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I t i s well-known that the causality condition plays the most 
important role in Bogoliubov's axiomatic approach to the quan
tum f ie ld theory Mt^J • This condition can be formulated, 
for instance, in terms of variational derivatives with respect 
to asymptotic f ie lds of p -matrix extended off the mass shel l . 
Furthermore, i t i s assumed that the momentum space,in which 
the coefficient functions of the extended p -ma t r i x , the off 
the mass shell f ield operators,etc. ,цге defined ,is ordinary 
Minkowsky space. 

In the paper M J a hypothesis has been put forward that 
the momentum зрасе corresponding to the off the mass shell 
^ - m a t r i x be a space of constant curvature. And the Bo^olu-

bov causality condition has been generalized accordingly. 
Proceeding from the resul ts of the papers [ji^j (and in 

a certain sense implementing the programs outlined in [ 3 J ) 
we shall consider a theory in which the motion group of the 
momentum space i s de-Si t ter group SD(fy i) («nlike SOi^ZJ 
in / J / ). The momentum space with such a motion group has been 
considered in the paper [5 1 . 

Further, making use of causality condition we shall const
ruct an integral representation for a matrix element of scalar 
f ie ld commutator - an analogue of Iost-Lehmann-Dyson represent
ation [ 6 j . In this paper spectral i ty condition is not taken 
into account. 

The momentum space of constant curvature i s embodied as 
a hyperboloid in pseudoeuclidean 5-space of variables 

Co being the fundamental length. We shall use the system of 
units fl = C - [„- 1 . 



Gasimir operator of the group S0{4yij i s interpreted 
as the operator of squared interval . In the unitary represent
ations ib possesses the following spectrum: 

The continuous series corresponds to the timelike region, and 
the discrete - to the spacelike one. 

The transi t ion to configuration space i s carried one with 
the help of "plane waves": 

<1-,т=(рг'р")ч^^-1. < 1 b ) 

These objects are generalized functions with power singulari
ties. Therefore, a regularization is needed to calculate in
tegrals with them. We use the regularization corresponding to 
the generalized function X*. which is defined аз 

[ 0 , x<o 
when А У1 -[ and as an analytic continuation from this 
domain for other values of A f 7 J - , 

Further we shal l denote the sets (AjA/j ? (Ly /V/ that 
correspond to the "points" of quantized space by greek l e t t e r s 

?>' / - e t 0 -
Let us consider a comnutator of scalar operators 

[У(Г)г№Л, 
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where j(Oj is defined by 

It is not difficult to proove that this commutator possesses 
the property of locality. This emerges froai the new causality 
condition and solvability condition (independence of the second 
variational derivative on the order of variation). Therefore 

[ЩУ№ = 0 , ? = (LtN). 
YJe take a matrix elemeat of t h i s commutator between cer ta in 
s t a t e s <K and Й : 

<*№Ш(фу= Ш, 
and suppose that it Is not equal zero identically. Then we 
obtain a .function r^fi(?J t h a * vanishes beyond the time
like region. Thus, the problem reduces to the construction of 
the most general representation for functions of this type 
(we omit indices o{ and JS ). 

Let us introduce the characteristic function of the time
like region: 

[ i > ̂ *(W) (3) mi=j 
l o , ?= (ЦЮ. 

This function enables us to write down the main equation for 
the functions shat vanish beyond the continuous series: 

№ =• Bit) №• 
Transforming (3) to the momentum represeatat .on we s h a l l derive 
an i n t e g r a l equation "in convolut ions". The generol so lu t ion 

\ 5 



of this equation can he constructed by virtue of specific 
form of 9(P't) • 

It turns out thatx 

§И = к f(FIf,f • 
F i n a l l y we f ind the main equation (5 ) in the momentum repre
sentat ions 

(la) - L \1Ш% 
w h e" 1 = ( i , 1 ) , Л = fcM a a d A 4 = 1 г = - j • 
From here on our reasenlng w i l l remind the procedure of 
Dyson [ 6 J . F i r s t of a l l l e t us note the f a c t that 

i s the even invar iant s o l u t i o n of the equation 

OMp) = o, 
l-J^ je ing D'AlEabert's operator in the space of 6 diaensiona. 

Next me s h a l l introduce i n t o consideration^ 6 -vec tors 
§>'P=(PJ>(iL>f>l>fc>l%f)r), Я * n d ^ b . ing the vectors 
of s p e c i a l form Q — (<ft> 0J> J - (Pt., 0) , and a new funct ion 

The proof of t h i s f a c t see i n Appendix. 
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This equation represents * Ы J in the form of convolution 
of two generalized functions: 

F(P) = & * JM 
The rule of convolution differentiat ion arjd the definition 
of % (p) give 

D^F(P)=o. (7) 
Moreover, the definition of F(P) (6) shows that F(PJ i S 

invariant under the reflection cf the f i f th axis A* -*• *A and 
r ( fy — wA/ . These properties are sufficient to construct 

the general representation of *f (P) 
Let us write down the generalized Kirchhof 's formulae i'or 

the function F(P) ( i t i s possible due to (7) ): 

F(?) = Ьф(Р-и^т,Р(и)-РМ1-,Ш-и)) (8) 

where Z. is a spacelike surface. 
To satisfy the parity condition it is sufficient to choo.-e 

the surface ZJ and the initial conditions F(U) to be 
even functions of \X$ . In particular, when 22 does not 
depend on Us i fcb* formulae (8) can be rewritten in the fol
lowing way: 

(9) 

0 being a spscelike surface of by unity less dioension than 
that of S . 

