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We s t udy th e second quant izati on of single par ti cle Di ra c ha mi ltonians 

of t he fo rm 
'I \II .,. '\5 9(0<)k, =' -,~J% + Nt", DS'" /JJ....., ... rn I)o.t. ( 1) 

wilh tS='cr-~, (. ~(S"I, defined on a ci rcle of radius :r\r . (lffJ< ) and 01") 

are periodic functi ons whil e 

geo):: 9(;<lt) ... ;l.h1l' ( 2) 

whi ch de fin es the n so l i to n sec tor . We will work in t he Hilber l 

s pac e oE second quanti zed, fr ee, ma s s iv e Dirac f enmi on s . We de f in e 

l h i s Hil bert space as th at const r ucted by lh e aClion o( o~ and

6: .f €Z . which are fe nnionic cr ea t io n and an n i h i l at i on 

ope ra t o r s , l') (~ti. nr. on the vacuum. The VlIC',lI1j1n t1 .' t iR f ie~ 

Of 10) = b I r;,l :: 0 ) P e Z: (1)
t 

vh i 1(' 

'l r '( o( )[ (11' ) (l'~! : fh bt l" L " II oth.. · ~. (I, )1. f) ~J 'r''t' , 
Tilt' u r-co nd qu .... nt i zat i o n o f ( I) IH· O (~ I · ('d ll in t \oll) a t r-p n , Finjt 

I"Ol1st.ruct r he hamj l t o n i an f'o r 

Or,,) = n x 
) 

if<,.., < V ) .Q1I< 1 . t:\ VI q , c. .., "~,1.' t l ' t "l . ('.) 

'thon 1.,1,' ron s i dc r do f o rm. r t l Oll" l n t v r , a u p r-r t u t h. u iotltl. 

Till ' fl'r1l1 ion i l ' fi l, l tl 0 lw rH lo r Vtl l W '11 Ii i nt rl luu i OB i ... 111' 1 i !W li II " 
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'T( ~ I = r N;lf,': 1111' I {\ '1' ~ I 0 ( (0) 

- ' l' r r'l. 
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\I i s obviously unitary by its definition (16). Further-

which defines a new s e t of annihilation and creation operators 
more we would like to maintain covariance under twisted chiral 

2f and /;f . We assume that m is sufficiently lar~e so that
f rotations, that is under 

E~r»o and Elfl< O. These are related to the free ones by the rel"" a - a. V4 V- i ) n~ nH Y' f. Z ( 17) 

Bogoliubov transfoLmation 
the energy levels are invariant, thus 

a, = L ( t:Y:Cf)~>/ t:(:", at' +- (t~.7'ftr:s~ b~,) C(V- L 0.- i, n*r) = e(VI Q, n) ( 18) 
I fEZ of (10) 

Choosing ~ = -n, we can restrict ourselves to the zero solitonbt :: ~ ( (flf.>,l/t(f;xJ) "r -I- tIJ,,;<I/ t1:1 bf') 
sector. Now replacing (10) into (14) we find 

where (. ).) is the inner product on the space of single particle 
1 f'f"Z 

IT(Y,CI,O)= H +vQ5 t'Q Q i- ~(vl .,. C(V, Q, 0) ( 19)
o 

wave functions. This Bogoliubov transformat ion i s unitarily im
with 

t +1 
plementable iff the off dia~onal kernels are Hilbert-Schmidt/I/. Q"- L (Qr Qp " br I>p) (20) 

It is straight-forward to verify that thi s i s indeed the case, f~ (~( t btl).m. /atb't ~ bra,))Os'" L {i\..i' Qpqr + f bp + ~f""'L'I' r r (21 ) 

therefore there exists a unitary op erat or V. acting in the f e 2 f I V ) 
(22)

t 

tlvi =~ (ItrV'f -e- m. - J, .. ",.1 - {f ii"'" 
free fermion Hilbert space, such that 

where Q and P05 nrc t he usun I vc c t or and ax; III chnr gc » r e apec t i ve l y , T - t 
(11 )elf = U Q., U br= U b1' ti fEZ I { i R " t rn l t'.h t - fo r wa r d 1.0 nhow flv.,). f\v)+.1.v + 1 . Thu» 

