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I I. INTRODUCTION 

I - 
The decays of pseudoscalar mesons into leptons P-r -t?e are 

processes of the fourth order in electromagnetic interaction and are 

directly related to the radiative B+ Y and conversion p-, ~ t z -  
-decays.The first experimental data on the decay 2+p+p-  were publish- 
ed in 1969'".   he ore tical studies of e-, 4Twez-e started in the 
late fiftiea (see e.g. review/2/). The probability of decay P-P-? 
normalized to the probability of-decay P+ yy(in what follows that 
ratio will be denoted by B r ( P + t ' t / r ~ )  ) is proportional to the sum 
of squares of real (or dispersive) Q and imaginary (or absorptive) 

TM R parts of the dimensionless amplitude of the process under con- 
sideration. The use of ) R 1' alone leads to the lowest ("unitary") 

limLt,8;nib eqrr) .  Basic difficulties in calculations of the 
complete ratio Br(p+[F/yr)are connected with the quantity Re R .  

I The quantity a@ k for a point vertex has a logarithmic di- 
vergence, therefore calculations are accompanied by a cut-off defin- 
ed by the form factor of transition "meson-virtual photons". Without 
going into details of the history of theoretical estimates of Re R 
(for review, seei2'), we only mention some of the works. For instance, 
in/3/ andl4/ the Re R for the decay e+e- was calculated with 
the use of the triangle quark diagrams (the model of quark triangle 
loops) and a once-subtracted dispersion relation. In this way the 

expreseion for Re Q , in addition to the term with an intermediate 
Y -state, included the term corresponding to the Itsoft-meson" 

2 
approximation ( m, + 0). The have concluded that the R e R  

depends only on the hadron parameter of cut-off A>>- (this depen- 
dence is logarithmic) that originates from the "soft" part of Re R 
and does not depend on the detailed structure of the relevant form 
factor. In their previous paper/5/ the authors/3/ have computed the 

Re R by using a dispersion relation with no subtraction and includ- 

ing contributions of intermediate states: r , quark-antiquark, 
quark-antiquark - . An approximate equality Re R Tm R in the 

1 
I limit m,+O was obtained ini6/, with the account taken of influence 
h 
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The wave f u n c t i o n  (7) obeys t h e  fo l lowing  three-dimen- 
/16/: I a s i o n a l  equa t ion  

Y2 
where & (p)= (p + f i j )  . i s  t h e  quark mass. ~,, ,a;~;) '[~~)is 
a q u a s i p o t e n t i a l .  Using t h e  approximation 

E l ? )  = mmf + 7 J / 2 m l ,  ( 6 )  

E,' = 2 mp - m *  > ('7 

we o b t a i n  from (5)  t h e  n o m e l a t i v i s t i c  SchrMdinger equa t ion ,  

y (,?) )_r 
* ', ( p) ( f o r  t h e  weak coupl ing  V V'  (F- 73 e 

= v(f7 ?')/"%): 
N. a. 

( 9 )  

F u r t h e r  we s h a l l  c a l c u l a t e  r e a l i s t i c  p h y s i c a l  ampl i tudes  us ing  t h e  
s p i n o r  r e p r e s e n t a t i o n  of t h e  r e l a t i v i s t i c  w.f. ( i n  t h e  r e s t  frame o f  

t h e  bound s t a t e  w i t h  momentum P=(m, ,  5) i n  t h e  form: 

where 4 (0 i s  a  reduced w.f. of  a  quarkonium. f; Cr: - F )  
The three-dimensional  r e l a t i v i s t i c  equa t ion  f o r  4 C F )  w i t h  t h e  

quasipot  e n t i a l  

K(Q.)=-J'/Q: Q = ?:(P': -?J( 3 i s  t h e  quark-gluon i n t e -  

r a c t i o n  c o n s t a n t j  i s  of  t h e  form 

~ ~ ( ~ ) [ m p - . s ~ c F ) J  #(?) = 
(12)  

S ince  t h e  normal iza t ion  c o n d i t i o n  f o r  t h e  w.f. yc ,Q(r7has  t h e  

form /17/ 

we o b t a i n ,  u s i n g  t h e  r e p r e s e n t a t i o n  (10) .  t h e  fo l lowing  normaliza- 
t i o n  c o n d i t i o n  f o r  t h e  reduced w.f. $[FJ : 

