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1. Introduction 

For a time there has been considerable uncertainty about the 
first radially excited JP meson state. Only recently/4, 5~ clear and 
independent evidences for its existence in the form of ..f (1250) at 
a somewhat higher mass value from the analysis of cross section data 
on e-t e~ :n+JT-and e+e-:... .v 0Cc) has been found. However, in the pa
pers/4,5/ the parametrization of corresponding cross sections in the 
form of a superposition of simple Breit-Wigner formulas has been ta
ken, which must not be the most suitable, because masses and widths 
observed directly in an experiment need not be a true measure of 
the underlying resonance parameters and they can be modified signi
ficantly through interference with an appropriate nonresonant back
ground. Therefore, in this paper, we use for a determination of the 

JP1 (1250) parameters (besides the other adjustable parameters of the 
model) the more accomplished unitarized analytic VMD model/6 •71, in 
which also contributions of the nonresonant background are incorpo
rated in a very natural way. Moreover, instead of the only data on 
e+e-~ Jr1-JT-· the pion form factor data from the whole existing 

range of measured momenta -10GeV~ t~ 10 GeV2 are analysed simul
taneously. As a result, the occurrence ofjP

1
(1250) resonance in 

e+e~J.r+Jr- process is confirmed again and a coincidence in its 
mass value with that determined in / 4 ,5/ has been found. However, 
the values of other resonance parameters are different. 

In the next section we briefly summarize the unitarized analytic 
VMD model of the pion form factor and also we prove that the asymp
totic behaviour- -t.-jt_,.-of the model has to be fixed since the 
moat optimal asymptotic behaviour"'" i:- ~ 1 -t _,. 

00 
enforced by the 

data in 111 contradicts the results of QCD. Section 3 is devoted to 
the analysis of all existing reliable pion form factor data and all 
adjustable parameters of the model are determined, unlike the papers 
/4, 5/,in a fitting procedure evoluating also their errors by the 
statistical methods/Sf. Conclusions are drawn in section 4 • 
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2. Unitarized analytic VMD model of the pion form factor 

It is well-known/9/ that the electromagnetic structure of the 
pion is totally described by one scalar function Fy {-1:} depending 
on the fou.r momentum transfer squared i=-Q2 of the photon and di

t - + rectly measurable in the process e e -'t-Jl Jf- through the cross 
section 

.2 3 . :2. 
6(e+e~JT"'Jr):: 7 «'.f3j£ (i) + R e" tf m..., 

8-t .r "''2._-t_-,·11') r:: 
.., <u "' 

/2 (1) 

where 
2 ~ 

R =- _§__ ( "'.... ) 
2
[ _ ~ <2 > 

cl. fYJ.., IYJ.?- 'rhf_'- rrw~ete) rr~7JTIJ)] 

4 2 ~ 
tX. is the fine s true ture constant, j = [1- -t. ""J is the velocity 

of the outgoing pion and the phase rp is given through the ..f and 
~ mesons parameters by the expression/101 

If= cvu ~ (3) 

- +-There are, however, also other processes, like ;// p ~ e e /2.. and 
J/f-+ 7-t;r-. giving the experimental behaviour of F {t) for t. >0 -A, - N :y and the processes e ,v~e;r , .::re-~ .77-e- , from which experi-

mental information on F,. (-I:) for t< o is extracted. 
The most prosperous approach in the description of all these 

data from a global point of view, which reflects main features of 
the pion form factor experimental information, is the vector-meson
-dominance (VKD) model 

J;c-t)=L 
v 

m: ( f,.r.,/ I~ 
"¢-- i: 

(4) 

where the summation is carried out only over isovector vector mesons 
(further we restrict ourselves to 7!"=~,f:.P") mv- are their masses, 
f. and f:. are vector-meson-pion-p:l:'on and universal vector-.,.,.,. ,.. 

-meson coupling constants respectively. Really, Eq.(4) takes into 
account the fact of the creation of various vector mesons in the 
reaction ete-~ :JT'iT- explicitly, it is normalized for t=o by 
the relation 

2; (f,.rr/:1,,) = .( (5) 
tr 

2 

... 

and governs the asymptotic behaviour 

~{i} ..-v -r1J (6a) 
t, ...... :toa 

predicted/11 - 13/ for the pion by QCD up to the logarithmic correc-
tion as follows 

F {t),.... 61nrz;t_/· 
Jf (-({-} 11-,.) {- t) 4 (- i.)/,1 2 (6b) 

where f:_ = 93 MeV is the pion decay constant, ~ is the number of 
quark flavours and J\:::r 100 MeV is the QCD scale parameter. 