Introducing generalized functions Ъ(бу and n;( FJU) 0 (07/ 
/7J . we can transform (9) to be I ' 
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where U - (Uo.y^Uj.^i.Wti) a n d 

^ ь)=}{щ}-г p(u) +£ (mmji. 
Here from using the expl ic i t form of 

№ =J-Z *(N &M 
and Ф(С',Щ being an even function of if^ we get a represent
ation for f(p) '• 

G J (11) 

Further, the surface 6" can be cbo...n so tiiat i t i s suf f ic i 
ent to integrate in the formulae (11) only over the region 

U < О . I n this case we have: 

/ (?) = ftes Jds^cLu' Slugs') eft-"*) x 

x S '(-1 -lfL o% u,L- ui) <p(u', us). 
We make a substitution in this integral according to U -SU^ ; 

Uf) = [dMs\d^\aiL %(sl№+i)) ё[^-и0)к 

x &(SUhUs). 
It is convenient at this stage to introduce in (12) a ne* vari-
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able 

The expl ic i t expression of Jacobian 

shovs that the transformation under consideration i s not 
unique. Dividing the region of integration in (12) into suo-
region where i t i s unique and making in each one t ransi t ion 
to the ner variable we shall obtain the following representa 

f 

(1J> 

Л 

Щ = J <lx L\ О,, щ • к) I £ (P<-> Ц - J У) > 

x У(и3х). 
In th i s formulae tfi'-'i' -

The representation (15) for f f/y corresponds exactly to the 
Iost-Lehfflann-Dyson representation in ordinary theory (and 
coincide» with i t as Co "* 0 )• T l w spectra l i ty condition. 
would саизч supplementary r e s t r i c t ions on th& function 
The corresponding probleas wil l be considered in a separate 
paper. 

The author- i s deeply grateful to V.G.Kadyshevsky for 
in te res t in work and stimulating discussions* 
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Appendix 

Let из prove that the choice 

A / -i I Ф 1 ( A 1 ) 

i s consistent witn the formulae (2). 
That i s 

Г 1 , F= Д/V/ ' (A 2a) 
<3lP>e(r)JQ= \ 

1 [ 0, % ; (Lh'). ( A 2 b ) 

We shall turn to the proof of (A Sa) first. 
It ia clear that due to the relativistic invariance of 

Р(рМ we can prone (д га) under a special choice of If- (A}(i5J). 
Let U; introduce on the hyperboloid 

modified oriapherical coordinates: 

"Do < CO •* Ĉ =* ?<-?-= e 
-*7 

— <*J 

p - i 
/V /V - e --r 

It can be easily found that 

In the coordinates (A J) the "plane nave" (1a) and 6(fj (A 3) 
respectively take the form 
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3 + ' - - ~ (A.) 

exactly analogous to that of the "flat theory". Substituting 
(A 4) and (A 5) into (A 2a) не shall obtain: 

We can easily prove that 

7_ / - Д - . = л3ВД. C A 7 ) 

Heal ly , using the formulae 

we can represent the in te ;ral (A 7 ) in the fora 

T - T * (A 9c) 

Introducing i n (A 9b) spher ica l coordinate» к* gat 

' J[->-*t-'<i 
(A 10) 

JL • 



This integral can be eaeily calculates by contour integration 
(bee fig.1). 
We find ( О.УО ): 

By combinat ion of (A 9»)i (A 9b) and (A 11) we d e r i v e : 

( -l- I Lt' + f1 

Thus we have proved the validity of (A 7)- Substituting (A 7) 
into (A 6) we obtain 

T- (л,аЮ). 
which probves (A 2a). 

Now lot us consider the formulae (A 2b). The explicit 
form of the "plane wave" and the relativistic invariance of 

Q(P1) lead to the result: 

Then we introduce on the plane (РъРц) polar coordinates 

f>H= 7 coif o4 У 4 ЛЛ 

and integrate over c'Pt"Px with the help of О -function. 
It gives: ' 

23o [1-J.imif 
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S u b s t i t u t i n g in (A 14) 7. " ~7 , ij-' -•» IT + ^ ' and adding 
the r e s u l t back to (A 14) we f ind: 

where the region of in tegra t ion over d\ i s (-I_--J , < ^~> ) . 
Nov» we .hal l regular ize Q - f u n c t i o n in (A 15) by i n t e g r a t i o n 
over rfpL in f i n i t e region (.-A , /1 ) • 
A simple transformation of i n t egra l (A 15) y i e l d s 

I = I | ' h (A 16) 
where t 

( JL>W, f I -/l^) y'^-i til 

о _l l i *-
(A 13) 

] 
It is evident that 

!.C7 

Ii= c]e faf)L1Jf=o. (A 19) 

The integral (A 18) can be treated as a contour integral (see 
fig.2). Or in the explicite form: 

Calculating the residues we find that the pole at zero gives 
a polynomial in (0\Ф of the power L't~ 1 , and therefore 
the integration over Uу gives zero (cp.A <19) ). It is 
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easy to f i n d t h a t owing to the formulae (A 8) the p o l e s of 

;-Г-Г%~"7Г7Т"^ Ijiv* n 0 c o n t r i b u t i o n a t a l l . H ' a i l y , i n acco rd 
ance w i t h (A 11) and (A 12) the r e s i d u e s are taken a l t e r n a t e l y 
above and below the cut and t h e r e f o r e d i f f e r in s i g n . This 
proves (A 2b) . 
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fig.1. 

The contour of integration in ( A 11). 

fig- ?• 

Contour of integration in (A 20). 
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