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whe re 't a, and \'fo- are the gamma-factor a nd the 3 -v e l oc i t y o f 

particl e Z taken i n th e S- sys tem. Be cau s e of 

~ -" .-') 

t
IJ..: = 'f:..J'N." = ~~ , u." = ?,j\l.l., = ~l~" ,
 

lI-~ = 't:.j""",,- = '6'.l \ \?'l- "'"\i,-/\U-1.~ 1~LI. It seems that t he noti on o f 4-velocity (or covariant velocity) 

Ref. / I / ) . 
( 5) 

has been first introduced by H.Poincare (see. for eXample. 
[see (3)) , one obtain s immedi at el yBy definition. 

01' CIl 10 ~ -"') ~ r, .
u.l U" -;=.\J.2.U" - U1.U{ ~ Lt." \J.a.~ =~" 'UL) 

~~Xi /d.'t' , ~ = 0\ 1,2. \::' (I ) ..... 
-, -"> ~ "",.\.t ) 

where ~ is the invariant proper time. From the definition it fol- U l = '4" ,... ~LG~ ~o - l(~ • ( 6) 

j wher e (u • u ) i s t he scal ar pr o~uct of th e 4- vecter s a nd u Z ' lows that the u is a unit 4- ve c tor. i. e. 1 Z
u 1 

In es s e nce, formul a e (6 ' ) ar e just th e l a w of a dd i tion for th e 4-vel o
. . /3a,I d h 0 ' d ~ I . h fUll(~ ~ ~o)2.. _l~)'2. "" ~ ( Z) c i t ies a n t e c ompon en ts u a n u i a rc J us t t e co mpon ent s 0 re -l 

l at i ve 4 -ve loc i ti e s betwe en parti cl e s 1 a nd Z. Th e r efore , we u s e bel ow 
(We use the u~its in whi ch the speed of light c ~ 1). The ene rgy -mo men 

th e no t a tions u ~ 2 a n ti -;;"'IZ' Fo rmulae ( 6 ') ca n h e re wr i t t en in a mo r e 
tum v e c t o r pI i s rel ated to the u J by the well-kn own rel ati on 

s ymmetri c f orm : 

pI ~ \J..~ ( 3) (a )u~'- =lu.,,· U,j 
(m is the rest mas s of a pa r t i c l e) . 

---') -"> ->Di sc us s i ng t h e 4-v el ocit y, one usually mentions on ly it s d ef i n i t i on l.(~ """" ~ ~ 
( 6) 

\..{ = u. - \.~ ,,. " L ( II) 
an~ t h e property (Z) a nd r emarks that under Lorentz t ra ns f o rma tio n thc U~ ~" 

j j
4-vect or u i s transf ormed lik e the s pa c c -tlme 4-vec t o r x . Although (One c a n ea s i l y v e r i ty t he c o nd i t i o n (/,) I. 

the f o rmu l a e f o r 4-vel oc i ty tran s f ormu t i on a r e s o me t i me s pre s e nt ed in t he lo r rnu l n I ll ) i s es s cn t i a l ly II110 t h e r ( i ll c ompa r l s o n with Ih,' (' 011

ca s e of s pe c ia l t.o r c n t z t ru us fo rrnn t i o n s , in tho g c nc r a l c ase o ne u suu l l y vent io na l o m, l f o rru o r t lu ft' ,II('ra l l .o ro n t z 1 ru n s f'u rmn t i o n [ or the 

discuss es the tr an s formati on l uI' for c onven t i onll l 3 -di mensional ve l oci  ~ - v (' ct ()r fl. t r un s I' o r med f rom th e S - g y ~ l t' lII to t he S ' - Syg t " I1I , wh i ch mo ve s 
.. -9 

ty. Corresponding I'o r mu l a e u r e kno wn a s 0 th e orem (or a law) o f ve loci t y rel n t i vc 10 th e S w l t h t he .1 - vld o t:! t y II . (11°, II ) • ( ~ '~\' I: 

additi on. J ~o ' _~~ , I:\) 
. .., ,,0 0' 

... ~ ( 1 ) t i..' - t: -~ 1.\J. ' ~)~ ~ \.l. ~ 
2. TIHl I:oal of t h l s pa per I s to ob t u i n t he th e o r em o f a d d i t i on 1'01 

.l.. -\- \1." \.1." .... '" 
t he 4-v el oc lt l e s. In c s s o nc e , s u c h n l aw all ows o nu 10 fi nd th e r elat l ve 