Taking advantage of  t h e  r e l a t i o n  

between t h e  reduced w.f. $(f) and n o n r e l a t i v i s t i c  w.f. 
and t a k i n g  account  of t h e  r e l a t i o n s  (6 ) - (8) .  we d e r i v e  from (12) t h e  
n o n r e l a t i v i s t i c  equa t ion  f o r  y U " ~ :  

w i t h  t h e  n o r m a l i z a t i o n  c o n d i t i o n  

3. THE AMPLITUDE OP DECAY p + - ~ i  
- 

Consider t h e  decay p-, drawn i n  a  two-loop form i n  Fig. 1. 

I n  t h e  one-time approach t o  quantum f i e l d  theory  t h e  p* <? - 
decay ampli tude t o  lowest  o r d e r  i n  QED and QCD i s  g iven  by 
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C 

I n  what fo l lows  i t  w i l l  be convenient t o  cons ider  t h e  q u a n t i t y  Fp 
def ined  by t h e  form f a c t o r  (28)  normalized t o  t h e  P r  y decay 
cons tan t  F''(o,O) : 

I ?*= c, c k t  i~-kl')/ C, (qo) ,  

I where 
d 

The form f a c t o r  Fp ( 40 )  can be expressed i n  terms of  t h e  quarkonium 
w.f. a t  z e r o  r e l a t i v e  s e p a r a t i o n  ( t h e  so-ca l led  s t a t i c  l i m i t )  

STAT 

m ~ .  m.'. 
I 

- _. a 
I The asympto t ics  of  t h e  t r a n s i t i o n  form f a c t o r  r;6 (29)  when k + o o  h a s  

I t h e  form 
I 

where 
pD 

-2 
Thus, a t  l a r g e  t h e  t r a n s i t i o n  form f a c t o r  behaves l i k e  k 
(see/21/) and t h e  i n t e g r a l  (26)  i s  convergent.  

I n  t h e  weak-coupling limit ( mp = d m !  , m 7  , a c e  ImSSeS of 
C - ,  g - ,  ? - q u a r k s ,  and Mp, a r e  masses of cF-s 

6 9 - 9  fz- 
quark bound s t a t e s )  we have 

where 
e 

and @r) i s  t h e  w.f. of  a  weakly bound quark system i n  t h e  momentum 
r e p r e s e n t a t i o n .  

I n  r e c e n t  y e a r s  t h e  two-photon t r a n s i t i o n  form f a c t o r  h a s  been 

c a l c u l a t e d  w i t h i n  t h e  QCD approach/22/ i n  t h e  r e l a t i v i s t i c  theory  of  
a  bound s t a t e .  There t h e  f u n c t i o n  6 [ s , , S , )  was expressed i n  terms 

of a  three-dimensional  i n t e g r a l  of  t h e  w.f. i n  t h e  momentum space 
which a t  l e a s t  f o r  heavy quark s t a t e s  may be i n t e r p r e t e d  a s  a  solu-  
t i o n  t o  t h e  SchrMdinger equa t ion  w i t h  one of  t h e  phenomenological 
" t r u e n  p o t e n t i a l s .  Note t h a t  5 (sf, sp) , accord ing  t o  formula (7) 
from/23/, and t h e  same form f a c t o r  a t  S, = S, = 0 a r e  p r o p o r t i o n a l  
to mi51a. mq , which i s  i n c o r r e c t  a s  compared t o  e a r l i e r  r e s u l t s  
ob ta ined  by t h e  same a u t h o r  and others'" f o r  Fp (0, 0 )  and d i f f e r i n g  

from t h e  l a t t e r  from/23/ by a  f a c t o r  m p .  m i '  ( t h e  wave f u n c t i o n s  i n  
both r e f s .  a r e  meant t h e  same and normal ized ' in  t h e  same manner). 

