(r'J/" L ) O fl \ >b( r}}IIL»6) _ (24) 

Substituting (23) into (24), we find that (21) is -e<]lIivalpnt to 

{So ,,~ fl } = O. (2S) 

Zero·energy solutions satisfying (20-22) and (25 ) t,ke th " g,'n",al form .\" = _\"(/(11° )) 

and 5" = S''' (f(aO )), where J(aO) is an arbitr",y funct io n of (JI and a2 Phys icall y, 

these cias.s ical solutions correspond to memhranes that have c"II" pscd 10 s t ring· like onr'­

dinwlJ s ional co nfig uratio ns of zero area. 

Promoting th e class ical ze rO' energy so lutions t.o (20 ·23 ) to quant.1I1ll or e ratol" . we can 

bu ild from them the operators t.hat map hetwee n the gro und s t a tes of thE' quantunl lIamil · 

tonian. Phys ica.l sta tes must also satisfy the co nstraint (1), whic h rf'qu ircs that. the operator 

heing applied to the ground sta te he an in variant und er (4). This is "n"logolls to th,~ re· 

quirement in s uper Yang-Mills theories that the operators shollid be "auge-invariant. The 

opnators that we can apply to a I'.iven ground statc mll st al so he restricted to t.hose that pre· 

serl'p th e periodi c boundary conditions (19) . In parti cular, orerat.ors involving the hosonic 

coordinates X' must he periodic with pf'ri ods Ll 8'(IJation (21) th le n shows th,t the hosonic 

pari of an operator that maps hetwf'e n zero-e nergy slatrs mus t he a co nstant. Moreover, 

owing to th e peri odi c boundary co nditions and sur"rsy mmetry, tlw lowest-lyi ng states o f 

non-7.<' ro c'lI e rg)' M'-' liftf'd ahov" Zero hy disrrf' le a mollnl" rI;etnmined hy th e vailies of the 

// . Th lls, s larting from one ground slalr., Ihe olh", , Iat( ', degene rate in energy with it can 

I", ohlain ...d o nly by applying products of fermionic rrrali o n ope rators corre; ponding to the 

nilt "alle}, direrti ons. 

In pe rformin g the sum ow' r s lates that contribut.E' to the Witten index (18) , we must 

IIOW consider tlw projection ol",rator (1 + (,)/2. We .should like t o argue that the fermi onic 

statc's, which are built hy applying odd numhers of frrnli creation operators, are all odd 

under C , while the hu~;onic staks are all even. (V\'e arc as suming that our original ground 

, Iatc! is bosonic at,,1 invariant under C ; if this s t.at e were odd, one could calculate the index 

7 

http:o-supcrsYllJmel.ry


with t lte ( 1 - e)I'! proj.x tio n op<'I'<l IOI' in, tead . ) Sil"'" a ll lh,-. ft~rtltio ttir nl"ati"l1 "I'"". l", ­
MC od d under (.', the (lilly \\'a;- 1<) \t;w!' a.1I oj.l l"ralor evl"Il under e wil li iLlI ,)rld ,,"moer 

nf ["I'mi (l"cal ioJl "r~rll\lJl"S wo uld ht, Lo use a hrnrk!'t {,(;O, ,58) . B ul 1',)1' Il,e \'11.11..) mod, ,, 

corrcspollding lO classica.l solII I ion, of zem ,," (" rg). WI ' It itve eqllat ion (2'») . Th", tlll'r" i, lit) 

way Lo co lt> ~ruci a fermionic op(' ralor Lha l i~ I'v("n u nder C tbat creates stil t'?S al t l ... ""I(' 
energy as tha.l of lit" Migi nal grou nd Slate. A ll fermion.ic stales dcgpncralr in " IINg.) lIilh 

Ihe chosen bosonic ground "at., an: therefOr<' exdw.I<::d in tI", index (i8). 

Boson ic slates constructed by ilpp lyi ng " " ." IIl l1nht'1'S of f.' rmiotl ie valley-mod e rn'alion 

op('raters a re 1"\ en anele r C, and a re ihprefof(' co llnl,,] in tit .. index (1t». 1n additio ll to t he 

127 addi l io nal b",onie stat", g<'!lcra t<.-d by applyillt( e\"(:li numb.-r.; of I he cr,' " I inll nl ... r~tf")r'. 
constr llcted from S", we pres ,"na !"ly also lIa,,' 0 1 her hosonic ~ t i" PS w' ,w", ,.,,1 j,~, HI'p lying 

('ven nurnbt;rs o f II", (l"('at ion opera lors COll s trIl Cl('r1 frolll lh~ .~OU( fT·)) sali,f\11l.r; (2:») thil! 

we d iscusscJ ~~r1 in. S ince Ihe c: e ve n lowes l ·("ucrgy sLate:; arc al l hoso ni .. , " ",I ap' h.'nc" • 
unpaired ulldcr tI ,e (l -SlipersYll IHwl ry, rh ~y mll"- in farl h" a t zr' ru " 'iPrgy. 

'\ 1 l his , ' age, we ha vc rstabli,!...d that tbe Will en ind .. ~ (I S) is :; 1 "id ly po>il iw '. 'Thu' 

su pcrsy mmet ry ca nnot be , pontane"u ~ly brOKen a l1d ; 0 il i, gIlMant'.."" that ll il' ilia"I,'" 
latps co rrespontiillg to Ii = 11 slIp<:'rgravit v. di ,c uss(·<l in 19] . a re indpt'C\ prps<,,, I in Ilw 

s u pcrmembrane spcdrum. We have not att('mpted 10 d el.t>rminc the p r",.i,,, v"lw' of Ih" 

in dex (I S), other Ihall showi ll [; I hi\~ it is greatl'r than .>pro . Ost~ns ibly , tb e- JllIII1her of 

fennionic \"i\\Iey Ol" r1es of rIw w pcrme,nbranc tuat satisfy (2~) is infin ite. Th ll- 111<' i"dex 

(18 ) Ola V in fact be in fini te. 

