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1. Int.roduction. N=3,4 d=2 superconformal algebrasCSAJ[lJ are 

expected to have important physical applications both in the string 

models[2-6J and statistical systems[7J. These SA's are the last ones 

(among those listed in [ll ) still admitting central extensions[3J and 

so having a chance to give rise to nontrivial quantum physics. Their 

most characteristic feature is that they naturally combine the 

Virasoro algebra with the SOC3) or SOC4) Kac-Moody algebras. 

The d=2 field representations of N=3,4 SA's found in[2,4l exist 

only quantum-mechanically.On the other hand,lately we have constructed 

the d=2 Lagrangian models respecting the N=3 and N=4 superconformal 

symmetries already at the classical level[5J.These models result from 

nonlinear realizations of d=2 super-conformal symmetries and 

necessarily incorporate conformally invariant S<X3) and SCX::4) WZW et 

models.Their actions may or may not involve the ~iouville terms.When 
~ 

the latter terms are absentl.the models in question can be analyzed by 

the familiar methods of conformal field theory[9J. 

In this letter we present full quantum realization of N=3 and N=4 

SA's in the above field-theoretic models.New nonlinear Goldstone-type 

representations of these SA 9 S are found.The representation discovered 

earlier by Schoulens[4J turns out a particular case of ours.It emerges 

in the purely quantum limit where the WZW fields completely 

decouple. The N=4 SA is shown to be modified by a non-zero operator 

cenl.ral charge when realised on l.he represenl.al.ions constructed. We 

list various cases when the fermionization of bosonic W2W currents is 

possible. 

~ This special case of our models has been recently re-discovered 

entirely different grounds in [8) as a part of more general class. 
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a. N•3 a model Cwi lh lhe Liouville lerms omi lled) is characleri zed 

by lhe aclion£51 

S=Jd
2
x -8 u 8 u + -'I' 8 'I' + -'I' 8 'I' + -X 8 X + -X 8 X (

• ik k ik k i i ) 
2+ 2-+- 2+-+ 2-+- 2+-+ 

where 

2 + -n 
k ( rd2 x wL w' + ~ rd9 x cat'r c w' wi wk 

J • 3k J ijk a ~ r 

w'= !:_ .,iik c -•" )ik ± an q ±q 

) . (1) 

(2) 

and qij(x) is lhe malrix field in veclor represenlalion of SOC3). The 

aclion C1) is invariant, under lhe d=2 N=3 superconformal group£51 

which can be realized off-shell by adding a proper set, of auxiliary 

fields.For our purpose,il is sufficient, lo consider lhe realizalion of 

N=3 SA on lhe leflCright,) movers,in which case lhe corresponding 

lransformalions are guaranleed lo close. 

All lhe informalion about, t,he classical superconformal properlies 

of fields involved in C1) is encoded in lhe Noelher currenls which are 

covarianlly split, inlo lhe lefl- and righl-moving sels. For lhe left, 

movers lhese currenls areCwe omil lhe light, cone indices of currenls) 

Tcx•) t 2 1~ i \. i. i 2fl i. i. 
-C 8 u) + -~"-:::_ 8 8 u + - 'I' 8 'I' + - X 8 X + - W W z + z •n + + z + + + z + + + k ... + 

i ~ L r.;:; ijk j . .k r.;:; i i ijk j k 
- 'I' 8 u - ~;:., 8 VJ - ~~ e VJ w - ~-'7 X CW - -e VJ 'I') 

+ ... •n + + k + + k + + z + + 
G'cx•) 

wt. _ i .eijk ¥'j VJk 
+ 2 + + 

(3) v'cx•) 

rex·) = !k x. 

It, is slraighlforward lo check lhal, wilh respect, lo Poisson 

brackels,Fourier componenLs of these currents 

L 
n 

T 
n 

zn . + . J dx+ e 1 nx TCx+), GL 
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2fl 

J dx+ 
0 

+ 
inx e vt.cx•J,r 

q 

form lhe N=3 SA £11 

£L ,L 1 = Cn-m) L 
n m n+m 

c 
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<2 

27l • + . J dx+ e~rx G\.Cx+), 
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0 
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2 
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r+s r+Sil 3 
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ieijk ~ 
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- s 6'i r 
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c = '! k 
2 

.!_) 6 
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C5) 

(6) 

Cwe impose lhe st-andard closed slring Neveu-Schwarz type boundary 

conditions).Note the presence of terms linear in fields in the 

expressions C3) ,which reflecls the Goldslone nature -of lhese 

fields£5J.This peculiarily will be imporlanl in quantum case. 

