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1. Introduction 

Let us start with the remark that 1s widely ~d often aUCC8as
fully used in physical applicationa methods of perturbation calculua 
line R~leigh-Schod1nger expBnsion in quantum mechanics or Peynman 
graphs technique in quantum field theory have purely formal charac
ter i! their mathemat1cal structure ia cons1dered. These methods 
allow one to compute the coefficients of the formal Taylor-Maclaurin 
expansions in the coupling conatant q w1thout any 1nvestigation 
(anu, in the consequence, any knowledge) of the analytic structure 
of the expanded quanti ties as functions of :j in the neighbourhood 
of the point ~:" O • ~he analytic propertiea of the expanded func
tions pl~ the cruoial role in the interpretation of the obtained 
perturbation series. The analyticity of the original,function for 

~ = O ia necea.sry to idontify i t wi th the aum of i ts expanl!Jion 
even for convergent aeries. The case of divergent series, treáted 
8a asymptotic onea, ia far more complicated. For unique resummation 
of them ~he knowledge of the analytic properties of the expanded 
function ia necessary but not enough and the behaviour of the diffe
rence between the funotion and the truncated exp&nsion ahould be 

examined. The realisation of such a program in a mathematically ri
goroua w.y ia very difficult snd the methods UBed are atrongly model 
dependent. The general solution ia known only -for regular perturba

t100s (exemplified by a two-electron atom) in quantum mechanics d.sc
r1bed in the framework of the Kato-Rellich /1/ theory wh1ch cannot 
be applied to the divergent a.ymptoUc perturbation expana1ons. 
In th1a case, the problem is well underatood for some wimple models 
11ke anharmonic oac111ator!2/, superrenormalizable euc11dean scal~ 
field modele 1>,-\,2) I.\'~ IJ/ and partly for renorma11zab~e euc11dean 
acalar field model ~~ /4/. The analytic properUea of the energy t 

levela (for anharmon1c oscillator) and the Sch.inger funotions (for 
field models) are known aa _ell a. the aay~ptotic character of the 
perturbat1~n expansiona. They are the alternating aeriea with facto-
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rially gro_ing coetficients, i.e., having the Lipatov form /5/ and 
ma,y be su.mmed usag the Borel or Fade methods _i th the choice ot the 
reaummAtion method dependent on the modele 

:ror our purposee _e propose to understand the meaning of the 
perturbatlon expansions in a ditterent _8Y. The basic tact is that 
the coefticienta of auch expansions may (at least in principle and 
_ithout the analysis of technical problema) be computed without de
tailed investigation of the analytic structure of the expanded func
tion. If they bave ihe Lipatov torm _e are able to construct expli 

citly the tunctions _ith known analyiic propertiea for which th~ ori
ginal series are the asymptotic onas. Due to the ambiguity of the 
reconstruc.tion proaedure E_hose origin i8 fundamental and connected 
_ith ihe exiatence of the non trivial functiona with zero aeymptotic 
expanaions in the neighbourhood of S·= O ), the resul t cannot be iden
tified _ith the original object _ithout .~urther information about 
its strueture. The 18st, in any case, eannot be 4educed only from 
the kno_ledge of th~ set of values of derivatives (aven if we kno_ 
them all) computed at the point _hich io ~ot the point af analyti 
city~ Tbia means that the asymptotic perturbation calculua from ihe 
beginDing doea not contain the tull information and has tobe oomple
ted to give a un1que resulte In the proposed Bcheme such complementa
r,y 1nformation ia given by the method of reconatruction itaelf and 
the uniquen88a condit1ons may be expreased only in teras of the pro
pertia. of the expanaion coetticient•• 

2. Oeneral 7oraalisID. 

The .ubject ot our analysis ia the perturbation expanaions 
_ho.a coaffieieDta ~ave the Lipatov fora, i •••• they are ele.ents of 
the ela88 of aquivalence 

.~ V\- -= o,!VI. fi ( r~ofl '1 Pi ~) "'F ('VI. ) (2.1 ) 

ri th aDY function =t='( 'Y\..) obeyingthe asymptoiio expanaion 

00 

1="(1\1\,,) AJ .2: ci'.c I\I\.-k (2.2) 
.'h -7 ~ te=· o 

IAJ 

tor tI'\.~ 00 • Wa aa.ume ·that the par••t.ra Q) f'} ~, {A) .:1.".<..11(::'''\ 

ar. real, i •••• _e re.trict our••lve8 to the .xpanaionB ot pby.ical 
quantiti••• lt 1a obviou. that th. f.,lor-Kaclaurin aeries eonat
ructecf .ith ~~'a aa i ts coetfici.DtlJ 