In t l ,(, sp .'C ia l case of "" membra n ~ with s phcri ca l lOpo logy, one may u,e the 5111 ,<,ro Y01111"(­


ric ul t raviolet ["gu la ri-ull ion scheme of refs (11 ,10], ill wh ich lh~ s lIpermelllbran.' is view(yj 


a..s t h(' n -' = limit of a n N = 16 SU(n) ga ugc-im ',u iAnt quanLum mf"Chaniod mooel. If one 


pM' e5 t o such a. regularized t h(.'O ry after h a ving rompartjficd span-Lime as in equat ion ( 19) 


the spc'Ctrum willth t'll he d iscrete "".-\ the Wil L" " in .-\"x (18) will l a ke 1\ d efini le inlpge l' \·;, 11.... 


T h is r cgu lariz..d p robl,' m is <'.Socn l ial ly /'(lu;vaiPn t to one of the app roaches t o ca leu la l ing tlw 


Wi llen index for the maxima l su per Ya ng-\1 ills Iheo ry 11:.11. By "cssf'n ti a ll y "'lui"al ..", " , we 


mean lhat p eriodic boundary conditions have been im posed on all the bosonic mod", of tht.' 
 ,supennc01brane p rior to Ih(' p"""agc to the rcgu lari u'{l lhcory. In ref. [1 3], ILe W illen index 


was cakulatcd fo r t he N = 16 quan t um-mechan ical modd with SU( 2) gaug.. group, but 


without any periodic id~ n tific ill ion of the hoso n ic fi d ds. T ili, m odel i, pxaci ly II,e tI = 2 

vCrsiOlI of the r~'g u laril.ed non-zero mode seclor of t he 5upernwmbrane (O lls id<'red in [101 


W hile t he H~U\tS uf\l 31 gave a no n zero W it ten index , l,he sp <'Cific valup hIlS h('(:n Iht' stl bj('(1 


of some disc ussion {l'I]. The diffi cu lty SLelllS from th" fact that qual'll um-mechanicl\l models 


of the typO! dis(u~s ('d ill (10] may have a cont in uous spectru m s tart ing at zero e nergy. Wh ile 


th(, W iLten index can be d eJi nL.o within a gi ven scheme fo r discre(j ~i n g t he spe<'lTurn, Lhe 


resu lts may not agree between one sclJt~TTI" and an-otlwf , altho ugh if the inoex is lion· zero ior 


one scheme, it is prd> umahl y non-zPTO for a1\. Tn the case of the supennembrane, however , 


the imposition of Lhe periodic boundary conditions ( 10 ) set'm, qu ite na Lu ril l, and 0"" m~y 


, i l11p ly arlopt I h is it S i' I'roccd u l"<' for d " fi nin g ' he infini le- \'olnme t,lieor)". Tlt e <'5,,'nt ial poill l 

is t hat for all vah,,;; of t he LI, "p" ,".-li ",..' SIJI><'lSjTIII'-,, 'l ry is ,"d,roke n a nd so !l", theory do,'!> 

ha ve ma.ss l<'$s slal es in it s s-p()(' lrurn. Of co urs(: it may be l hat ill ta kin g the limit of the 

S'l'(II) models as 1/ klld s to illii n it,y, the W illen iudf" will bt'C« lne infin ite. 

(; iv<'n the nO I1 -7.~ro value of the illde x (1 8). snpNsymmelry is unbroken and so th e 

1I0n-zc ro-mode syst"n, of ref. PO] mus t ha\·p. ~if hcr " l.('ro- t"lIP-""g)' norma li 2ahlc s!,t/ ..· or a 

con l inuu m of s la tes go ing to Z<oro energy ( in which ca '" th e e nergy cige ns la tl'S would be 

ddtn - funct ion nomtal izablc) . A non- zero val ue for fhf' index h"-S s tronger implicalions Ihan 

fi ndi ng all (:xpli(' il zero-energy wa ,"e function in the rpg ular iz",1 theory wonld hav". si llce the 

inclex is H , i,war ian t un der adiabatic cha nge; in th e paramel ers of the t heory. 1n pa rlicular, 

o ' w may be a ble to establish that sUP P r>Yl11 l11elry rf'mains unbroken in the ,' pf'Clrnm ('\"f' " 

"fter ultraviol"t rcnorma liza l ion, provided the C' .ym mct ry (17 ) is not violalpd b\" anoma lies. 

There a rc .,om~ i,npor til IJl open quesl ions lila! ""I11"in. On.. i, certainly to ."" , a hli .,h I ha t 

Ihe bupcrmcmbrane in d = 11 is fre" of a"ol l1:\ li"", . AL pr"""n t it is only known that IIIf" 

d = 11 t. heory surv ives a severe test for ano ' lial ie; th a t ru k s Ollt all th e otlH'r s uper />-\)mne 

theo ries (fur p > 1) in lower spacetime dilllrfl,ion, [4.51. Another import.ant qu t'S1inn is 

iDe " a lure of the supermembrane Sp('Cl rll lll, an d in parlicular whether it is continuous or 

disc rete. 
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