m k i n g  use  of  r e l a t i o n  (15)  we immediately o b t a i n  from formula (30)  
t h e  e x p r e s s i o n  f o r  5 (0,0)" up t o  a  f a c t o r  C?' . For f u r t h e r  

c a l c u l a t i o n s  we nee$ t h e  va lue  of  t h e  w.f. t h a t  may be found a s  a  

e o l u t i o n  t o  eq.(5)  with t h e  phenomenological k e r n e l  of quark i n t e r a c -  
t i o n  ( q u a s i p o t e n t i a l ) .  Note t h a t  t h e  quark- in te rac t ion  mechanism i n -  
e i d e  a  hadron a d m i t t i n g  quark copfinement ,  i . e .  a t  l o n g  d i s t a n c e s ,  
cannot be y e t  exp la ined  w i t h i n  QCD. Therefore a n  i n t e r a c t i o n  o f  t h a t  

e o r t  i s  t o  be approximated w i t h  phenomenological l i n e a r ,  l o g a r i t h m i c  

( o r  a  sume of  them), o r  o s c i l l a t o r  t y p e s  of  p o t e n t i a l s  which f o r  t h e  
pos t  p a r t  determineti t h e  ehape oP t h e  mass spectrum of  l i g h t  mesons. 

I f  we s e t  ouree lvea  t h e  t a s k  o f  g a i n i n g  any in format ion  on t h e  

t r a n s i t i o n  form f a c t o r  ( 2 8 ) ,  wi thout  knowing t h e  e x p l i c i t  form o c t h e  
w.f., we should i n v e s t i g a t e  t h e  s t a t i c  l i m i t  of  t h e  form f a c t o r  F STAT 

P 
( t h e  w.f. i n  t h e  i n t e g r a n d  i n  (28)  i s  t a k e n  a t  / P I  = 0 )  

where 
4 a 

9% m p  f ~ : +  ~ : - d ~ . ~ , - d ~ : . S , - d s , . s ~ ~  

For decays of heavy quarkonia,  i n  t h e  weak-coupling l i m i t  we g e t  

- c7.47 

1 f -  f , -  Yl 
where X i  = S ; / W  p, 2' = .1/ 2 .  

It i s  i n s t r u c t i v e  t o  compare formula (36)  w i t h  t h e  phenomenological 
form f a c t o r  w i t h  c o r r e c t  a n a l y t i c  p r o p e r t i e s  o b t a i n e d  in/24/1 



where t h e  parameter  A i s  determined by t h e  P -meson mass 
(~'2 a') from t h e  a n l i l y s i s  of t h e  d a t a  on P* [ e -  decay. For decays P 

of heavy p a r t i c l e s  tit smal l  2; t h e  form f a c t o r  (36)  t a k e s  t h e  form 

From compi&risnr~ of (38)  wi th  (37)  we s e e  t h a t  W L ~  a 11: i .e .  t h e  

mass parameter  A g e t s  l a r g e ,  which i s  i s c o n e i s t e n t  w i t h  t h e  assump- 

t i ~ n / ~ ~ /  t h a t  4' 2 m; throughout  t h e  whole range  o f  v a r i a t i o n  o f  
2 ; .  

It i s  known/20/ t h a t  t h e  t t inc lus ion l t  of  t h e  t r a n s i t i o n J o r m  

f a c t o r  i n  t h e  s t a t i c  limit l e a d s ,  e.g. i n  decays P I  , t o  
o v e r e s t i w t e d  va lues  o f  t h e  decay wid ths ,  whereas t h e  a p p l i c a t i o n  of  

n o n r e l a t i v i s t i c  Coulomb and o s c i l l a t o r  wave f u n c t i o n s  l e a d s  t o  a 2- 

-3-times a e c r e a s e  o f  t h e  sane q u a n t i t i e s  tjs compared t o  t h e  experirnen- 

t a l  da ta .  We w i l l  h e r e  compute t h e  t r a n s i t i o n  two-photon form f a c t o r s  

exac t ly .  90,  some d i f f i c u l t i e s  i n  t h e o r e t i c a l  a n a l y s i s  of  t h e  l i g h t  

mesons a s  bound s t a t e s  o f  a c o n s t i t u e n t  quark and a n t i q u a r k  l e a d  t o  

t h a t  when working beyond t h e  s t a t i c  approzimation i t  is n e c e s s a r y  t o  
employ model r e l a t i v i s t i c  wave func t ions .  