2 

;).."> " ~(r.) "---' }"I\I' I -;.\'Y\..
'Ir=u) \.-_.) (2.3 ) 

ia purely formal because it ia divergent for all nonzero valuea of 
the variable ~ • The only ..ay to give Buch a series mathematica~ 

meaning (and phyaical interpretation) is to consider it ao asympto
tic expansion of ~(::.) for ,~-;") () in some subae t of the complex 
~ plane and to find ,Cr) fulfilling thia condition. SUCA a prob

lem i8 solvabla /6/, in a aui table aector ..., ·t -'o )(,·c.1\í J": (\ , 

U" \ ~ \ ..... Q \ for any aerias of the ty pe (2.3). The choice of the 
method of reconstruction dependa on the properties of the expansion 
coefficienta oonaidered. In the case of (2.1) the methoda of tha 
theor,y of momento saem to be the moet useful tool to solve tbe 
problem. 

As the firat atep let ua define the quantitiea 
('J ~ IV\. 1'\ -, 

c", \ -r- 1 C" ( ) (2.4 )~ ~, r(\o\. , 

which for all natural 'l and real u...,1, (\ are the momenta of the 
poa í,tive measure on '"'K. • The same holda for ; v • \ with fixed ~ 
and ~: UI \ I 2 I if ~~ ..., ,.J and fixed even and \; {'li,;, . , if 
~l " U • :For poei tive ~< we have 

I......, r.. ~ I 

{ 
t."'-' ' \tk- L -,t \ 

~\,l ( ~ ) /) ," \ ) ," ) IH. (2.5 ) 
~ v t \ !). \ 

::v I, 
• ~ I 'í . \.< ) .J 'I :,( l.u, x )i.e., \h~ 

\ iA. -' V, \ , v for while for 
negative lÁ.• 

fl \{ (
.\ ~'I\ i·''V. T ,1- .1}... \ ~ ) Ao ~ "C t . I .:-j. )/:') v(·1,.,t. (2.6 )1 '" \ \ - ?
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which givea ".\H'.,\ \ !'V- j EP(-v.),J.T2v. (v ) ,f;t1,),JI7.".~ () for '1,.lE(-CV,<'tJ) • 

Âccording to Hamburg~;'S theorem t in the moment th.ory /7/ theae 
conditiona are auffic1ent and necesaar,y for the positivity of all 

I"'V\,. ......, 

quadratio forma ~ I' X r )\,', wi th the only reotricl, 1.('0r,'>"O J \ ' l 

tion for ~ to De even for negative Q • This meana ~hat tAe deter
minante of the 15 for 1'n- matrices 

:~ 



\\'k \v,H \i<\fVV\ 

~:) ( \{ ) :'Vv\.).: ..1(.t 
\ 

I 
~\ 1 ~ 

~ 

\ \{12, \l,q IM \-'Í 

\ (2.7) 

--' ."'-, r-:» 

\ 'v: \ /v»: \ \q - I ~ \ \.( \ 2ti", 

fulfill tne inequalities 

'l) (I.z ~ ~ , f'YV'-.) / l) .\ ' '",\ -=- o)I} '1} ,. ) u, > u (2.8' ) 

'''-D'(I' 
"~
",.) '..., f'\...- - "J

VJ~)J..}
.1 
"))'

i..< tui'.!.<\.. u'" 
<, 

U'
•"'-~\J ~1''1''~' )  (2.8") 

Witb tne leading asymptotical term considered, let UB take 
the full form of (2.1). In~tead of (2.7) we nave the determinante 

~\z h.,,-\ ~ \.q M\. 

~k\~ \ i.<. \ ~ ..•. ·L..,\I'M. t -{ (2.9)tj)(k).'M.J o.« 1-: 

ti.<.~ I\'v\. ~i.<.\f\<.-\~ ~ l<d./M. 