Let us proceed lo quanti-zalion. We follow lhe Willen approach [101 

and 1~epl.ace Poisson brackets by Dirac ones 

LYlCx .. ),WJCx+')J = i ct.Jk Wkcx••)6Cx•- x••) + -!:.~ otx·- x·') 

"'" 
fuCx

0
~x

1
)~d uCx

0 ,x1
')) = i 6Cx1

- x 1
•) 

0 

~ VJ• t X •) , VJ"( X ' ) } = 6. .. 6( X - X ' ) 

{X(x+).xCx+')) ::::: <:SCx+- x+'). 

We wi 11 also need ~he explicit form of lhe oscillator 

decomposition for lhe left-moving componertl of uCx): 

ucx·) = ~ [ 
2-lrr 

qo + Po x"'" + i -{;_ \ 
nfo 

a 

n 

. + 
-1nx 

e ]· 

(7) 

basis 

(8) 

The rurther sleps are lo put, the currenls C3) inlo the normally 

ordered form and lo renormalize them irt a proper way(9J so that the 

original N=3 SA is reproduced.Evenlually,the lefl-moving quanlum 

curren~s are as follows 

TCx+) =!. [= C a u)
2

: +-;.~k::;:== 
2 

"'" l•rrck+Z) 
a au+ i:YJi..iJ v/: 

+ .. + + + 

3 

+ i:xDx: 
+ + + 

4n 
i i ] + -:WW: 

k+2 + + 
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. .... i.a u·-

G"Cx )=-: Y'+ + · -{
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v'cx ... ) w' ... 
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.,<ik : ll'jll'k= 
... + 

~ rex ... ) = x. 
n 

. E" [ " .... ¥': - -- &ijlc: Y'jwk: 
k+2 + + 

+ , x c w' _ !.E:<i~<ll'ill'k), J 
+ + 2 + + 

C9) 

Their Foirier components defined according to (4) generate the same 

N=3 SA (5) but with the shifted central charge 

c = !ck + 2). C10) 
2 

Of course,lhese generators can be explicitly expressed in terms of 

free oscillators associated with the left movers. Il is worthwhile to 

quote the quantum supersymmelry transformations of fields 

6 u = iJJ+i.\Vi. .. 
i 

6 ¥'.,. 

6 x ... 

k 

~ ~
7l 

" +i i ... lc ki.j j ijlc +j~ +i. 
.,.tJ - ---- J-.J. c x;¥1 .... + ---- & J-.J. .... - 1-1 a .... u 

lc + 2 lc + 2 -{.-nck+2> 

~ 
.. 

- J..J+l.(Wl. .. !. & ijkll'j•/) 
2 ... ..,_ 

ik 

(11) 

,;w" . r 47l 
l ----

Lj•i"Y .eki.jwj 

l 
+· cu•i.wk u•kwi)Wi.l + 8 Cu .. ky) 

.. Jc + 2 .. +.J -f•rt< k-+2) 

ik 
ckij8 .... c JJ +i.VJ~) + 

-(.-nck•2> 

Let us poi nl out once more the Gol dslone nature of the involved 

fields lhal manifests itself as the presence of inhomogeneous terms 

both in the currents (9) and the transformation laws C11).Just this 

properly is responsible for the central charge being as in 

eq.C10).Nole lhal the conformal currents containing such linear 

pieces,were considered in [11J.Il is also worth mentioning that the 

superconformal generators .with terms linear in fields appear Cat the 

classical level) in the context of super-KdV equalions[12J.In the case 

al hand these terms are necessarily required for self-consistency of 

full quantum N=3 SA. 