Hence the . ~r()und state ~v)::,fiv,-Y·i._" n t r i c tl y po r i od i r . W,' will now eh <lo " " ((v. a, 0) = --r"\ 
1).t /0> _ (1 2) 10» Til is g i v c n 

ox i nt n in 1.111.' Hilbert space, and i s ann i h i l a ted by a, and bf .tE1. HIV ,0., 0)::: H0 " vQ5 -~ a. Q -+ v~ (23) 

Tit" fr e t' hnmi J u m i tin and the interacting hami.ltoni an lIn ~ d e I i ned 
nud till' r.roun d s r a t « 1'llC' q', y in ",iVI '1l h y - ~V ) . 

rc.'nlw ct i vel y ilU 'f H1V,fl ,01 10» - 1 (r) 10» ( 24) :0 

(1 1)It" J(11: 1\"1L"j{.-: =L f/"a;a r* I£-r>/ 6f h,) 
II would IH,' i I l umi nn t I I1 J\ 1 0 I'Omfl UI (! c;.VJ l n ('I o lle·d form. Til l ...,.2 

1II11l _f d ud ,'c" ItJtCtIQ,~ i Pi I lllpo u\, ,1 b y I Of' lIl ilY III H I I ' ClV / l r i "lIC ~ I " If w.' 

-H(v Q IlI .fJ(: 'i:.j",t\:t ((V,a.o) =lJif'a;af .IE-'f'I~ bf)+C&'Q.nl(lI,) 
, • EZ HoW t u ru on V'f) , lhl \ 11 110- " '1 0 nuuuuut um (' II I11 I1OI "'I H II n f'AJZ.cI , ,u i 

wll4' r~~ in (III) wu hllVl~ allow('d f or 1normal o r der i np, C' o lw l lln l ( t v , u , n), 
lli u . c ~ (' 0 r rcu 1'01111 1 (1 Jlu n ' l ~ fllI J'.l ~, WI' (lXIII>I' 1 t he AIIU(: t r um of II \(' 

whi ch i n li lt' l ~ r>OII1H I Hl i l l.' l'lw r r,y .. It s V d e pcnd c n c c ill co n . t ra l lltHJ 
tnun i l t un l a n I II h" l n v n r ln n r . W,. "", 111 uhllw I lInl 

hy i IIIpOII i tl~ .~ I OIHII . ~ lIlI HI· i nvn r i nn c c • W(' 'n"pI j fl' I Iw I f I-II 'rl' t ' )( I n I tI IT(tIJ( ~ I . fl, 0) - H. -l. (Vlopl.j),,)~ VQ~ l' I~ (J i- z:. (Vt-fIVlfl) p ',) 
f ' Z ( , ,'1,

II nni t u t ' v fllI l' I 'u ln r' V 11 11.-11 Ihlll 
IJ,i " I lw . 11111 1' A p "H : I r um 11.1 iTevtft . ol • 114 , 1'1.' W l ~ 11 10 t~ f ' , wiu'n ~ - 1' 

f/(Vtl,lI,nl - V !I (v, I.l. 1\1 V (I » frl..r((1l1~tO"I~;'fNII'rt('Y!i{r·r1'f!i.~ l~v(1..;~r·rt~·r~b1~.r("K;mt:dl~~I'I,,) r 
" C I":J r l y Etlf,I, VlwE/ p,V/I) I I "," r ~ wh~(~~ nr« t h u 1II01ll1' II I 1111 1 C' (It11 P IllW ll l ri 0 1 t h e f'lIl ' fli n t Il u l lfIl lly. ( 'J-f. ) 

1- t - ... 
( III )V(j (v) V= q tv,,). V l, t VI V.. b,_llVIII TIUllrt l1" l ~ wr l l II"rl ll lol l , l o i t - Iltl l n l ll i o p.,rtl lfl J'. wi t h .11'11 1" 1111 111111 11 ,,., 'p, 1" 

/011.1 ( VI'I,o, I\I . C I'I,II , O) 11I1Idl ,... 0 :, ) . 