.tm. 
corresponding to tne quadratic forma ~~o ~~tl1S x r X<, • Let 
U8 choo8s k big enough to replace toe exaot formula (2.1) by its 
asymptotic8 (2.2). 8ince tne asymptotic expaneions of Vlk) and 

F (K-\ f'vv.-) for k -1 ()J are tne SarDe for any function and any "m.. , 

_e nave with the accuracy to the zero a8ymptotic expansion 

r-«, co _' fh.c.\--\
1)Ck ) ('M. ) "'-J D(k)l\'Y\.) l ,~ol~ K 6J (2.10) 

K-)XJ ~~o 

1.e., ..the determinante })(\.<.) """-) for \(. sufficiently large ful
fill tbe sarne posi tivi ty condi tions as l5 (\<:) """'-) ., Moreover, for 

0..) O , tne determinante :D(k\~) fIM. ') are aleo posi tive for large 

\c. • Indeed, we have 
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') \ ',u ~) {VI") L \')'(\.-} " .... ) [.::= '\ lo \
'\J (2.11)
""'l)..)'v.: \ i, ) 

where ~'( \< J ""'-) are the determinants or the type (2.7) computed 
for \" I'" lA which does not cnange the propertiee (2.8 1 ) . Such e 
posi tivity condi tion is not true for (.» " L' , which may immediately 
be seen from (2.11), and it ia the Bource 9f differencee hetween two 
casea considered. The poeitivity of the determinante D(~~.... ) and 

\l( \( 1~) 'Wc ) for v. '> () ie a sufficient and neceesary condi tion for 
the sequences {\ \.(. ,I \ ~x: IJ to be Stieltjes moments (i.e. moments 
on the positive semiaxis) while the positivity of t~e determinante 

i"(:I.:", 'M.) for L, <. U enablea one to interprete the sequencea 
" • 'X}
1 ~2\. \ \ \ \ \J as Hamburger's moments (i.e. moments on the whole 

real axis). These statemente are equivalent to the existence of the 
positive measures on ~ such that 

" ~ \.. \ ~ ~ \ \-i. ~ ;) (.v..) cll v ('I., ) , '> I (2.12') 
I\'J 

';lu 

• .,1 <, '"./ ~ 'tI ~ :A 'T ? 4. ("-'c)J'2 ~ \ ~ (2.12" ) 
o: 

and the series 

'X) ')"

~U'\(t.) 
r-

( - ~ )', (2.13 )'i:~\.<. \ \.L ( - s )i.<. \\'\\ l-'.t)~ 
,I '." . 

are the serias of Stieltjes or Hamburger, respectively. The proper
ties of tneee cla8ses of divergent series are well known 17,81 be
cause they play the crucial role in the theory of moments and in 
the theory of Pode approximationa. The fundamental result, namely 
the theorem of Nevanlinna and Hamburger (N.-H.), nas different formu
lationa for the sBries of StieltjeB and Hamburger; ao we have to 
analyee them separately. Por the series of Stieltjes (2.12'), 1.e. 
for u, '> O and the expanaion (2.3) alternating for .'\1.. ~ K we ob

tain 
00 

t l k 
] l ".2: ) ( - z)I.<. \' ~l'\A) r)'J~i 1A) _. (2.14)

j -i~ I\).. ~ 
co 

and the ~unction (- ~) - k ,lI.<.] (1:) real symmetric and analytic 
in S~ ~'2:. \.1.:~,'t\<Ji-~) L;.o S admitting the series in (2.13) 

as its asymptotic expansion uniformly in S • Por the series of 
Hamburger (2.12' '), i.e. for 1.1 -; O and (2.3) nonal ternating for 
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-r-	 

;'n. ~ K , the analogoUB formula ia 
'''''''..1 

, l2k 1 -r r • \., J~T2k \ 'V. 1
l.	 - I ':;2'1:: " - ":7 .,-"• (2.15 ).1	 \ '. I \ - ) \ i~ I\A:~ 

:v 
_	 lI.<.. o l.i-k\

and ( . '-': ) ~ \ l ~) real symmetric and analytic in 

'-~ c, L=-[" \o_~ :}. \.( TI' t. ; ,: '7 U ~ wi th (2.13) uniformly aaymptotic 
in c) • Using theee re8ul~8 we may come to the concluaion that for 
formal perturbation expaneion (2.3) with the coefficients (2.1) 
obeying the asymptotica (2.2) we have found the function with 
known analytic propertiee and admitting the repreaentation 

I( • '\	 'XJ 
....,---,., , \:1'\. I<:.- \ J'Tk l'lA )

~(t:.) '~\'Y\l'~, ~ (-'t:) ----.-, (2.16 )
... - o	 _ 1-\: /\.A.t. 