4 

~ 

'i' 

In the end of this Sect. we dwell on lwo supermulliplels of 

particular interest. 

k•O,c•3. In contradistinction lo the classical currents C3),the 

quantum ones C9) have k=O as a well-defined limit.In this limil,all 

the inhomogeneous parts in the currents ,excepl for rcx·),vanish and 

the related fields lose their Goldstone cha•-acler.In parlicular,uCx) 

becomes the primary field and the conformal current T coincides wi lh 

the canonical energy-momentum t.ensor.The bosonic wzw current 

transforms now entirely through itself and it. is consistent truncation 

to put. it equal lo zero Cal least,on a proper subspace of full Hilbert 

space): 

w' = o. .. C12) 

As a result.,one arrives al t.he purely quantum realization of N=3 SA on 

the shortened c=3 multiplet {u,X.,.·'#>-Il is just the multiplet found 

by Schoulens[4J.The k=O expressions for currents and the 

transformation laws precisely coincide with those given in [4]. 

lc•Z,c•6.In this case, the WZW o model admits a fermionizalion in 

terms of exLra SOC3) triplet of fermions ~~[101 

w' = _ !. &iik ~ J ~k . 
+ 2 + + 

C13) 

One may check lhal the fermionized cu>renL G' in the seL C9) produces 

the following supersymmelry lransformaLion of ~: 

6 ~k = i /J .. 'c '#k 6ij - 6ik'#j + .,hix ) e 
+ + + + + 

C14) 

Taking this into accounl,lhe transformation laws (11) remain unchanged 

upon substitution of C13) Cat k=2). The multiplet {u,>J!k,l:'k·X} has c=6 
+ + .. 

and yet certainly cannot be represented as a direct sum of Lwo Schou-

tens's ones.The obvious reason is the presence of non-vanishing Gold-

stone-type terms in the relevant currents. 
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At any other value of k,our mulliplels essentially involve the 

bosonic WZW current W~.Clearly,lhey are by no means reduced to direct 

sums of the mulliplels given in [41. 

3. N•4 case is most inlere;;;li ng as the SOC4) N=4 SA admits two 

independent central charges[61 
c 

[ L , L 1 = C n -m) L + .....!. C n 3 
- n) 6 

n m n+m 12 n+m 

[ L , G' 1 = C ':' - r ) G i 
n r 2 n+r [ Ln.r:1 ( ':' + r ) r' 

2 ni'r 

ic 
-s A - --

1 
n

2 
6 

n+s; 3 n+a 
[L .T'J1 =- m Tii 

n m n+m 
[L ,A 1 

n • 

[ T'i • Tktl =-iC6i<t~' i 
n m n+m 

c c ] +6 J'kTt'')+[c 6 ik6 jt_ 6 it6 jk)_1 __ 2.,ijkl n 6 
n+m 3 3 n+m 

<Gi ,GJ> 
p r 

<G'. rJ> 
p • 

lG' ,A 1 
p • 

£T'i,Gk1 
n r 

rT'i,rk1 
n r 

c .. 
26iJL 

p+r 
- i Cp-r) T'J + -~ Cp2

- ~) 6'J 6 
p+r 3 4. p+r 

6'iA 
p+s 

- s r' 

+ £ijkl ~l 
p+& 

p+s 
<r' .rJ> 

p s 

2 i c p 6 6'J 
3 2 p+& 

~ c o'J 6 • r r'. A 1 = o 
3 t p+a p s 

':' .,•iHrt iC6'kGJ 6JXGL ) • [A • A 1 = ~ p c 6 
2 n:t-r n+r n+r p s 3 1 p+s 

-ic6'krJ 6J•r' ) • 
n+r r•+r 

(1 !3) 

The presence of two numbers c
1 
~>d c

2 
is related ~o the fact that the 

SOC4) SA contains two independent SUC2) Kac-Moody algebras Ccorres-

pending to the decomposition SOC4)-SUC2)xSUC2))which enter with their 

cent..ral charges icc
1

+ c
2

) and ~Cc 1- c
2
). 

As compared to the standard N=4 SA £11,SA C1!3) includes one extra 

generator A
0

.0ne may reduce C1!3) to the standard form by pulling 

A 
0 

0,6n i n .6 ll._n)' CA = 6 ,.f. 
-n n 

1. being the subcanonical generators present in ordinary SOC4) N=4 

SA[11.However,in general 6
0 

is not obliged to be zero.This generator 

commutes with all the other ones and can thus be regarded as a kind of 

operator cent..ral charge.We will see that. in the models we are 

considering, 6
0 

does not vanish;il generales an extra UC1) symmelry£!31. 