5. THE FOFW FACTOR OF P+ -PF - DECAY. DISPERSIO1g CALCULATIONS 

1n/3/ t h e  q u a n t i t y  Rew(o) h a s  been computed i n  t h e  quark tri- 
angular- loop model and i n  t h e  v e c t o r  dominance model. Both t h e  models 

a r e  s p e c i f i e d  by t h e i r  p a r t i c u l a r  nmodeltt c o n s t a n t  terms. S p e c i f i c a l -  

l y ,  i n  t h e  quark t r i a n g u l a r - l o o p  modeli3/ based on analogous though 

i n c o r r e c t  computations of  t h e  baryon loop/25/  i t  h a s  been found t h a t / 3 / :  

where t h e  second term i n  t h e  r.h.a. i s  a "modelw cons tan t  n e g l e c t e d  

i n  subsequent  c a l c u l a t i o n s .  However, at = 0.300 CeV t a k e n  i n l 3 /  

t h e  second term i n  (39)  amounts t o  about  26% of  t h e  f i r s t  one. 

Scadron and ~ i s i n e s c u ' ~ '  from analogous computations w i t h i n  t h e  

s o f t  momentum approximation i n  t h e  quark t r i a n g u l a r - l o o p  model have 
made t h e  conc lus ion  t h a t  t h e  width of 'To+ e'e-, 2-- p+y-, KL+p+y- 
decays do n o t  depend on t h e  quark masses. D i r e c t  computation o f  w(f) 

by formula (26)  w i t h  (28)  i s  p r a c t i c a l l y  a complicated problem. The- 

r e f o r e ,  we make use  of  t h e  once-subtracted d i s p e r s i o n  r e l a t i o n  

where t h e  f i r s t  term i n  t h e  r.h.8. i s  a c o n t r i b u t i o n  w i t h  t h e  quar- 

konium-mass squared approaching zero. I f  I ~ L  ~ ( t ) i s  c a l c u l a t e d  on- 

l y  wi th  t h e  two-photon i n t e r m e d i a t e  s t a t e  ( t h a t  mainly c o n t r i b u t e s ,  

a t  l e a s t ,  f o r  l i g h t  mesons), we g e t  t h e  model independent  q u a n t i t y  

( t  >4rn%l 
(41)  

where 4,- ( q -  4 m; / f ) ' / 2  and me i s  t h e  l e p t o n  mass. The imagi- 

nar~r p a r t  of t h e  form f a c t o r  a t  t.= m; does n o t  depend on t h e  mass 

of  a c o n s t i t u e n t  quark,  m~ ' 
With (41)  t h e  second te rm i n  .the r.h.s. of  (40)  can be expressed 

a s  f a l l o w s :  

where fZ) is  a d i l o g a r i t h m i c  func t ion .  Expanding ( ; I )  i n  powers 

of  we/mp we o b t a i n :  

The first te rm i n  t h e  r.h.6. of (40)  i s  model- dependent and is a 

f u n c t i o n  o f  

where 
& 



t h e  hadron cut-off  parameter  A ( n1 > m6 ) may be taken t o  be 

fl = 2 WZp , on t h e  b a s i s  of  Q~ - d u a l i t y  fo rmula ted  i n  t h e  a n a l y s i s  

of  t o t a l  c r o s s  s e c t i o n s  of ece' - a n n i h i l a t i o n .  The Q' - d u a l i t y  
i m p l i e s  equivalence of t h e  c a l c u l a t i o n s  made w i t h i n  t h e  phenomenolo- 

g i c a l  vector-dominance model and t h e  dynamic model of  quark t r i angu-  

lar loops  (wi th  c o n s t i t u e n t  quark masses)  w i t h  t h e  quark-hadron ver- 

t e x  (wave) f u n c t i o n  i n  t h e  bound-state theory.  l k p r e s s i o n  (43)  f o r  