:\ 

:I 

http:l.(Vlopl.j


,

t he se t of fi n i tely exci ted s ta t es. Now , 

- L (\ttl 'r .) - -L (Y!;t> itfl' 
(27)H(.1.l:~ \IQ , 0 ):; .12.". f t T H(V, q,o ).11. ,.. f 

Thi s f ol l ows from the fo llowing commu tation r elat i ons , whi ch 

can be r i go r ou sl y es tab li shed without t he need o f any adh oc 

r e gu l ar i ~ ation pr esc rip tions , 

[f~l}fl~:~rr,/-fJ.H.4lrJ"-ftlr'11(J,Q5]=[Q'IfJ:rQ5ld =0 (28) 

Simply diff erentiating (27) wi th res pe c t t o Vet . using (25) an d 

t he commut a t o r s (28) e stab li s hes (27) . Henc e t he l oca l " counte r 

te rm" Rr;"<l ~ L~fNIf Jl make s t he hamil tonian gauge invariant. Clearly
f ( l! 

ha vi ng a dd i t i on n l l y 1/J) i s not a l o c a l coun t e r t e rm . For t he n on 

ze r o momen t um modes, (he r e is no co r r e s pond i ng t erm . Thu s <:0

va ri an c e d i c t a t e s t ha t iV) s hou l d no t b e pre s e n t , a n d s ho u l d 

h~ s ub t r ac t ed in ( 14) by the appr op ri a t e choice of Q~,~,o). We 

Ila v e itl f ' ~ ct tlol det ermined t h e a dependence o f C~ 4 1 ~ ' Nor 

! 1.1 v r. we f UI\S j d e r vd it s dep en d enc e on t he n on- ze r o mome n t um 

(' ,Hnp On en l s (l if l , oI it(~ ) and homot op i cal ly tr i v i al d e f or mat i ou n II I 

Ort. ). WI' ""i ll no t i nve s t i ga t e th i s fur t he r he r e . W(" huv r- i Ll u> 

s t ra r ed i t » rh -t c r-mi na t i on i n ce r t a i n c ases ; It l fi i ll f ilI' I 1101 

i tuport a n t I II O H I ' l ur t hcr i n ve s ti gati on, t o d e t e rm i uc I Ill' IlO rfllH I 

o r d l ' r i u J', C' l ll l ll l ill ll II I a l l . s i oc c it s hif t s al l e n e r gy I l'v l' l , 

»q u u l l y . 

II i tl U ' 1 1 1 1 1 1 ~1, Il I - r () I' W : l r d bUI I.t 'd i (H IS co mpu t a t i ou I n Ilh (1 ..... ~ II " i II I' , 

ti ll' iIl V t 'I ' t1I ' lit ( 10 ) I th n t r h « c ll,cjJ-gl' ( 20 ) i s g i vcu I,y 
_ t· t -

P ' I ) 0 :& ~)t"ir ar - T>r bf; - n 
'lh in " III1WII ( 11,11 1 111' 1 1' i n ill d ll l ' l , tl (' h ll l'!' ,!' (f c'll1l illl l IlI lInl ll ' I' ). I hi ' 

)',1 0 111111 Ii 1 ,1 11 ' II UH .. h . III',I ' to. \.I" lI 41W lIh HI' I' V t' II 1I11- " ,n I hl ' O I , 'nl 

l tll i w ll1l'l li l 1 1 11 1' 1 l ll ll ,lI d l i llJ ~ t l I l l. OIl C' , · I hi ' dll l!}', I ' 111' 1'1 jl l ll l ' l it 

d I ll i ru-d , ; 111 I II ( ~J O ) , I , " H I" ' t" 1 1 11l1l I Ji ,Ih . o l u l l, ly I llllt' pl ' IIlII' lIl II ' 
Ih H lnunl l r ou l nu , II l t u " 1IIt ( l l l t li ll I tt 111, 1 l ll t .' l l,f ' l n. I1 q I II llt l l " .Ull, 

'\ 

it canno t have f r act iona l eigenva l ues, f o r any eigens t at e of the 

ha mi l t onian. Corre s pondingly the induc ed c h a r~e must be i ntegral . 