W,, 1> .. 1 1" v,· t hnt r h l « 1' 0 1'111 III' th o 1:"II1 ' l'al l .oron l z t r u ns fn rmu r t uu 
4- vt:l ocit y h etwe eu tWll pn rr l cl e s, I. e. th e c o mpo ne n t s o f the 4 ··v"l oc!ly 

i ~ ilion' :111 1I a h l .. r il l' 1'1":1l" k il l II :\(' t hn u t lu - !" OI ' V " lI l t O Il Il I O il ". 
of pn r t l c l o 1 I n t lu - res r fr. uuo o f pa r t i cl e Z If th e 4 ,vl'1 ociti e s or both 

1'111 111 to rmu l ue (hi <III" (' U II ~ ( ' e th"l t lu - t 11l1l· · llk " <: 0 111 1'" 110 11 1 o f t lu 
part i cl e s li r e k no wu III II .: Iv c n :; y:il CIII o f r e f er e nce S . II I :; o h v l uu s t hn t 

... · 1" 1 i V'1 ,l - v,ol oc l l )' I ~ .1 11 :11 II ~ (' lI l a l" 1" ,"111 1"1 "I 'I,, · ~ - v "l o t:I ' I ,, ~ II 
t o I Ind t hu rc l n t i vo ,I - v,· l m: l l y . <)1 \1 ,1 n e ud s t o lIIake a l.o ren t z t rn n s f'o rmu - ... -. 

II lld "a : (lillI, I II H" II I ' r " l , '~ ~ - lI l \ ) 
t l un I r om th e S- :'y Slc lII 10 t hc :i ' - SYSI UIII , whe rc: parti cl e 2 1:1 lit r o s t. , - . 1 1

W,' 11 01 ,' l hn t t lu - ""'1,' I ~ a re t u t l v Ls t Lc [ u vn rl u n t ro l n r cd I II 
(\. u., t t s 4 - vul llclt )' II ~ h [ I , O) ) . !t l s kn own th ll t 11IHl u l' t h l s t r nn s fo r  Ih (' tC 'II ~ ~ or 

mu ri o n r h e e neqt Y-lII olIIl'1I 11l 111 o t pn rt l c t u I I , tr a ll . r OfYlU d a , f,'l uw.: 
" • /I \ .... ~U·,\1l.. ,\\(. {. ...... ~ ~ Ul . 111)
~ I "" 1 l. ~ ' --~ l~~ J •. wile' f l ' I ~ I. , ' v I -eli i v i I II ' S :I ymho l • IIl1l11t , l Y I 

-~_... / .i ~l""~ t' ~ - ?" 1 a.~ l.l! ~ ~ "6~ - '2" ) (4 )
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The r el at i v i s ti c ge ne r a l iz a t io n of thi s ex p ress io n l o ok s as 

"lZ \1. __ ~11.il£.1., =~1._~'L --'> \ ~') ~) ~ \ 
\1. - :l... \A v.. ~ Il.. ) cl~ = S \\A ~ 1. n.:~ 'f\:'j... (10.\J Q,I.",, 1

{\-"> --"> --') ( 1 5 ) 

t. = u: Ul... - U~ U\ , (9 )
-"> -., -~ ~ ~ , , , 

whe re n , a n d n ~ ar e t h e bea m d enSIt I es t a k e n I n t he c o r r e s pon\-\ = \.i~ X \.l1- . 
( Th e s e c on d inva r ia nt , r e la t e d t o th i s t ensor a nd p ro po r t ion a l t o th e d i n g r e s t fr a me s . Th i s e x pre ss i o n i s mo r e obv ious th a n th e conven t io na l 

p r o d uc t E . H, is i de n t ica ll y e qu a l t o z e r o. ) exp ress io n /6/ wi t h th e so - ca l le d M~ l le r f l ux . 

Fo r r e lat i ve energ ie s it i s ob v ious t hat 

t. =\.., l.<>_~~c.~l. = \1.t~ \..l 7).. I.... "'"1. ~u, - "'" ~u_ ( 10 ) 
~ 

a nd f o r t h e a bs o l u te va l ue of re la t i v e mome n t u m 

(1 1 )\"?\J.\= ~~\J~l.\) \~'-J-.\ :=-~S~ ~1.\ =~\?~\ 

3 . Using t h e r el a t i ve 4 - ve l o c i t y , i n par ti c u l ar it s s pa c e - l i k e 

c o mp o n e n t , i. e. li"u. ' o n e ca n c o n s i d e r a b l y s imp l i f y s o me wel l - k n o wn 

r el a t io n s . 

