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Ruij senaars and ~chneider have shown that "relat ivis- 
tic" generalizations of the known classical integrable systems 
of particles on a straight line are also integrable, trajecto- 
ries of the particles being directly connected with the Eharac- 
teristics of multisoliton solutions to the sine-Gordon equa- 
tion. Relativistic invariance (more precisely, invariance uqder 
the Poincare transformations of a (l+l)-dimensional space) im- 
plies the existence of three generators, the Hamiltonian H, 
momentum P, and boost generator B (dependent on the particle 
rapidities 81 and canonically conjugate posit ions 9 ) , with 

2/1/ the Poisson brackets ( H ,  PI = 0, IH, B \  = P, I P ,  B l  = H / C  . 
The Hamiltonian chosen in' 

leads automatically to integrable Hamiltonian systems if the 
above formulated condition of invariance is fulfilled: it is 
valid only when a certain functional relation holds for f 

2 g 
with the general solution f (5) = I + - y ( ( . )  . There exists 

c 

an isospectral Lax matrix L whose explicit form is given i d 1  I. 
However, the Lax equation can no longer be written for systems 
(1) in an explicit form owing to a very complicated structure 
of M, though the latter can in principle be found. 

schneiderle/ has also proposed to consider systems with 
an external field switched-on and the Hamiltonian 

These systems, when c 4 m ,  transform into the known nonrelati- 
vistic systems. He has found that the integrability takes pla- 

I ce provided that 



- 
For a more simple Hamiltonian % differing from ( 1 )  by the d A  dSl dSl s - A - -  a x  as, change che + exp(8. ) , the integrability has been proved for ! 

(3% p-=o, s --A--/'-= 
ldq, dql dq2 2dq2 dq2 dql 

0, 
&he case d(0 = ~kxp(20 + Bexp(-20. Inthat case, because of 
Ho being simple, it turned out to be possible to determine the 
(L, M 1 pair in an explicit form and to integrate, as for (3), - 0, tc-- 
the equations of motion. In the limit c + a ,  eq.(3) represents ' 
the nonrelativistic Adler system/4/. . 

In my papers /'/ and!l5/ , I have shown more general than (3) 
potentials of the external field W(()for which the nonrelati- 
vistic systems of particles are integrable: 

W(c.)=Ach(4()+ Bch(2(i y). (4 

Here A, B and y are arbitrary constants. This note is aimed at 
answering the question (in part set inla/ ) : will the systems 
(2) with the potential W([) (4) be integrable and if not, what 
sort of generalization of the Hamiltonian (2) is necessary for 
systems of the type (2) being reduced to the systems indicated 
in!/5/ and /'/ as c + - ? It is also instructive to set a more 
general problem of constructing systems of the type (2) redu- 
cing in the limit c + -  to the known integrable systems with 
potentials constructed out of the systems of roots of classical 
Lie algebras/'/ and''' . 

I cannot solve this problem for an arbitrary number of deg- 
rees of freedom, determining an appropriate L,M-pair. However, 
at N = 2 it can be solved in a more simple manner. Consider 
a Hamiltonian of the general form 

where Si and v are certain functions of positions ql, q2 ca- 
nonically conjugate to the rapidities ej, and establish the 
conditions of existence of an extra constant of motion I with 
the structure 

The choice of I (6) is made by analogy with the nonrelati- 
vistic canstant of motion I have presented in'". Calculating 
the Poisson brackets of (5) and (6) and equating to zero the 
coefficients of linear-independent combinations of the rapi- 
dities, we get the following system of 10 equations for S, v, 
X, tc, Pl, P2 and 7 

It is convenient to look for solutions to (7)-(10) in succes- 
sion. From (7) it follows that the dependence of Slt2 on q 

q2 and ql,kf q2 can be factorized. The general solutlon to (+) 
contains four arbitrary furictions 

A-/,=- cl(al) C2(l f f  q1-qd, (12) 

where f , g , C1 and C2 are functions of one argument to be de- 
termined from the other equations of the system. From (8) we 
find pl and p2: 

PI= S1d1(q2), p,= Szd2(q1). (13) 

a z From (9) we get the derivatives - and - dz , the equality of 
- .  dql dq2 

the second derivatives requires that v , f , g , C1, C2, d l  and 
d2 obey the the following equation 
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11Ho3eMn;eB B.H. E2-88-218 
0 penHTHBHCTCKHX gByxqaCT~HhlX CHCTeMaX 
Py3eHaapca - illHaftgepa BO BHemHeM none 

PaccMoTpeHbl o6o6~eHHH HegaBHo OTKpbiThlX 11 penHTHBHCTCKHX11 

HHTerpHpyeMhlX MHOroqaCTHqHhlX CHCTeM. AflH gByX CTeneHeH 
CB060gbl HaHgeHbl ycnOBHH Cy~eCTBOBaHHH gononHHTenbHOrO HH­
Terpana gB~eHHH B cnyqaHX, COOTBeTCTByro~X BKnroqeHHID 
B3aHMOgeHCTBHH qaCTHIJ; C BHemHHM noneM. 

Pa6oTa BbmonHeHa B ITa6opaTopHH TeopeTHqecKoH cllH3HKH 
OIDIH. 
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The generalizations of recently discovered ''relativis­
tic" integrable many-particle systems are considered. For 
two degrees of freedom we find the conditions for existen~ 
ce of an extra constant of motion in cases of switched-on 
interactions of particles with an external field. 
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