More ge ne ra l ly we can st ate t he theo rem that the re can be no 

f r ac tion i za t ion o f the fe r mion number i n any t heo ry where t he 

hamiltoni an can be defined i n the Hilbert s pac e of fr ee fermi ons 

and the f ermion number ope rato r co i nc i de s wi th that de fined f or 

t he fr e e fe rmi on s . The re fo re , any ad i abat i c swi tch i ng a rgueme nts /3/ 

f or t he fr action iza tion of the fermion number must neces sa ri ly 

i.nvo l ve excursions ou t of the or igina l Hilbert s pa ce . 

I t is e v i de n t that Q itt g l ob n l Ly p; aug (~ i nv a r I a u t. , 

( 0 ) V
t
Q V= Q 

The a x i a I Ch n r l111 i a no t glo bu lIy r.ll ug ( ~ i nvar i a n t , t h i s it! n 

mim i f u· . ClIti o n o f the n x i a l nnoma l y 11. / . It in :l t n t i p.ht - f o rw l1u.l 

bu r t {Id i OU H t o Hho ",,"
 

t
 
(:1 1) VQ~V = Q!; + z 

TIIl IfI i f WI ' deI i n c t he B;l\I g ~ inv n r i nn t ux l n l dHlq~ I ' Q S(v). Q,'J to 3.'1 

WI' J i ml ., 
o,« .» = V Q~(VI V (17) 

It wu t rnu u Lu r m 1" 0 t ln 1II' I I t' II),ClJ'Jt nq1n' " I'1I1111 1nll, t l..• u a u n l 

tlK i :1 1 IIIlOlI1n I y qu n I i on llo u n ,.vu l e x l n r , In Ih l ll U 11ll u n l l n l a l l u u 

H . i t /I i t 
( 1"1 )G , l t l = 0.. .11. 

I .;). 
h ll W.· VtJ l : ~ Q J(( I 4ln n _ 11 01 x l . .. 'J'h 1n tn V1l1Vi' . I h i' C'III11I11U 

l lli o r [ ii,Ql ] wI! I l'l l 110 .. . 11 01 lIulk . . " IIIH h l' l ' 411I I 11 1111 I ' n ll . ~' ~ o f Q. 
H Il l _ lo l lil t rom Il w llnmn l ll o f U 

( h ll d ill !lO W I _ 10 l ' o ll rd tllH ' 1111) d ln ll!'. l ~ I II t h« ' 1' lm l lt ll l , ' 1 11111111 ... 
1 l l11 lJ 11.. WI' ,u l L IIIIII I I' l1 l l y I I' III1NI III I' til t' hn l'\q l, l ll l ll1ll l l a III H. WI, 

w l ,. h 1 0 t 'lllllp tl llJ II II' U"I 'I' y t 'ulIIuuo ll o lI jl1ll l ph ll Hl 1 tIl III I' Il' nIl AI ,. 

1 1(111 01 li lt' lI,w kHrmnul 1'1..,1.1.. n r u tllil l 1111' 1' 1 1 1' 11 1 • Fur' IlOW WtS k.IIJI' 



c ond i ti on s ( 5) and l at cr co ns i de r t he s t ab i lity of the r esult s Thi s i s val i d fo r the case o f a r b i t r a ry bac kg r ound fi e ld s . The 

under c on tin uou s de f o r mat i ons o f tlxl ' ~~l an d lk~). We s pec t rum of P i s j us t the in t eg ers , thu s by t he s pec t r a l t heor em 

van t t o v a r y ·; A1I' P jJ . ,.t i /, II I \./ I 
.Jl- : t ~ ~><rl = dt'tly 1 ( 4 1•) 