Nevertheless, VMD model (4) besides these positive features has 
also a series of shortcomings, e.g. it acquires infinite values in 
the contradiction with measured cross s~ction (1) at the vector meson 
posi tiona t = m2 and it does not res pee t the uni tari ty condition 

.. 11 

7m IJ It:)= { (t.J A_/ CiJ + dC-t) C1) 
I 

with A I to be the p -wave isovector 7i r scattering amplitude and 
with cr{~ representing higher inelastic contributions. It is also 
short of a smooth nonresonant background, which seems to be crucial 
in obtaining true values of resonance parameters from the existing 
experimental information on the pion form factor. 

We note that all these d~fec~s of the standard VMD model are 
overcome by the incorporation/b,l/ of the two-cut approximation of 
pion form factor analytic properties (see Fig. 1) into (4), which 

t- plane 

t• t• 
t* rt .r-q 
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t=1m~x 

~~9 )( 

)( tl'' 
tP" 

a) b) 

Fig. 1 

t=O 

2 
t=4m~ 

t= tinl 

a) Two-cut approximation of the analytie properties of the electro
magnetic pion form factor; 

b) structure of the corresponding four sheeted Riemann surface. 

3 



finally leads to the unitarized analytic VMD model of the electro
magnetic structure of the pion. The two-cut analytic structure is 
generated (see Fig. 1) by i:= ltHJ/' and t:: ftite)ftbJ; (it will be 
left as a free parameter ofthe resultant model), square-root-branch 
points. Then utilizing the conformal mapping 

t:t. = [rt:-~t)!~t7;,. , = r <a> 
'_j I T 

and the inverse Zhukovsky transformation 

[ ']~ 1z Wf-t)=i 9.;,,+9. -[1.,-.e-ct} 
[ 

f. ) 
1.,~ + '/.] 21" [ '/.. -1.] rz. 

leads/6 • 7/ to . 'ft 

~ 
?-,ife=ff4e-'t)/ij

2
<9

) 

FIW~!J= ( 1-w: fV (~-\11'-. )(~+W,.){ W'..; ~){~i ~ , 10 l 

7T 1-WN ? (W -'1/,;..)(WtW,.)('¥1-"1~)(~1!~) 
where W'tr: denotes the VMD pole position in the W-plane (see Fig. 2) 

and the asymptotic behaviour (6a) is ensured by the power "2" of the 
common normalized factor in front of the sum. If, further, we use 

Ill tx1/Wy IV 
w. Wf~ W-plane 

f(A 

lC 

vw" 
Fig. 2 

Result of the mapping of the four-sheeted Riemann surface 
onto one W-plane 

inequali ties/7/ for the masses of vector mesons, I'Y}p2 ~ i,~ and 
~11 "?toZ, > t,;,~ , introduce the nonzero values of vector mason r;.. 

widths by means of the changes 1. 

tt-rr,= [rm;-¥Jtq1~ £,=[[(m .. -; ~/"-Lt]ILt} ~ (11) 

w,.r~r.J-+ W.,.r9--v-) 

4 

-

and take into account the left-hand cut contribution/14, 15/ by a nor
malized factor consisting of one pole and one zero on the positive 
real axis (see Fig. 2) inside the unit circle in W-plane, which corres
ponds to the negative real axis of the second Riemann sheet in - va
riable, we finally obtain the unitarized analytic VMD model of the 
pion form factor 

F [Wf-e)]= ( 1- W
2
)

2 
{W- ~)fvt; Wp) X 

7[ 1-*:/ {VI-~)(~-~) 

X [ (WN-~) (WN-~~) {~- o/'~)(~-o/"~1 (12) 

( W -1>) ( ~-WJ) ( W- 1f'Wj.) {W- f~"X) fJ,./t) t 

+ L (~- w2f")( ~- w;)(~+ w;.)(~+~) 11 11: )1 
'lr=fif' {W- ¢,.) {w- w:J(W+ W,.j(~+ ~~) ~,,. 1 

defined on a four-sheeted Riemann surface where JO -poles (always at 
complex conjugate points) are placed on the second and fourth sheets; 
and .1/.;ofl -poles, on the third and fourth sheets. In the next section 
~nis moQei wiii oe usea xor ~ne ana~sxs OI ~ne pxon Iorm Iao~or aa~a 
to determine the resonance parameters hl.,-, r;,..J .f,:., /fr ( tr=.P,.PJ/} Ho
wever, before we draw our attention to the asymJlrotic behaviour of 
(12). 