Fo r ex a mp l e , t h e rc l u t i v i s t i c k i ne ti c e qu a t i o n (~ e e Ref .1 4 / 1 now 
t a ke s t h e fo r m 

\ 'O ~ ...... .L ~\ 'Qi _ .i.- r ~ J. :L r )'9 I 10 \\"!> \ 
""'~ IN.. reJl.1.\ - J..w...) t>~ \", ''' ~ - ''' \ I U. ~ 1.S ( 1 2 )"' 

ll c r o 1', 1'1 a r e t h e d i s t ri bu t i o n Iun c t i o n s , I: i s .rn c x t e ru a I ~, I i n

k o ws k i f o r c o ; ~ , " c r o s s s cc t i o n ; a nd cl JL, n u e l emc n t o r t l.c s o l id 

""gI ,' . 

Th i s 1'0 1'111 o I t h o " '1,'a t i o n s t re s s c s i t s simi l n rl t y 10 t h e uo u rc l c 

I l v i s t i c 1l01I z lI"""1 ki ur- i r " '1u a l i on I> ..,,","' SI· W l ' h n vi- u s od i n s t c- ud o r 

I ' ' ', IIl' r a I' It' 'I )' Y~" { , I>; ,I II I(e I' . r ,1I t Ill' qu a n t i' I y \ - u ~ t \ wIII' C II I s a " " I II 

I; v i s t l r a lia I o n o r I h e uou rol a I i v i s t i c VL: I o c i t y con nu r t c d wi t h )'a l' i d i 


I )' h y th e k no wn rv l u t i u n :
 

~ ' \A 0 _ <:.\. 'c\ ' ,-a\ - sl 'i ' 
( 1,\ J1 '~ . e.. .... l \.tu +\\1. \') 

IIIIOlh l'I' " x lIlIIl'l ,' 0 1 u s eI' ul u e s s or t lu- r el n i i vr- ,1- ve l oc ; l )' ; ~ t h r

w...l l e kno wn 1II1 II1' ,·l a' l v i s t i r ,· XI' I' ...s s i nn 1'111' a 1I 111111> e l' or 1' 0 11 t s i u n s .I"" 

n c cu r rl u j; In t lu : v o l uuu (' 1" 1111'11 1 .IV (I V " I' I il l ' I i lilt' i 11 14 ' I' V II I d t ( lCO I' , 

1'0 )' e x II IIII' I r- , 11,,1' .111 1 ) : 

J. ~ - ~ 'D ' '1 I\ , 'v\4 Yt. t ~ '-J ~'\. . ( 1/11 

1101 ' p ~ i s Il l f ' I l l lf " ·ill ' ll l l l l 1 ~ 1 '1 1 ~~ ~ > ~l f' l' l t l i l l . " ,\ ' 111' [ " 1. lli u Ih ,' 01 " ,, ;11 
1 1,· " I' JIll 1'1 i (' 1(. 1 " · I' "I ~ . 

Us i n g Eq . (6) , one c an eas i ly r ela t e th e c ompo n ent s of th e r elati ve 

4 - ve l o c i ty t o t h e va ri a b l e h ' k ~ -(u , - u ) 2 u sed in t h e rel a t ivi s t i c
k
 

n u cl ea r ph y s i c s s t u d i e s
 
/7 I I Il

t l(~~ ~ A, "'- ~ Q, ~ , 
-~ t ~ ( 16 )

\ U ~1.\ =: ~ ~l. ~,..~ '\ (1 ,,).. ') , 

(L e t us no te t h a t t he 4 - ve ct o r ( u1. - u,2 ) is n o t, in ge ne r a l , a 4- v e l o 

c i t y b eca u s e it d o e s not s a t i s f y th e c o nd i t i o n ( 2 ).) 

Th e r e a r e so me o t h e r in t e r e stin g pr o pe r t i e s o f t h e 4 -vel o ci ties . 

In part ic u l a r , wh e n hath par t i c l e s h a v e e q ua l mas s e s , t h e t i me - li k e eO Ill 

pone n t o f th e r e l a t i ve 4 - v e ] o c it y a lso def i ne s th e c o mpon e nts o f t h e 

4 - v c l. o c i t i c ~ i n t he c en tr e of ma s s f ra me . Ln d c e d , i n th i s case the c .m .s . 