·.00 

whera J'JI{ (I\A) ia tne solution of the moments problem 
C\) 

~ \.<..\~ =	 \ '\.'c \ I I' 1.-. l ,'1,,- ) ~ -:: U; \} :2. ) (2.17 ) 
::\:) 

with the	 given ser1es a8 ita asymptot1c expanaion 
c\:, 

~ l '!:.') ,"---' ~ \' Y-,- ( • ~ ) Y\. (2,18) 
'.:; '12 -'U '" '.' 

uniformly in the domain of definiteness. 

3. Applications 

With the basic formula (2.16) obta1ned, we should analyae its 
ap'plicab11ity in practical calculBt10ns. The problem haa two ditfe
renv 8specta. The first ia the direct computation 01' the meaaure 

clTl<.l'IA. ) in (2.17) from ths sequenoe {t i.< \ ~ l ~ u given and 
the aecond is the application 01' the standard resummation methods, 
like Padé' or Borel methode, to obtain unknown function ~(~) 
Owing to the ditfarences between tae alternating and nonalternating 
serias, _e shall cons1der them ssparately. 

3.1.	 The alternating series 

Let U8 begin with the simplest, exactly solvable, example of 
the one-dimensional integral 

):) _x L. .:J'(4 

I (v : \eh<, ~ 'J 

co 

oft,n called the zero dimensional analog of the 
definas ths parabolio cylinder function .D.1

.	 2 

0.1 ) 

.o4 model. I (o ) 
'I 'J 

equivalent to the 

,~ A .1 
Tl~\):: 2~ I:::xÇ'l ( S'v,,) Ki ( .0) . 0.2 ) 

. 'I J '.'-t .\ 

The	 perturbation expanaion 01' (3.1) ia given by 

oc \ 'I . 
"""), I' C:2.\<.~~__ (_ (") ) kTl.;;) = L....J	 0.3)

rCk-\Â) ~\(:: v 

J and ia formal, everywhere divergent slternating series waoae coef
fio1ante have the 1ipatov form r' (2~_~~ , -~t- 4 \( r'll<) for \(-) :X'. 

r'l\<H) ~'rT' 

The coefficienta in (3.3) are tae Stieltjea moments for all k 

because 

r 12\<. \ t) __A__ '-1 'te r~\( \_~L=.~ k 1- ~) 
I'l\,<,H) 

~ 

~ rlk+~ , 
(3.4) 

ro
 

\ ~ [ _1Í~,_ x-:: 
~ 

~~\l(- ~) K. '. (~)\.)x.

'< 211 rr '1 

v 

which, 8coording to (2.16)~ meana that 
."XI	 -\ 

I(v)~ -1 \;..,'iexQ(-1)\(tl.~)JX 
t) 2~ 1-\ xu 2~1 ~x~(s~)ki (A)0.5) 

'I	 \ -1 ')~ 
u 

with (3.3) as an asymptotic expaneion /9/. The above construction 
is uniqU8, _hich ia quaranteed by the criterion of Carleman for 
tae uniqueneo9 of thl solution 01' tae Stieltjes moment problem 111. 
The auffioient oondition for the uniqueness iR the divergency of 

,X,/	 _ 1
the serias 2"", "hich is, rougbly speaking, equivalent.:::v( ~"") 

to the bound \ ~ "'" \ ::- C r (l ""-" i) which i8 fulfilled for the example 
conaidered. 

Ao analogoUB procedure _ould be applied (using methods of Mel
linfs tran8form theory) for pbysically realiBtio'modela if the .e
quance t tl<.~6 \ \~O _ere exactly known /10/. Untortunataly, in 
practice, only the leading asymptotic tera. (2.4) are kDown _hioh 
give the meaaure cÁ\í",l-v..) _i th the accuracy to the leading a81J1p
totioal tem for t1A. -:, co 

00	 00 ~d 'l-\. :i 

j;	 ,1 U\\fk ('1.A.) (_~)k \ ,\,,-\('~(~)'F € )<.ç>(-(a)!')d""-,(3.6)(_~) k 
~ ·1 \ "tA. 1: 
u	 F J 1.-\ iLcc 

J 
McDonald funo tion K ~ 

1 

() 7. 