One more peculiarity of SA (1!3) is ununiqueness of embedding of 

6 

1 

I 

Virasoro subalgebra.Il is easy to show that the linear combinations 

L. L +~ani6 (16) 
n n 2 n 

generate a one parameter family of Virasoro algebras,wilh the central 

charge[61 

"' c 
1 

c- 4 "'c 
1 2 

+ 4 2 
01 c • • C17) 

One may redefine the super:symmelry generators so that they have 

canonical transformation properties with respect to L 
n 

6' = G' + i "' q r' . 
q q q 

Conformal properties of generators An also depend on the-choice 

rl. ,A 1 
n -" 

-s A 
n+s 

ca. = c - 2 a c · 
2 2 1 

i 
3 "' c 

2 

2 
n 6 

n+s 

C18) 

of L. z) 
n 

(19) 

It is worth mentioning that the Virasoro algebras corresponding to 

different oc extend to different infinite dimensional subalgebras in 

C1!3).Al oc=O this is N=3 SA while at a=±i the relevant Virasoro 

algebras turn out to lie in two different SUC2) N=4 SA's. 

Th@ si mol est. N=4 WZW suoer-mul t..i ol et. [5) has t~h@ .:;~rnA f'i P-1 rl r""'nnt _ _.nt 

as the N=3 one.The relevant action is as follows 

s 
I 

Jd 2
x [~" u "u + !.e"'"" e + ~e"'"" e + !.!r :e c f3)] czo) 

2 + 2 + - +ota. 2 - + -Cila k i W. Z~ qiOt , 

oo,a being isospinor indices of two SUC2)'s entering into SOC4).Nole 

that the second SUC2) Cand the corresponding Kac-Moody group) acts 

merely on indices a o£ spinors. 

Another option is to consider the doubled supermulliplel involving 

the WZW fields for each of two SUC2)'s.The action is 

S=S +S · 
I II 

~or correc~ normaliza~ion of cen~ral terms it is 

to shift L
0 

and A
0 

by properly chosen constants. 

7 
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}2[1 iaa iOia s = d x -a va v + -n a n + -n a n 
II 2 + - 2 + - +CXO. 2 - + -oto 

2fl b ] + -k :e (q ) . 
w. z. 2a. 

2 

C22) 

Note that just the action C21) Cbut not (20) or C22) separately) can 

be promoted to the SOC4) WZW-Liouville one [5l. 

The invariance or C20) -C22) under N=4 super conformal 

transrormations and the precise rorm or the latter rollow !rom the 

results or [5l.Here we conrine ourselves to presenting explicit 

expressions for quantum current.s. Assuming t.he canonical quant.izat.ion 

rules and the Neveu-Schwarz type boundary conditions one gets !or the 

general case C21) and arbitrary 01 

A = w au . ~ ~2 ~2 ~ rOta. - 1 ,::Clta 2 010. 
- u v. - --- , - --- n 

+ n + n + 

V~ =:W~Cq):- !:.,~;f3a { 
1 4 + +a 

- !:., nf3"' n "' 
... + +a. 

01 

i {3a b 
:;;=n. n.f3 C23) v"'b : w"'bc q ) : - !:_: ef3a e b 

2 ... + +(3 

Gao. {aaa u + 
+ + 

k 
1 a ,aa 

+' + 

pz:+2 
+a J-;-

2 
a {aa + : W~f, a, + 

+ + -frr ' k + 2 > 1 ..-{1 

T 

2~) 
1 

i 
3 -fn<k +2:> 

1 

.!:, ( 0 U)
2

: 
2 + 

+ 

'e"'be ~'e ", 
+ +b +(1 + l 
k 

1 

•Yrrc k +Z > 
1 

a au + 
+ + 

W iu,f.,k
1
,a 

1' 

... 
--> W ,V,Y),k ,-a J 

2 2 

J
k+Z" . 