Though in principle the change of the power of tQe normalized 
factor in front of the sum in (12) to an arbitrary positive integer 

as follows 2. 2. /'of 

(1-IJt// (1-~-) 
.vl'.2. ~ - ~t.j (13) f- W.y .( AI 

leads to the generalization/G,7/ of the pion form factor asymptotic 
behavio;J.r of the form 

IV 
- 7: 

F (6) .,., i 1-t ~ oo 
7 

(14) 

without any vi6lation of positive features of the model (12) reached 
by the incorporation of the analyticity into (4), further we prove 
that only positive even /11 is allowed in (14) in accordance with (6b). 

Really, the analytic continuation of (6b) to the upper boundary 
of the pion form factor out on the poaitive real axis --f by means of 
the substitution -1:. ~ -t e-;r 
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-t: ~ -{; e_,., {15) 

leads to the expressions 
oLt..,.z :l'_z 

1T 

and 

Re F (t)----
7T 

-e ...... c>G 

Jm F (-t) ...,. ~ 
q 

-t-'> 00 

(11- ?:.a ) t -f:n -t/ r?· a <J-

7T b~Tz~Z 

(/.t -ln.;) r. .fh, 2~ I 1\2 

{16a) 

{16b) 

respectively, from which one can see immediately that in the asympto
tic region of the pion form factor ReF t-e) dominates the;J;,/;(-tl. , ,. :/ 

Now we prove that the latter comes true in {12) only under the 
assumption that ~ is a positive even number. 

Really, for t_,.±oe on the first Riemann sheet, V\1_,.-( {see 
Fig, 2), then all terms in tlEsum in {12) are, :In the limit -6. +o0 
constant and the pion form factor asymptotic behaviour is ensured 
only by the normalized factor {13) placed in front of the sum in {12). 
As a consequence, taking into account also the change {13), Eq,{12) 
very near to the point W =- { can be rewritten into the form 

;: rlXIr+J7- ') M .At N 
IL\XI 'l.~~ur) rfJ.J- !.JLIY/) Q/'"'' (17) 

- T ,_ - -...J " • .. " '"/ I • , ... / • .....,, ._/ 

where 1b, J3(t;j...Qfor t.~ o0 • Moreover, for -t,-.,e <: i'< 00 

l \lf{-t-))= 1 i.e. Wft)-:: e' 'fle), where R~ et'l't-62,__ { as soon as 
tf(+). . ., :r . So, the relation {17) in the asymptotic region 

takes the following form 
M 

;:;. [WfeJ}~ ( i ~-., !fffJ) 8 (t:) {18) 

from which it is evident that 

a) if /1 is even, 

by Re F,ttj; 
b) if f1 is odd, 

by ]), F,.l..-1:/ • 

then F [Wfej}for /;-"P+ob is dominated 
11 

then F,.[ Wlt}j for -t-++oe is dominated 

In order to respect the consequence of the perturbative QCD gi
ven by {16a,b), one has to take ~ in {12) to be a positive eve£ 
integer. Since the asymptotic behaviour (6a) is right behind i-/~ 
taken in / 7/ to be nearest to the form (6b), one has to fix }(:~oe 
in (12). 

Consequently, one cannot take the resonance parameters in /7/ to 
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., 

l} 

be true because they have been determined in a fitting procedure 
of the pion form factor data by meansrof {12) with a wrong asympto

tic behaviour. 