Such ao approximation, formally identical with the generalized Borel 
Sllm of (2.13) with the coefficients (2.4), in general does not give 
satisfactory resulta· /11/ but for some simple modes , like anhar
monie oacillstor tj '. < 1\1 ~ - \ '), the 5% accuracy, in comparison wi th 
the exact results ~ay be achieved /12/. Better occuracy, about 1%, 
can be obtsined (w1th1n the aame approximation for the coeff1cients 
uaed) if the Borel or Pade methods are applied to aum the Bequence 
(2.1.3). The Borel eummability of (2.1) to' the integral in (2.16) 

may be proved /10/ becauae the N.-H. theorem guaranteea the assump
tions of the Watson theorem to be fulf111ed if the coefficienta in 
(2.13) satisfy the bound \(.'\ (f\C(2'h) \ '. The uniqueness criterion 
of Carleman gives a little bit stronger bound: \ ~'\<..\ ~ (."'- \1(2'\\ t ~) 

Among the models satiefying these conditions the best accuracy wss 
obtained in the framework of the Padé-Borel method applied to an 
anharmonic oscillator, funnel-like potential /13/ and Gell-Mann-Low 
function and criticaI exponents in the acalar field modele /11/. 

Ths Padá aummability of (2.13) to the integral in (2.16) follows 
dirsctly the general theorema of the Padê approx1mant theory /8/ si 
milar to the N.-H. theorem. l1oreover, the approximants l'N-~, N 1 
and L\\l,N1 give for i'. -,. L the lower and upper bounds for the in
tegral in (2.16) with the accuracy growing with ~~ The uni~ueness 

condi tion demanda the divergency of the serias ;::'<J (\ "" ) -~ 

and givea \ \ "'" \~ c.'V', \1 ~ 1"" \ \ ) • Toe method, applied to auch quarr

tum mechanical modela like anharmonic oecillator and funnel-like 
potential gives resulta more accurate then obtained by the Borel 
method /14/. It is aIso underatood why the method does not work for 
an anharmonic oscillator 1'~ /15/ which breaks tha uniqueneas con
dition. 2he modela of thia type need further development of the 
formalism based on the aolutions of the indefinite problem of mo
menta /7/. 

3.2.	 The nonalternating series 

The simplest exemple, where the 
expanaion	 appears, ia the integral 

~ 2 ' )2(1	 . - x ('\- c x 
1l~t) J c~x ~ ,) 

-00 

.hose 8xact value ia 

nonalternating perturbation 

().7 ) 

H.\i o'Z)	 - l.- \!)\() (- -L.~) (~l (_--1) ( ~ \ \ O Ó	 - {lU 'í ~I.~' \ ~ \3~ 0 2 + T - -i ~L-,c)) ().8)Õ ,J	 ""\ Ó '1 j 

fi 

and formal perturbation expansion 

!XJ 
( --I ) \<- r (2.\( 1 ~) (_, "1 l.,' ) '\<~lv;) z: L, \3.9). ~ ~ ~ \{~v 

I, everywhere divergent and nonalternating, obeying the Lipatov frrm. 
I The coefficients in (3.9) are the Hamburger moments for 811 k 

.')(; 
(-A.') \{ r (~ I.t \ ~ ) " J1 - ~ J 
--~--- k r - I x).:I..:J' I ,:S ) l'" I )::) CJ ( ) 1Jx L	 rr \-'8 "xr'~ ,,-~\-g Q\-1-, 'x. 10 

\;(v~\"') 

l'

\	 '13
• ) 

I)() 

I 

and ~(l1) in upper and lowar half-planes ia given by the Hilb,'rt 
transform of the meaaure in (3.10) 

00 ~	 

••IiC~}" .í. \" (-1) - ~.I\ rj ~) _~~Jl~,(-)() c:A~ 
Q Jr 1.~ "'~ 

-tXJ 
To give i t the meaning for r: ~ o , i.e.) c -, u}2 we have to Ctüc,üste'. 

ita principal valus 

{( ~	 
\ 

li ( cÍ 2) :: LI'vv\.	 'i r ~ )l. Õlr-lAt) i .~ l \-. , t )1 ~	 0.12)1.E. -) C 

~ .-(. A -~ ,=:-Mr'INo-. - e. ú~ \ 't.
.tl~--1<l2_\l::""E-) O ~ 

A 
JI - ,=- {\G? e 

~ 
() (T ~ 

--\!\( .A '\ A-]~::- ~ I 
_ -~-.-- ) + -___ .. I'-! -\ ~ I __.- ."