'I - ve l o e i t )' i s 

i u\ , "- U'l.. U,~ -\ \~"l.. u ""
e, ( I 'i) 

~ t~4\A LJ +- .A, ~ ~~~'- ~") 
' Il1 U t il e 'l - ve l " e i l i c s o f pnr t le l l 'S i n Iii ,' Co III. S. a rc , rrs pc r t i ve I )'. 

l i B )t
, 

I II t h \' l " ;1 s c- JIll1'1 l c l e s "I' (' '1" 11 1 111 11 S S l' S otu- 11 :1 s :
 
ri
 
~ \1,\ N 

( I !I )u.'c.. -= .... .-== (. . \A \ 
...."r''L \A o,, ~ 'IN "'" 

I,'ll .... 
111101
 

\01
 

\.1..: l ~ \~.~ '" ",-A, ') , ( l ll ) - "'-.,l ll. 

Thi ll " " "'1 '" 'I ,, " 1 i, f II ,, ' .1- v" l lIl' l l y , Ii 1',11 1 1,' 1,' k ill I I" , '· ,m . ll . i s e l , ,, ,, ' 

I )' 1'\· la l ,·d I " ' \ . - ( Il k - " ,.1 1. , wh l r h h ,, 1.1" 1)' 11' , ,,01 wl" ' 11 .I " I ~ i ll II ,, · 

111
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TeopeMa CnO~eHHH 4-CKopOCTeH
 

llPHBOAHTCH TeOpeMa CnO~eHHH 4-CKopOCTeH. llOKa3aHO, qTO 

BpeMeHHaH KOMrrOHeHTa OTHOCHTenhHOH 4-CKOpOCTH AByX qaCTH~ 

/1 H 2/ orrpeAenHeTCH penHTHBHCTCKHM HHBapHaHTOM - CKanHp

HbW rrpOH3BeAeHHeM 4-CKopocTeH 3THX qaCTH~. llPH 3TOM KBaA

paT MOAynH rrpOCTpaHCTBeHHOH qaCTH OTHOCHTenhHOH 4-CKOPO
.... 2 

CTH, IU12 I ,rrpeACTaBnHeT C060H CKanHpHoe rrpoH3BeAeHHe
 

/ nnyxpaTHylO cnep r-xy / cooTBeTcTBYIO~X KOCblX np ona BeAeHHH
 
-+ 

HCXOAHblX 4-CKopOCTeH. C nosroursto Iu12 I penHTHBHcTcKoe KHHe-

THqeCKOe ypaBHeHHe rrpeAcTaBneHo B HBHO nopeH~-HHBapHaHT

HOM BHAe. 06cy~aeTcH rrpHMeHeHHe rrOHHTHH OTHOCHTenhHOH 

4-CKOPOCTH B lPH3HKe BblCOKHX 3HeprHH. 

Pa60Ta asmormeaa B Jlacop a ropaa BhlCOKHX 3HeprHH OlliHI. 

Ilpenpaar 06'LeaHHeHHoro HHCTHTyTRfl,[l,epHblX HccneaoBIlHHH. )ly6HR 1988 

Strel' t sov V.N., Strokovsky E.A . E2-88- 653 
The Add it i.on The or em f o r. LI-Veloci t i es 

The add i t i on t heor em f or II -veloc i tie s is ob t u i.ne d , I t 
i s s hown t ha t t he t i mc-li.kc c o mpoue n t; o f a r elat ive I..-v n



l o c i t y o f t wo pnr ti. c l csi B dc f l.ucd hy <1 r eLa t iv i s t Lc in 
vnr i.nn t qu an ti ty, nnme l y , by t he ncn l.nr product o f t hei r 
" -ve l oc i.t i e s. The modul u s' squn r cd o f t he spn t i a I c ompo nen t, 
o f t he r cl e t l v e II-vclod t y,i. e.' ;;1 2 1

2 , i s j us t n s cnla r 
p r oduc t (d oubl e c on t r nc t i.on ) of t he c o r r e s pond Ln g s kew 
pr oduc t s o f LnLt i a I li-vc l oci t i.e s. Us ing t he 1111 2 t he 1 • 

l n t i.v i. a t i.c k i neti c c qun t i on i s p r e s en t ed in t he c xp l i 

i tl.y Lo r cn t z.- Lnv n r i.nn t fo r m. Some np pl.i. cn t Lon o f t he r e 


l. n t i.vc II- ve l oc i ty i n h i gh c nc r g y phys i C R 1. 1'1 d Lncu s s ud . 
'l'h u i.nv os t i gn t Lon h n a h uun po r f'o r mc d I'l l: t h e Ln bo r n t o r y 
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