3. Ana1ysis of all existing reliable pion form factor data 

The unitarized analytic VMD model {12) constructed in the pre
vious section depends on the following 12 adjustable parameters 

-~iZ I ~ ' -/:: bie I J?711", rv-' !;.,.,. 0-- ( lT: ~ f/J' ') {19) 

with the clear physical meaning. Their number is reduced to 11 by 
equation (5) conserved also by the model {12) which is a consequence 
of a normalization of the pion form factor to the pion electric char
ge taken to be equal to one. In the analysis of data we choose the 
ratio of coupling constants ~1. /~ of~-meson to be expressed by 
meansr of {5) through the coupfing rations of the other resonances 

contained in the model {12). 
To take into account also the isospin violating c.,-. r-tr-

-r- .,. -
decay leading to the so-called J'-I.A) interference effect ine e-+71 1 
we correct the pion form factor by adding (see the cross section (1)) 
the Brei t-Wigner form of the w -meson multiplied by a complex .f- t-0 

interference amplitude R e'"<(J where R, is defined by the relation (2) 
and the phase 'f is expressed through .f and to meson parameters 
by the relation {3). So, finally there are 12 free parameters to be 
determined in a fitting procedure of data affixing the amplitude 
to the previous 11 adjustable parameters of the model {12) and taking 
the values of ~ (783) resonance parameters from the Review of Par
ticle Properties / 16/, 

Most of the used in the analysis pion form factor data are com
piled in 1111, But there are also the most recently obtained data 
718•19/ which in the combination with the previous ones given all 
together 293 experimental points. Nevertheless, taking into account 
the recent results/20/ on a direct compatibility check of the space
-like region data obtained from electroproduction processes with the 
most reliable ones obtained from e+e~ Jr+Jr-, we find/20/ 5 doublful 
electroproduction pion form factor data with a corresponding partial 
~>10 • They are excluded from further analysis. 

The most optimal description {see Figs. 3a,b) of the remaining 
288 reliable pion form factor experimental points from the range of 
momenta -9.770 GeV~t< 9.579 GeV2 is achieved with:;tJ, • 382/276 and 
the following values of parameters: A~~ 
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10_, 

-10 -5 0 5 t [GeV 2 1 10 

~[A " I .. ' ~l'j 

10-1 

0 2 4 6 8 t[GeV 2J10 
~ig. 3. 
a) Comparison of the prediction of the model (12} with the values of 

parameters (20) and (21) with all existing reliab~e pion-form- 2 -factor data from the ran~e of momenta -9.770 •ev~~~9.579 GeV • 
b) Exhibition of)D (770),JP' (1250) andjPU(1600) contributions to 

the pion form factor behaviour in detail. 

8 

~· = 1.3 ! 0.1 Gev2 
llf./2 

!?)c o:762!3 MeV f: .. 143!5 MeV 
m , .. 1422!90 MeV i;.- .. 685!170 MeV f=. ~~ o:-0.18!0.02 

'J' + + 'PJ11 "r- + 
m,q o:1682-58 MeV r:;, •402-81 MeV L !..r o:+0.16-0.01 
.J' r- 'l'' ~rtr:J_plf 
~ •0.46!0.16 w;. =0.64!0.25 R. =0.0142!0.0037 

(20) 

The values of -/j.,._,- /£ and Cf calculated from (5) and (3) respectively 
are the following: yo 

~rr/t, = 1.o2!o~o2 and C(J 
+ 0 

.. 106.3°-0.4 (21) 

The errors of all parameters in (20) were determined by looking for 
the change of )r2 corresponding to 68.3% of a confidence level for 
12 free parameters/81. 

The existing identity between the pion form factor phase 
and the p -wave isovector l/1F phase shift f~t')in the elastic region 
(practically up to almost 1 GeV2 ) following from the pion form factor 
unitarity condition enables in principle to verify to what extent the 
model (12) and the unitarity condition hold. The compavison of the 
calculated from (12) with existing data/21 1 on ~1(t} in ~ig.4 

F rr~' I 
180. 

I v.-• .. , 

120• 

so· 

-t [GeV 2 ] 

o· L---~~---L---L--~--L---L-~L-~---L---L__j 
0.5 1.0 

~ig. 4. The predicted pion form factor phase ~t~) from (12) and its 
comparison with the p-wave isovector ~'(#Phase shift data /21/. 
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shows that our unitarized analytic pion form factor model (12) with 
the values of parameters (20) and (21) obeys the unitarity condition. 