~ ( p )  i s  a n  e x a c t  r e s u l t  as i n  t h e  case o f  l i g h t  mesons t h e r e  
do not  e x i s t ,  bes ides  )rr -, o t h e r  i n t e r m e d i a t e  s t a t e s  t h a t  would 

c o n t r i b u t e  t o  t h e  ampli tude as a f u n c t i o n  of  t h e  cons tan t  OC . Gene- 
r a l l y  speaking,  t h e r e  i s  p o s s i b l e  one more c o n t r i b u t i o n  t o  t h e  ampli- 

tude  dependent on d e t a i l s  o f  t h e  t r a n s i t i o n a l  form f a c t o r  and wave 

func t ion .  This  c o n t r i b u t i o n  caused by o t h e r  i n t e r m e d i a t e  s t a t e s ,  e.g. 
a 

by 74 - and y f r  - s t a t e s ,  may appear  only f o r  f > 4 m p  I n  our. 
c o n s i d e r a t i o n  c o n t r i b u t i o n s  l i k e  t h a t  a r e  suppressed  owing t o  b?'$<4nta 1. 

I n  t h e  s t a t i c  l i m i t  express ion  (44)  becomes model-independent 
and looks  as fo l lows:  

For comparison w i t h  t h e  e a r l i e r  r e ~ u l t s / ~ ' ~ / ,  we e x p l i c i t l y  w r i t e  t h e  

express ion  f o r  Re GC *:) : 1 

where 

Formula (48) d i f f e r s  from t h e  r e s u l t s  of  ref^^./^-^/. F i r s t ,  t h e  

Re @(hUi) i n  (48)  depends on t h e  wave f u n c t i o n  ( s p e c i f i e d  by 
t h e  model) of a bound quark s t a t e ;  second, i t  i s  a l o g a r i t h m i c  func- 
t i o n  of  t h e  cut-off  parameter  A ; t h i r d ,  t h e  squared mass of  a  
c o n s t i t u e n t  quark, m; , governs t h e  behaviour of  t h e  decay form 
f a c t o r  $[ mJp) . 

For q u a n t i t a t i v e  e s t i m a t e s  of  B ~ ( P  * .PP[~  r )  by formula ( 2 7 ) ,  
e.g. f o r  t h e  decay 7T0+e+e' , we make use  o f  t h e  model r e l a t i v i s -  

t i c  wave f u n c t i o a  

obeying eq. (12)  w i t h  t h e  quork-confinemerlt p o t e r l t i a l  ( a s  a genera- 

l i z e d  f u n c t i o n ) :  

where V; 'dydr;' i s  t h e  Ltiplacian i n  t h e  three-dimensional  EU- 

c l i d e a n  space  of half-momenta rp = { r p q  

C A /  i s  a cons tan t  determined by t h e  normal iza t ion  c o n d i t i o n  (14) .  

V i s  a s c a l e  parameter  of  t h e  p o t e n t i a l  of  an o r d e r  of t h e  meson 

mass, YV'Lu,,d i s  t h e  ~ - ( d ) -  uark  mass. I n  t h e  n o n r e l a t i v i g t i c  li- 

mit t h e  p o t e n t i a l  (51)  becomes 926/ 

- ~ ~ ~ J ~ f i s  t h e  Laplac ian  i n  t h e  three-dimensiorlal Eucl idean where vp 
space of  momenta p= j p 4  . The deper~dence of  Pe w(~)/IM*(":)  

on t h e  squared meson moss t i s  shown i n  Fig. 2  a t  mu,d= 0.300 GeV; 
0.330 GeV; 0.40.0 GeV. The parameter  3 =0.450 GeV h a s  been determined 

from t h e  c a l c u l a t i o n  of t h e  moss d i f f e r e n c e  between t h e  gi- --meson ex- 
2 2 

c i t a t i o n s .  - Throughout t h e  whole range  ( 2 -  m e )  ,r & 4 m, , t h e  q u a n t i t y  

p ~ G ( t ) c O . ~ h e  curves i n  Pig.  2  d i f f e r  frorn t h e  r e s u l t s  ob ta ined  ini5/ 
2 

where t h e  f u n c t i o n  & w*L(f )  chellges i n  sigi, a t  t F 0 . 2  m~ and 

a t  t= m i  QQ & Qy&),/i, -+Q'frn:j z - 0 95. The n e g a t i v e  s i g n  of t h e  

f u n c t i o n  ~ ~ * @ ( ~ ) / r ~ * G ( r n : ]  a t  f 2 a2 m i  i s  due t o  a l a r g e  

c o n t r i b u t i o n  t o  Re w @ b [ t )  from t h e  intermediate f f  - s t a t e  (almost  

twice of  t h e  c o n t r i b u t i o n  of t h e  i n t e r m e d i a t e  rr  - s t a t e )  t h a t  i s  op- 

p o s i t e  i n  s i g n  t o  I m  QL(mk). That c o n t r i b u t i o n  was u r e s u l t  of 

t h e  approximation of t h e  coupl ing  of  T -meson wi th  c o n s t i t u e n t  quarks 