81J<> ~ 8(x - x,ttl) (34) The r e I o r e Jlf-tt)7 i s co n t i nuo us l y de f i ned . I t i s a l so no n-dcge 

as X.(tl var i e s ad i aha t i ca l ly fr om 0 to;z7T'. Afte r s uch a nera t e if ~h er e are no ze ro mod es . To prove (43) i t i s equ i va len t 

tran s por t the g r ound sta te may ob t a i n a ge ome t ri ca l phas e facto r as t o s ho \J1
 
-, X.ltl P- ; ~,(t l P 

di s cu s s ed by Be r r y / 5/. i n add i ti on t o the usual dy nami ca l phase. H(t) :=. ..Q H(v, a, o).Q. ( 4 5 ) 

Ber ry ' s pha s e is g i ve n a s t he int egral o f a U( l ) c on nec t ion /6/. In t eg r at i ng ( 4 1) we ge t t he unique so l u t i on 

<j' = S.~(tl dt - .; X.tt JP_ iX,(tIP -b -i~ ltJ P T i.i.lfIP 
( 46 )(35) -r> af~ ,It) =~ Dr.Q 

(36) cud t he r cfo r e (4 5) is obv ious , 'I'hu s we wi s h t o co mp u t o 

whe r e I%,> i s a co n t i nuo u s l y d efi n ed e i ge n st a t e o f the i ns r anr.a- ).U) = - i..(t l <0/'U P 'l1 1"10> (/.7) 

.Aw <4-lwl -i f lftt> 

nCe)IIS h ~m i lt oni ~n , Us i n g t he i nver. .. o f ( 10 ), ( I I ) .1 11d ( 17) W(, , ';" t • •nf ror .om" 

Hltl 1Lf,t,> = E(t l I LHtl> (1 7) 
~ 11·., 'hr n j . '>- \-(/rllJ., I ·' l'\ll·..r.r=' jv\I:l. /(1ll/ I .;~15)"111J) 'I~' 

Whf'11 ~:: 1r, t he s r ar r- r o r u r n s t o mi n u s i t s e l f . We c a l l suc h s t a t e s /t(tl=-XcltlL'"L ,W'.4 • II!ll - '.¥l~. • I.", ) 
f (Z _ 1(Z tV _ II 

f t - r rni u i c. w i r hi i b i l i l y.n W (' II l o o k for s p n s s _ T t V, !! )=- . ;(Jtd 2. 'f (;'t /=- .. 
').f<'E. Vlr'flHlI fJr.v.; ;~m ~ =-i ,«(l Qv, II) 

(I. H)
 

!I (I .\ r, I"iv" ,,~ , y t t - TIII ' II T
I[ (f,1 btt' 6( tl)Illtl : L {E. If) aror .. ( Ill) ($ : - [:t:.ltl S(v/nl .it ;: - .z Tf s lv/Il)f r (I, II ) _ f' Z
wlll ' l"l ' <.I t t !. lI l1l !>j tl . t rc- cI,' f i H,'d l h r-o ugh WI' II ,IVI' n tlt /;11('1' 1' 11" ,1 ill l ' tl lIIl"11 i ll J ~ 9 V1 1lli ll folll ,.. ,d t o rm , I UI\"" ' V I' t i r i !1r - r t1\ ; 1I 1 1~ll"' t l - , X-,j t '  (VI ) P J1"y 1 0 1I11l1W:Pl~' . ~ Jl I ' r (1;f ,XIQltJt 'Y!,../bw)..p 

II n -" f Z. t t (V.I,n ) . S (V, " I I ' \ , r;(-V, "l • - S tv, n) (', 0) 

( 1,0) "r" " (1;(1, x . .l'~ tJ) l i/...~ )"hr ': ef(r} x ,xJt~ 1 i/·~ TI''' R w.. I I ud I II ' y. ~ . k(r
110 " 10 .. I ( I tl1J / i!J \ (', I)':tt ;'ili t ' =. X.(tl 'J" ' if, " .. t. ,,,) , I""y es (! )II ) • - .1. '11 sf! ' tI) l: - 1f k"
 

