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Let  us  coneider the Minkowski space-time ( R' , 7 ) 5 , where 

9 i e  thelorentz-Minkowski met r lc ,  d i a J q = ( - L , - l , - i , 4 1 ,  
Ye e h a l l  denote by ( x ' , x ' , ~ ' , ~ ' J =  ( X ,  2 ,  2 , f  - C t  ) the etandard co- 

o r d i n a t e s  on M ,so  t h a t  

The met r ic  7 induces corresponding covariant  der ivat ime v with 

components = 0 i n  these coordinates ,  but i n  general  curve- 

l i n e a r  coordinates  ( y ' ,  a' ,  a), $) ,  c: (7.) 4 9 . I n  p a r t i c u l a r ,  i n  

s p h e r i c a l  coordinate8 ( r , 8 , 'f . f ) 

= r s l a g  cosy . r s i n 0  Sin7 
i. r c o s e  

3: 3 

we have 

rr =-r , lTYry = -  F 1 s ; n L @  , ra  = - s in8col8  
8 8 1 Y 

A l l  o t h e r  r; a r e  i d e n t i c a l l y  zero. 

Defini t ion.  A vec tor  f l e l d  U on M i s  c a l l e d  geodesic 

( o r  a u t o p a r a l l e l )  i f  VUk = 0 , i.e. i f  

Note t h a t  /2/ i e  a eyeten of 4 nonlinear  p a r t i a l  d i f f e r e n t i a l  equ- 

a t i o n e  f o r  the func t ions  , , < . We a r e  going t o  con- 
s i d e r  the equa t ions  /2/ i n  the following two cases: f i r e t  i n  s tandard 

coordinates  ( Il , 2 , t , 1 ) , where r := 0 and /2/ reduces to  
Y 



and, eecond, i n  spherical coordinatee, rhere  a r e  given by 

/1/. We equat ione /2/  appear i n  physic. i f  r e  consider  the re11  

knorn energy-momentm tensor  

/ 4/ T Y v =  U ' ' ~ v  , 

s a t i s f y i n g  the  l o c a l  coneervation law 

/ 5 /  v v T p Y  .= o . 
Then 
. - 

and the moat n a t u r a l  " f i e l d  equationa" a r e  

$"'~" = o  

We a r e  going t o  show t h a t  t h i a  system of nonl inear  equatione admits  

i o l u t i o n e  of ( 3 + 1 ) - e o l i t a r y  wave type, i.e. the components 

may be choeen t o  be concentrated i n  f i n i t e  regions fl C R 3  

ri th reepec t  t o  t h e  three space-coordinates ( x , a  , Z ) o r  ( f ,e  , 'f ) 

and to depend on 3. c t  l i k e  a "running ravew. 

consider f i r s t  the caee of eteAdard coordinatee ( Y ,a , t , f  ) 
ri th 5; ( r : , ] , t , ~ ~  = 0 .Let the s o l u t i o n  run along the  I -coordinate. 

Hence, k4 = 111 = 0 and the eyetem /6/ reducea t o  

Prom a/  and c i  i t  follows 

Ron b/ and d/ i t  fol lous 

au3 - U 3 &  =, f?72u3= feu' + j ( < d 3 1  . u z -  'at 

' l f ,  J ,  S )  = + b , ~  l 
, = & and f l f , d < ? )  

u3= P ( x , d )  u'. where J ( x , , l  = @ r p ( + 1 1 , 2 ) ]  . 
How the equations a/ - d/ reduce to  jue t  one equation, namety 

The general solut ion of thia equatlon i s  

4 4 
U = U ( x , > , t - ? 3 )  , = Y ( ' I J )  9 

rhere the dependance on ( x , l  , Z  ) i s  a r b i t r a r y  and, therefore, we 
may require u4 to be concentrated with respect to ( A  , 2 , z ) 

i n  a a r e  c R' . *s.uing the simple sa.e p ( r , ~ / =  irn; 

we have the solut ion 

4 

If U"U,> 0 then U'U,+U '+ - - (u3j+[kb) f [df (r -p2)7~ ,  - 

i.0. pa < 4 . t i  = , where i s  sore S v e l o c i  ty 

and C is the veloci ty of l i g h t ,  we ob ta in  8 solut ion,  describing 

a time-.table local ized object,  moving a s  a whole along the r-coor- 

dinnte v i t h  veloci ty fl< C . I f  uUu,= 0 the object  move. vi th  
the speed of l igh t .  

The energy-momentum tensor /4/ looks l i k e  



Assume u4 is a bounded funct ion,  i. e. 1 2 1 - ) 
3 

and concentratzd i n  the small  region f l C  . Then the correepon- 

ding t o t a l  energy E and momentum F' a r e  f i n i t e  and given by 

I f  > <  C r e  can def ine  the mass 7YL of the ob jec t  by 

I f  * = C the corresponding mass is zero. Thus the solu- 

t i on  #& /7/ desc r ibes  loca l i zed  f r e e  o b j e c t s  v i t h  f i n i t e  conr t au t  

t o t a l  energy and momentum coming from (-00) and going t o  (+ Do ). 
0 Assuming ) = - - we can reverse  the d i r e c t i o n  of motion. 
C 

llor consider the  case  of  r p h r i c a l  coordinates.  Phys ica l ly  t h i s  

means the  following. We i s o l a t e  a smal l  region D ,e.g. a b a l l ,  
around the o r i g i n  of the coordinate  system ( 8  , , z ) o r  ( T  , e , 'f ). 

Let  some physical  procesaea ocur r  i n  0 , so  that some p a r t i c l e a  
leave D , and o t h e r  p a r t i c l e s  e n t e r  D . Let  theae p a r t i c l e s  

move r a d i a l l y ,  i.e. along the r -coordinate .  The quest ion l a ,  do 

equat ions  / 2 /  admit corresponding ( J + 1 )- so l i t a ry  ware eo lu t ions?  
We s h a l l  show t h a t  the answer is pos i t ive .  

e * 
Since the motion is  a long the  r -coordinate  r e  aeaume U ' O .  

I n  v i e r  of  /1/ r e  g e t  from /2 /  j u s t  two equationa, namely l o r y :  l,'f 

(The o t h e r  two equationa f o r  p -  1 , 3  a r e  i d e n t i c a l l y  s a t i s f i e d . ) :  

We have the  so lu t ion  

and the dependance on ( C ,B , 'f' ) l a  a r b i t r a r y .  Hence, choosing 

p - w m s t  and 'U' t o  be concentrated i n  a small  region R c R' 
o u t  of D , r e  ob ta in  the  des i r ed  r a d i a l l y  moving (-1)- s o l i t a r y  

rave  solut ion.  I f  U*U,> 4 then pa< and aga in  r e  may put  p=K C , 

L?< C . I f  u~u,.=o then ?'"I , i .e .  PF C . I n  t h i s  case  

the  teneor TpY= IA'LI' i e  not  the  energy-momentum tensor ,  s ince  

4 2 vCur= T*  O f o r  these so lu t ions .  But i f  1 U' I 
approximately vrtAw~ 0 , i . e .  f a r  enough from D we obtain agaln  

energy-moqenb tensor  , and the  t o t a l  energy and momentum of the  

s o l u t i o n  aan be introduced i n  the  same ray. 
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