~ 1 1 ota - --- a a u + -: r. a e : 
z_ ++ 2+++01.0. 

rr 

2n 

k + 2 
1 

: TrC W W ): 
1 • 

+ ( w • u • f. • k • 01 --> w • v. n. k • -a ) . 
1 !1. 2 2 

The currents associated with the single actions S or 
I 

Su rormally 

rollow !rom the general expressions (23) by putting to zero the 

appropriate irreducible set.s of fields. For instance. the current.s 

corresponding to the choice S=S,are obtained by setting v = n 

We give the expressions !or T and A 

T = !, co u)
2

: 
2 + 

2n 

k + 2 • 

+ 

k • 
•-fn< k +Z > • 

: TrC W W ): • • 

a au 
+ + ~ 

01 +- a a.u 
2 + • 

1l 

A w 
8 

+ !:., ea"'a f. : + 
2 + + +Clta. 

au 
+ 

= w = 0. 
2 

C24) 

We begin with discussing this simplest case.Fourier components or 

corresponding current.s at a 

c • 
'!.ck +2) c = '!. k 
2 1. 2 2 t. 

0 constitute the N=4 SAC15) with 

C25) 

The fact that c
1 

coincides with the N=3 central charge C10) is not 

accidental.The subset or a=O currents with the indices a,a identiried 

<ra01 ,G'~! T • v'OI/1> + v'OI/1>} 
• 2 

generates just the N=3 SAC5) embedded as 

a subalgebra in C15).As a matter or fact,the actions (1) and C20) are 

identical,in accordance with the general conclusion or rei. [8] that 

N=3 super symmetry 

super symmetry. 

The presence or 

in 

c 
2 

the models of 

in t.he cornmulat.or 

this type implies N=4 

[L ,A l means that A has 
n a a 

unconventi anal conrormal properties with respect to Virasoro algebra 

<L,.,.>.unless k • is zero. It is natural to make use or the above 01 

Ireedom in order t.o ensure normal transformation properl.ies of the 

current A under conrormal group [6]: 

01 
c 

2 

a 
c • 

0 --> 
k + • 

1 
=6~ 

• 

cz 
ot = ;-;;' 

k ._ 
2Ck +2> 

(26) 

C27) 

With this choice,the rield u remains the Goldstone !ield with respect 

to the generator Ao which produces constant shirts or this rield 

and,as is seen !rom eqs. C24) ,(8), is nothing else as the zero mode 

momentum or u(x).With respect to conformal group,uCx) behaves now as a 

primary rield. Respectively,the term -ca.) 2 u drops out !rom the 

conrormal current C24) and the latter coincides with the canonical 

energy-momen~um tensor. 

Let us specialize to the two important examples or the multiplets 

const.ruct.ed. 

As in the N=3 case,upon quantization it becomes possible to 
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consistently set, k
1
= 0. In this limit,one arrives a~ ~he N=4 Schou~ens 

multiplet {u,(~0} haviny c~= c
1 

~ 3,c~= c
2 

= 0 (41. 

At k
1
=2, c~ =i one may fermionize the bosonic WZW current. W1 by a 

SUC2) ~riple~ of fermions x:~ 

W C ) a(3 = !_ ,ap> X ('> 
1 q1 • X+ +ep 

C28) 

. {.)Ia. {{.)1/'i> 
and real1ze N=4 SA on Lhe seL {u,e+ ·X+ }. 

Now we turn to the general case C23). At a.=O the relevant central 

charges are expressed in terms of integers k
1
,k

2 
as 

c • 
= ~ c k + k + 4) 

2 • 2 
c 

2 

3 Ck-k). 
• 2 

(29) 

In this case one cannot put the conformal currents into the canonical 

form by adjusting parameter a.However,one may still require the 

commutator C21) to h.ave no anomalous term 

a 
c 

2 

a 
c • 

0 
c k - k 

__ 2_ 

2 c 
• 2 

-> a 2 { k +k +4} 
• 2 

6( k +2) c k +2) 
• 2 

k + k + • 
• 2 

C30) 

(31) 

Under the choice C30) the current ~ and the sur\riving inhomogeneous 

part in T are expressed via the orthogonal combinations of fields u 

and v.The first comb1nation is the Goldstone field for UCl) generator 

6. while Lhe second one is the dilaton. 
0 

in Lisl,as before, some part~cular cases. At k
1

=k
2

=0 the multiplet. 

quest..ion has c = 6 ano:J 1t reduces to the direct. sum of two Schoutens•s 

mullipleLs.Only in this case the conformal current coincides w1th the 

canonical energy-momentum tensor 

The options k
1
=2,k

2
=2 or k 1 =k 2 ~2 correspond to situations when one 

or bot..h of the WZW current-s can be fermionized by SUC2) Lriplels of 

extra fermions.In this case.c: is parametrized by one integer k 

a k+2 
c = 24 --- • ( 32) 