1<1 )(,:,'-~\'i. ~--'l~'-\,'i\ I( ~ Kil32</·-\:J,
"".) 4 'J I 

lJ 

( ~'2
~ 
~/) ~ T - ~ ( 3~ j'- )) , 

,. 
\1 

where we used the tranaformation propert1ea of Kac Donald's fun~ I
tions with reapeot to the analytic continuation I 

k i C-c): ~ ( r. { (~) - Til? ')) LZ (I - 4CC) t T ~ (c )) 
4 ~ 4 (J.13) ) 

. ~ 
\(1. (2;:;\(.) = '!(1.J.(-2:)i I '~j4,4 

.1 

)	 Iand the reali ty of the funct10ns I~ (?:- ') for real argumente For 
the Hamburger problem of moments earlemen1e uniqueness condit1on i8 \ 

lX} . ~I: satisfied if the oer1eo ",,~;J~'Y\\Y 'ih.. ia divergent. Sincs it ia \ 
\fulfilled for tho caae oonsidered 

l~ 
.~ 

«)	 \l. 

.~ 
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l~ \ ~.)) V. '> . __i_,"
 
\)(~\A.)- / v. t	 0.14) 

the coratructíon of the function ~(~~) ia unique. 
Ttle analyaia of the nonal ternating perturbation serias ia far 

more dtfficult then the previoua analyaia of the alternating ones. 
No uni eraal method to find Hamburger meaaure in (2.15) ia known. 
Alao he Borel method ia not applicable /11/ becauae the Wataon

I 

theor~ ia not valide The only poasibility left ia Padê summation. 
The a itable version of the N.-H. theorem givea that the aequence of 
the Pa e appr-ox.ímatâona of (2.13) [N'''I ('ll , l\i-= ~IZ))I contains 
~he a~bsequence l N ~! ~. \ , N z: 'VI.~, 'A~, v..... ) , converging in 
. Ú (\D 1 -t \ i:.. \ .: í'... \~~ '1- " v ~ to the real symmetric, analyticI 

in ,ülc:.\) function ~ \ \, '\ , 'L: ) 

. \	 \\ 'N ~) N\ ( l) "- \ I ( ('l:) ( ..:t) \<. \' L .•.\'Ti.( (,,~ ) . 0.15)~~\. 
I\J'-' V.
 

I
 \	 1 \ ''\A. t:. 
. íI:J 

admitting (2.13) 8S ita asymptotic expanaion for ~~G in ';.~ -L~ ::: -:	 \
(1(1 

:\~ J \~. 11,:: ~ 
'"\ :"\; 

, L\< 1 '\ \ 1 l. ' 1 , <: \' .' ) j 0.16 )\ \ '1::) - - --, ., '-.../-.J k ~ \ ( l. •

1 \ ' -, ) 'J _) v \
 lii

~

ITo our knOwledge~'the Padê s~tion'waa not applied in the analyais 
of the nonalternating series. Except the difficulties with the com
~uta t i on of the coefficients in (2.13), there are serioua restric
Uons given by the Carleman criterion. The sufficient uniquenesa 
cond í tion is \ ~ \::- ...., I'C 'IA 1) and is not fulfilled even for'\A I 

~uch simple model like quantum mechanical double well where coef
;~iCi e n ts of the perturbation expansion of the ground state energy


1,~have the asymptotical form /16/
 

I o .j \~, • ~0-\ tf 1 ) (),. E _."J -)?d \ (l1 1)(1 - ~- I (-~). 3.17 
• t Ó ~--,'XJ .(	 "10.1 j

l 
I 

VI 
lIndeed, it may be proved /1/ that the ground state energy in this 
~odel ia unstable, i.e. there exist two eigenvaluea of the fuIl Ha
~iItonian, differing from tha function ~XP(_~~Z) and obeying 
t.he sama aaymptotics for ~ -7 O • :Por auch problema and the relevant 

'l'
.pnes,appearing in the non-Abelian gauge field theories further de
~'velopment of tha ,formaliam (eapecially the methods of the indefin1te 
moment problem) ia necessary. 