~i-JtJ ('flf} .r· r· ,,) I- ~~ ~) = -; JI{ P, ~ r l~ ( "'h i II III lO,II I " l u r
(Iii ) v ,1 114 111 l ,d d \ II I I " ~ P I Ill p n l (I I " ,. 11l'l w vl ' " '. ' 

.uu l .. 1111 1 1 4111 y 1 0 1 6~t \ ,WIIl' I . ' U1 i ou l l',lll y ill t Iu - Illl.1 uo l l t uu 1I 111n".'I I' fl l' tli l . 1111 ' 1Il llIIIl l I l ' 4111 v i ll 

(1,1) I III' , ' VI' II " . ' 1' 10 1 , 'lid . 1 II I I l ' '' l' lI l1d " I II 11I11tlI ,. 'd ,, 1. 11 1,, 1 11'" 101 , Ill 'P" ~'- r(rlr' lI r .1,;I),) 
i .. 1 111' n .rl vo , I ," " ,I., l lolI HP1I1'1 411 n l . WI' wi l l Oll W " Il ll w l hn t '1111 i tuu -, I 1 01 11 I Ill ' ' I'IIU j 11 11 '1. 1111 ' 1 1' 0 111 , 1 ' 1 I II I rll" r I ll V, l 1 1 ,1111 

- i ;( j tl r lJ / 
f ~ 1 

(1, 1)II{-!tl =.0 (Ao /0 1lI1111'1 ,1I h l l l' ,II V l ' ul l l lll lIll l l l'II . 'I IlI lIIfll l l lll " I II f1 ' fllt.! J1( JlI , II I II 

h 



c lear t hat the cons tant part of .a."' l is irrelevant , we h a v e 

in c l u ded i t explicit ly. The s e o t he r de fo rmations do no t affec t 

Cf be cau se the y r e s pe c t the r eal s t r uc t ure of t he Hil bert 

bu nd le. Fo r arbitrary lJv.> an d .lUx) the first qu an t i z ed 

ha mil t onian c a n be taken comp l e t el y r e al. I n the r epre s e n t at i on 

'is = ().. , t 0 = 1)1 

1 (Jt.1 - t5 V (52) 

is co mple t e ly r ea l . Thus the eigenmodes 1Jr1can be chosen com

pl e te ly rea l. The s am" is tru e fo r the f ree hami l t onian 1.~) and 
its eif!,enmode s . Then the coeff e c ient s i n t he Bogoli ub ov trans 

f ormat ioll r el a ti,nA t lte new an ni h i la tion and c r e a t ion ope rators 

to th e [r pc oO P S nrc compl e t e l y r ea l . Th is i mplie s t ha t the npw 

vacuum is : 1 r r-a I l in ear comb i na t i on o f the f ree basis s t n t e s , 

The s e t of al l s uc h r e al linear co mb i na tion s o f t h e f r e e ba s i e 

» t a t e s d c f I m- n r en l llil bc rt s pac e . whi ch i s pres e rv ed f o r ur b i t rnr y 

G", I and ac., Now fo r '/ = 1 . k ~ 1 . 1(", ;H lIot r ~ lll . 

bOWI'VI' " il i n .'pI HI ..d to " r eal hami ltonian by fi xed un i t n r yI) 

I r ..m f urma I i on 
. -JJ.I:/J)"1- (k(!j!'t) .1C 

( ~ :J )(~, ~ l AI." 8,,",) ::;A. (",0, ./b,·1, Buo,.t.).s: • 
Thi n i n 11 1110 l' I IU ' II~h to d e f i ," ' It (mo d i Li c d ) r cn I at r u c t IITl! 111 t lu 

r o r r c'HpOIllI' 1I 1 ~ II i l lu!1' I u pn c e • 1'hutJ 111 «., nd i nhn t i c l r-nn ft 1'0 1"1 u t 