• k+6 

A~ k =k =k one has a=O and 
• 2 

10 

c"' = 3C k +2) =c , c a = c = 0 . 
1 t 2 z (33) 

In this case the Virasoro algebra we have chosen to be basic coincides 

wi~h lhe one en~ering in~o ~he N=3 subalgebra of C15).The N=4 SA[15J 

is realized on ~he direc~ sum of ~wo N=3 mul~iple~s discussed in 

Secl. 2. 

4.Conclusions. In ~his paper we have described a new realiza~ion of 

N=3 and N=4 C~0 extended) SA's on ~he d=2 fields.The next s~eps should 

be explici~ cons~ruc~ion of corresponding Hilber~ spaces and analysis 

of represenLat..ions of N=3, 4 SA's on ~he states along ~he lines of 

refs. [9). This mighl help in establishing a link wi~h s~ring ~heories 

and in checking ~he N=3,4 de~ernunan~ formulas conjec~ured in 

[13l.No~e ~hal in lhe above N=4 models ~he s~a~es will be labelled by 

an addi ~ional quan~um number associa~ed wi ~h the cen~ral charge 

genera~or ~0 . One more in~eres~ing problem is lo s~udy effec~s of 

adding Liouville ~erms ~o ~he actions. 

Finally,we remark lha~ in ~he quan~um formulas given above,one may 

pu~ k
1 

and/or k
2 

equal ~o -1 wi~h preserving ~he posi~iveness of lo~al 

cen~ral charges of Virasoro and Kac-Moody algebras.In par~icular,k=-1 

in eq.C10) yields a c=3/2 N=3 mul~iple~.I~ would be of' inleres~ ~o 

inquire whether ~he la~ler is equivalen~ ~o ~he c=3/2 multiple~ buill 

up by Schwimmer and Seiberg [2) wi~hin ~he ver~ex cons~ruc~ion. 
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HBaHOB E.A., KpHBOHOC C.O., ITeBHaHT B.M. E2-88-541 
KBaHTOBbie N=3, 4 cynepKOHcPOPMHbie B3B cHrMa-Mop;eJIH 

ITocTpoeHbi HOBbie npep;cTaBJieHHH ron,n;cToyHoBcKoro THna N= 
=3,4 cynepKOH$OpMHb~ anre6p /CA/ Ha d=2 TIOJIHX. 0HH cy
~eCTBYIDT KaK Ha KJiaCCHqeCKOM, TaK H Ha KBaHTOBOM ypOBHHX 
H BKJIIDqaroT KaK C~eCTBeHHyro qaCTb TOKH BeCC-3YMHHOBCKHX 
SO (3) H SO ( 4) Mo,n;ene:H. MyJibTHnJieTbi, Ha:H,n;eHHbie paHee 
CxoyTeHcoM, HBJIHIDTCH qHcTo KBaHTOBb~ npe,n;enoM MYJioTHnne
TOB, TIOCTpOeHHb~ B p;aHHOH pa60Te. lloKa3aHO, qTO N=4·CA 
Ha paccMaTpHBaeMb~ npep;cTaBJieHHHX pacmHpHeTCH onepaTop
Hb~ ~eHTpaJioHbiM 3apH,D;OM. 

Pa6oTa BbmOJIHeHa B ITa6opaTOpHH TeopeTHqecKOH $H3HKH 
OIDUI. 

npenpHHT 06'be,llHHeHHoro HHCTHTyY8 H,nepHblX HCCneJJ;OBaHHH. ,Ily6aa 1988 

Ivanov E.A., Krivonos S.O., Leviant V.M. E2-88-541 
Quantum N=3,4 Superconformal WZW Sigma Models 

New Goldstone-type d=2 field representations of N=3,4 
superconformal algebras (SA) are constructed. They exist 
both in classical and quantum regions and essentially 
involve the S0(3) and S0(4) WZW currents. The multiplets 
found previously by Schoutens are purely quantum limiting 
case of ours. N=4 SA is shown to be extended by an opera
tor central charge on the representations considered. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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