'I' 
'Ir1« 

4.	 Concluaiona 

Up to no__e have considered the problem of the interpretation 
of the given perturbation serias and _e have not analysed the ques
tion: is the given series asymptotic expansion of the function for 
which _e have utarted to obtain 1t. In mathematicB the answer is 
known in some spec1al cases like the funotions analytic in 
S = { ~ ~ \ 'Z::\ <. '\( , 01.< o......~ '2 .: f) 1 and obeying any asymptotic 

., expanaion for -S')~ -Y O. :Por theae ·functions the exiatence of the 
00, M.- "O.. • 

,j. 
serias Z; -11\1\. '1: such that l'(~).v:ç \M;:'M. ,.S')2-4 U 

·'V\.~lJ { ~·2 ""'--v1 

guarantees that t!\'\. = ,.;T ,~"M- J~ )(~) li i.e. the asymptot10 character 

of the Taylor-Maclaurin ~~~~:10n /6/. In physical app11cationa the 
problem ia fully underatood only in the constructive quantum field 
theory, for the modela mentioned in the introduction. It ia obvious 
that if the ana.er ia negativa the perturbation serias is not con
nected _1th the original funotion and useles8 as a computational 
method. But for a pos1t1ve ana.er (suggestad by successf~l applica
tion.) the perturbation expansíons bave to be understood and summed 
properly e8pecially .nen the theoretical oalculations and experi
mental resulta are very exact - for example in QED /17/. Por such 
problema the interpretat10n of the perturbat1ve resulta a. the app
roxillation by polynomiala 1a 1o..Ls~ and tak1ng into conaideration 
the "tail" of perturbation serie. is neoessary. 
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Xo~enH A. E2-87-888 
KnacCHqeCKaH npo6neMa MOMeHTOB 
H 3HaqeHHe nepTypõa~HoHHWX pa3no~eHHH B KBaHTOBOH ~H3HKe 

ITPH Hcnonb30BaHHH MeTOAOB KnaCCHqeCKOH TeOPHH MOMeHTOB 
paCCMOTpeHbI BonpOCbI,3HaqeHHH li HHTepnpeTa~HH paCXOAH~XCH 

PHAOB TeopHli B03My~eHHH. ~OKa3aHO, qTO PHAW c K03~~H~eH
TaMH, aCHMnTOTliqeCKH o6naAaID~MH ~aKTopHanbHb~ pOCTOM, 
HMeIDT CTporo onpeAeneHHbrn MaTeMaTHqeCKHH CMwcn, H MO~HO 

HX CYMMHpOBaTb MeTOAaMH BopenH H ITaAe /B cnyqae 3HaKorre
peMeHHbIX PHAOB/ H ITaAe iH crryxae 3HaKorrOCTOHHHblX PHAOB/. 
PaccMoTpeHw Bonpocw 0AH03HaqHOCTH MeTOAOB peKOHCTpYK~HH 

H AaHbl y cnoaaa na K03<PcPli~HeHTbl PHAOB, MH KOTOpblX ncnorrs-r 
30BaHHble MeTOAbI AaIDT OAH03HaQHblH OTBeT. 

Pa60Ta BwnonHeHa B DaGopaTopHH TeOpeTHqeCKOH ~H3HKH 

OHIDi. 
-TIpenpHHT Ü6'benHHeHHOrO HHCTHTYTa anepasrx HCCJIe,lJ,OBaHHH. ,[ly6Ha 1987 

llorzela A. E2-87-888 
The Problem of Moments and the Meaning 
of Perturbation Expansions in Quantum Physics 

The methods of the classical moment theory are used 
to give the interpretation of the divergent perturbation 
expansions. The expansions with factorially growing coef
ficients are proved to be mathematically well defined 
objects which may be resummed using the Borel and Pade 
methods. The problem of uniqueness of the resummation is 
analysed and some conditions of the uniqueness are 
obtained. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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