1111: V.H'lI l1l11 clt ~ I I II Cl II n uer- t j o u o f 11 t'l ' JIl l i n o bund l e (tV. · I II l' l r c'l 

T I14.o'. ' 111" (' u u l v I wo t opo I u g i c u l p CH lH i hi l i t il.· H . t h e- t r i v l n l l rund l « 

o r Ihl' Hob lll 1 1t1llulll' . Ulo! rl·y' li ph il li P IIU" I "\l r n l Ilu~ Che rn 11111111 1131 ' u I 

I lie' bU1II11I' / (,1, wh lc' h I ,. It l (lpoIClJ ~ t l ' lIl l nv a r l nn t , Tli u R t h o .. .. 

nu l t i " l ll v a l ,tnn i 111111"1 u r h l t rn r y 11,~t O IIlIlII ' OI III nl O~ l lnlll ,4't ) 

II WI' c'lIlud .hJl Rwl l d d lt H 1111 M,, ' , I I Ie! a r n lll u l h t l1l ' l I . l i mp l y 

1Ill ll i l l u llllil y ( l\ iltl lt 1' ) t l' IH Hd llllllVl11 'y tl l1~ u11 11 11 r y u l' lII 'n llll' i ll ( 'II). 

H 

• 

• 
Then t h e co rr~ spond i ng ga uge cova rian t transpo r t wo ul d b e g e ne

ra ted by 2;J~(d P -I [~1-if' 
P{AflJ<I) ". ~ t ..Q r" l' I (54) 

Cons eque n t ly t he Ber r y co nnect i on and phase a re i nva riant. 

The l oop gene rated by ~1If(>< 1) is of course d i f f eren t f r om t ha t 

ge ne r a t e d by P Neverthele s s, it i s jus t the appropria t e 

ga uge tra ns form o f t he original l oop . 

There i s a n intuitive ly c lea r in t erpretat i on o f ou r re s ult s , (5 1) , 

the Berry pha s e s i mp ly co r r~s pon ds t o t he c ha nge o f phase of th e 

wave f un c t i on or n pa r t i cl e of ch a r ge - n moving in, a gau r.f' ( i el d

Th i!; ph ns o i n s i mp l y t he c hn r g o tim,·:; t ile Wil uo n l oop . Fo r tl u 

~ .1RC o f mo r e r.l·nl· r nl " h owcver , rill ' phn ur- from ti ll' Wi l s on 

l o op Fh~ ('mu to h e lI ul ~m l"f1t(ld dur- I, j) 1I 11 11 - 1. ( ~ rO r ll rval lln,~ 0 1 ti ll' 

IIi Ih l~ rt b undl e, " i nc SlVIF\) i n 1101 ("IUiI I t o j u iu vn . 

F i lia l l y W(' l' O ll1ll1l'll l t h u t. t he ItOll - 1.I'r O th 'r ry p liil HI' i lllp l l l' R t h ,11 

t hl ' , ' ff I.H~l iv ,· lu, t i o n ob t a i ne d f r o m illtl "l ~ rll li llp, o u l t lu - r l'rmi ol1ll . 

1' llIIl,ll lI n " WI ' ll tl- ZUnd ll o t r-rm , i ll Ih l ' ",atl "," IIllt l ull l l l n ll fit. JeI,: . 

'I'ld ll r o rm I .. u.u l nv o r l nn t UlulCir 1 1 11 11 HI /I1 10 11 0 1 1 111,' J ie l d 

" r o und t lu- rl tc l e , IIIld p,lv., . ItxI\,' l ly llu ' nl'II Y ph,l n" t il l" 1111 ' 

f 1" II Ul l n i l ou , I'" r V. \ , Ih l' )\I'n y ph /UII,' 1. l u v.u l uu t 11111 11' 1 

Ul' h l l r nry '· 111 11 1.·••: . I n t lu - . o J I l Ull 1'10 1 1 11' 0(.. ) I 11" 111' 1' 1111 ' i lltlll l'I ' t1 