( Mu,d = 0.300 + 0.400 GeV) only by t h e  Y5 - rnetrix. This  i s  n o t  

q u i t e  c o r r e c t  a s  i n  t h e  quark t r i w g u l a r - l o o p  model t h e  i n f l u e n c e  of  

i n t e r m e d i a t e  ( b e s i d e s  r- ) s t a t e s  i s  p o s s i b l e  only f o r  m$ > A ~  
( o r ,  owing t o  t h e  Q~ - d u a l i t y ,  f o r  m i  % ( 2 m7j2 ), which i s  c l e a r -  
l y  i n  poor agreement w i t h  t h e  c o n s t i t u e n t  U. - and d - quarks i n  

t h e  case  of -meson. I n  Fig. 3 we p r e s e n t  t h e  r e s u l t s  o f  ca lcu la -  

t i o n s  of  A B ~ C T ~ + ~ + P / Y ~ ) =  BcWR)L !_:'p f o r  t h e  va lues  o f  c o n s t i t u e n t  
quark masses Wlu,d = (0.300+0.400) GeV and B : ' ~ ( x ~ + ~ * - /  6^)= 
;. (1.82 + 0.61) Note t h a t  t h e  v a r i a t i o n  of  Mu,@! i n  t h e  

i n t e r v a l  from 0.300 GeV t o  0.400 GeV s l i g h t l y  i n f l u e n c e s  t h e  magnitu- 
de of A B r  . T o t a l  d e v i a t i o n  1 A R r  I amounts t o  - 0.3 which 



is half the error in determination of byetp( 3 0 ,  €!+@-/ r )/27/. 
At M u , d  - 0.370 GeV we get ~ r ' ' ~ @ @  ( j ro+e*e- /~r  )al.82.10-~. 
The analysis of (48) has revealed a weak model ( m,-) dependence of 

Re ( t) in the region of large ( t 'rr 0. 6 m a ) .  

6. CONCLUSI OWS 

1. In the one-time approach to quantum field theory the expres- 
sion is found for Re f?(rni) (48) that explicitly depends on the 
model relativistic quarkonium wave function $(Fa) and hadron cut- 
off parameter A . 

2. The hadron cut-off parameter mp 5 A & d m g  is characteristic 
of the given model and is significant for calculation of Re %(m>=o) 
(44). 

3. The constituent-quark mass squared 4 in (48) defines the 
scale of the decay form factor *C m:). 

rtiEOp 
4. The ratio Br (xo+ete-/~d._) has been calculated with the wave 

funct_ion c$(F.l) (50) that makes an extra positive contribution to 
Qe ~(4) (see Fig. 3). The results for A Br are in good agree- 
ment with the experimental data/27/ e + e - /  r_) = 

= ( I .  82 2 0.61) lo-'. 
i-H#50l 

5. The ratio 8~ Csr~+e*e-/~r)  turns out to be slightly sen- 
sitive to the change of the parameter WLqd (for a fixed 3 ) en- 

tering into the wave function c#(?y within the considered model 
with constituent quarks. 

Our further purpose is to find numerical estimates for 

B b +  et€'-/brr), B ~ ~ + Y + Y ' /  r r )  with the use of wave functions of 
the u~(dc?)-and SS -quarkonia and to study the model and A - 
dependence of differences of the real parts of the amplitudes of de- 

cay s n e +e-, Z'e+e-, 2'y+p-, K,O+ e+e-, K L O +  y+y-. 

The authors are grateful to Dr. N.B.Skachkov for useful discus- 
sions, Profs. V.I.Savrin, and R.N.Baustov for interest in the work. 
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