4. Conclusion 

The unitarized analytic pion form factor model (12) was const
ructed, which (see Fig. 3a) is able to reproduce all existing pion 
form factor data. A clear occurrence of all three isovector vector 

I II mesons j> (770), .f (1250) and p (1600) is demonstrated in Fig. 3b. 
The evaluated mass of.P' (1250),,, •1422!90 MeV, coincides with the 
value obtained recently from the process/4/ e+e-~ 1l,.iT_ and indepen
dently from the process/5/ e+e--. :Jl 0 cu • The parametrization of the 
corresponding cross sections was made only in the form of a super
position of Breit-Wigner formulas. 

There are two points (see Fig. 3a) around 5 GeV2 and the last 
time-like region experimental point obtained from~yV decay, which 
are not reproduced by our pion form factor model {12). They could 
be considered as indications for the existence of the J> 111{2150) re
sonance, the inclusion of which into (12) could lead even to a better 
agreement with the data. However, to do a definite conclusion about 
thep'' (2150) in ~+e~JlfJr-more precise and dense data are required 
in the region of this resonance. More precise data in the region of 
other resonances included into the model (12) need also required 
in order to diminish errors of most of the parameters (20). 

The authors are indebted to Dr. L.Martinovic for the help in 
the correct numerical evaluation of the parameter values (20) and 
their errors. 
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~y6HHqKa C., ~YPAHK H., Me~epHKOB B.A. E2-88-521 
lloATBep~eHHe HanHqHH p '(1250) B npoQecce e+e-- n+n-
c noMO~biD aHanHTHqecKOH yHHTapHSOBaHHOH B~ 
MOAenH ~p~aKTopa nHOHa 

B pa6oTe nOATBep~aeTCH npHcyTCTBHe B npoQecce e+e--
- n+n- nepsoro PaAHanbHoro sos6yEAeHHH p-MesoHa- p'(1250) 
pesoHaHca. BhlBOA CAenaH Ha OCHOBe yHHTapHSOBaHHOH MOAenH 
BeKTOpHOH AOMHHaHTHOCTH 3neKTPOMarHHTHOro ~pM~aKTOpa nHO
Ha (Fn)• YHHTapHSaQHH npoBeAeHa C nOMO~biD qeThlPexnHCTHOH 
pHMaHOBOH nosepXHOCTH, yqHT~BaiD~eH Han~He HeynpyrHX npo
QeCCOB. AcHMnTOT~ecKoe noBeAeHHe F B MOAenH cornacyeTCH n 
c npeAcKasaHHHMH Kxn c ToqHoCTbiD AO norapH~M~ecKHX nonpa-
BOK. C nOMO~biD 3TOH MOAenH npoaHanHSHpOBaH~ BCe HSBeCTH~e 
3KcnepHMeHTanb~e AaHH~e no F • OnpeAeneHa Macca pesoHaHca 

n m ,~1422+90 M3B, sHaqeHHe ee coBnaAaeT c pesynbTaTaMH noc-
n~AHHX pa6oT no aHanHsy npoQeccos e+e--n+n- H e e -n°w Ha 
OCHOBe 6peHT-BHrHepOBCKHX napaMeTpHSaQHH. 

Pa6oTa B~nonHeHa B na6opaTOpHH TeopeTHqecKOH ~HSHKH 
mum. 

Coo61QeHHe 06-J.e.IUIHeiDioro IDIC'J'IITYU QepHWX RCCJIQOIIUIIII. Jly6aa1988 

Dubnicka S., Furdik I., Meshcheryakov V.A. E2-88-521 
Confiriilation of p '(1250) in e+e--n+n- by Means 
of the Unitarized Analytic VMD Model of the Pion 
Form Factor 

The occurence of p' ( 1250) resonance in e+e-+n+rr is coni 
firmed by means of the analysis of all existing reliable 
pion form factor data using the unitarized analytic VMD mo 
del with the asymptotic behaviour predicted by QCD up to 
the logarithmic correction. The determined resonance mass 
m , =1422t 90 MeV coincides with the value obtained recently! 
b~ other-authors from the processes e+e-+n+rr and e+e-+ 
+nOw by means of the parametrization of the corresponding 
cross sections only by a superposition of Breit-Wigner 
formulas. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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