W.J" " - i',und uo I . f llll l ,t , tl lIlI I II Yf l ll.ll l ' . Tid" IIUI' ''' 11111 Wil l' " KHIlli lll' c1 

h y NII ' Ill I I II , 101' I I", 4"U " " II I 'l I 11111 11 ' 11'1 i o n ll l 1 . '1111 1111111 1 11 1 1" 

1°, 111 ". Wi l l i " ~ Y l lld o ll " I IIIIHlf',1i 11111 1 " " l'I l II rh l r n l l v t wi Nl l'd 

111 11" " t " 1111. 11" 1 4' I I I . ~lI l1WI I I Iiii I H H t he tl 11 V 1 1Il1 1l 1l " r of ll .. I 

" WI.' 11I/lIlio- 1'. Wi l ' .tlllllllli 1111 I h l p l 'lI ll1l11l ' ll l . 

" 



• 
changed , a f e r/'Jion m"de c r osses ze ro 18/. I t was a lleged ly pr oven 

in /7 / t hat s uc h a c ro s s i ni ~ou Y resu lt in a dis continuou s change 

in t he e f fe c tive ac t ion , i n that the Wess-Zumi na term would 

cease t o be induced. This i s of co urs e true , but f or the fo l lo wing 

r e as on s. The ef fecti ve ac t i on from integ rat i ng ou t th e f ermions 

i s cor rectly unde r s t ood as t he l oga ri th m oC t he gro und state 

pe r si stence amplitude , 

(55).P- ' f.it. == ~O l T -Mf[ - {~ Hltl} 10» 
He r e t he hami lton i an i s t ime dependent due to explici t l y time 

dependen t back ground fields wh i ch vary abo u t their fixed va lues , 

t ha t de f i ne /0» . (This ma y be s l ight ly gene r a l i zed to a l low 

(o r di f f ('re nt i niti a l and fi na l c on f i ~ l l r a t i o r \ s . ) Now i n our case 

c ontai ns a We s s - Zumin o t erm, whi ch i s inva riant underYi. 
nr h i t r a r y d e f o r mn t ion s o f aJ(1 But s uppos e th a t t he de Ior-' 

m.11 i n" i vsul r s ill a rnc-d e c r ossi ng zc r o . 'l'hr-n ri owil l change 

..:iA c o n t i nuo us l y o n ly il we d i s cou t i uuous l y r ~ ' J l' t il 1l! i t li B 

( % ) ; ~. <(1 I TJ-:t'f [- " f~ HttJ l Ilt .Jl. = 
i u t Ill'1J y,round 11.' wi t h t l.. , tl e o r n ). po lld i llg he n r .. p u r r l .....1""" 11» 

to 1111: IIIlHl .. whi e"1I c r o s ued ;r. f 'rO ( I r om hl' lo\ol ) I rvm ov e-d , TII(· R.lI . S . 

of (--, I) i ll rl un r l v r-on I i nuounl v dl 'l itu -d • Jll ill' mill' " rU t ill ' 

"l!~ULl r l :r.I ' d l v t ml un i e d et e rm i un u t i l l i' I ~11 II 1Il11I' Il11lld ." l or \11 (· ILII. !i . 

u f ( '", '", ), il wi l l 11 0 1 c-h ;lI1gl' d i sc o n r i nuou n l v 1111 ully C'U UI' IIII " "" 

vnr l nl i llll rl of t I« - p .l f n lTu · l l · f H. 

\I" 1h11 11 11, Pr o( . N. N. 1I (1 . ~"liul ll lv .Lr, l o r mltk inJ1, our v l ,tl l t o 

01l1l1l.11 ,luu l h lf · . Thi n ....11 1 ~ l 'o mp ll'l l ' tl wid I.· IIUI i l ll l hll J' WIUl il l 

ti ll ' I..'" 1I0u" I1 .·,. ,. 11111111 1'1 ' . f1 lon l . l ll ltll . Thi N Wll i k 11 " 11 1'0 1'1 . ,.1 i n p il " 

hy N. :: . I,: . It . C. II I CII II .l el l l . 
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