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1. Introduction 

B,y the var1at10nal principIe of Neugebauer (1914, 1911) 

a beautiful, comprehens1ve and practicable method 1a given to 

derive the equationa of irreversible thermodynamica and con

tinuum mechanica as well as the field equations of gravitation 

and electromagnetism from a first principIe. lt is also app

licable to media with internaI degreea of freedom and order 

parametera (Meier, Salié 1919, 1980) and other additional 

fields. Purther, Wulfert , Zimdahl and Salié (1983,1984) could 

ahow that the Neugebauer principIe forma the natural base of 

a general relativiatic fluctuation theory in the sense of 

Looldau and Lifahitz (1957, 1966, 1968). 

But as many simple approaches to relativi8ti~ thermo

dynamios,also this principIe has a eerious diaadvantage pro

viding noncausal transport equations; e.g. for heat conduc

tion one receives a covariant but parabolic equation as in 

claesical pnysics. In the case of superconducting media this 

problem could be avoided (Meier, Salié 1979. 1980). The 

general relativistic Ginzburg-Lnndau equation reaulting trom 

the variational principIe is a hyperbolic one. But a too 

eimple choice of the Buparconductivity contribution to the 

tree energy would also lead to a parabolic equation. 

To remove theee difficultiea, one can change the free 

energy, the Onsager relatione or the thermodynamics itself. 

Here -o consider the first t.o possibilities. But before, a 

brie! survey of the Neugebauer principIe ia given. 

In tbe firat part a causal heat conduction aquation ia 

derived by uaing a frea energy depending on the temperatura and 

ite firet derivatives. For aimplicity we consider a fluid 

,(hn~t.t\h'A "" ..f.~M MHcnrryr \ 
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tbougb the method _orka aleo in the case of more complicated 

media. The reault ia a third order heat conduction equation. 

The third order te:t"D1S form a byperbolic expreaaion in T= ~é 

(T - temperature, u~ - four velocity). Tlieae terms determine 

the causal atructure of the equation and guarantee a finite 

heat flow velocity. But the coefficiente themaelvea wíll be 

very amall. Additional to theae third order terms the normàl 

heat equation wit~ the well-known coefficienta appear. Thia 

part of the equatiOn dominatea in the usual laboratory expe

rímenta. Because of the low accuracy of tbermodynamical meaau

rementa it was imposaible up to now to determine experimentally 

any additional copductivity coefficiente boing relevant in 

tbia connec t í.on , 

In the second part the uaual unchanged free energy and mo

dified Onaager rel8tiona are considerado Alao here one can get 

a cauaal third order equation again. 

A certain ch8Xlge of variation preecription would lead to a 

aecond order tele~raph equation often diacuaaed in this connec

tion, f.i. by Cattaneo (1948), Vernotte (1958), Kranya (1966), 

MÜller (1969), Iarael and Stewart (1979). Alao higher order 

equationa weretrea.ted, e s g , by MÜller (1967). In this connection 

it ia remarkable that Cattaneo (1948) derived firat an exprea

aion for the heat ~urrent from statiatics providing a fourth 

order equation. For amall coefficients and near the equilibrium, 

nevertheleas, ho oould approximately tranaform it into a tele

graph equation ag~ino In our case, however, one cannot prove the 

entropy productioP denaity to ba the divergencG of the entropy 

current. Therefore thia equation ia not further treated here. 

Since the Neugebauer principle ia a phenomenological 
\ 

one, tbe inv8atigsted modificatione provida only the func

2 

tion~l structure but not the actual valuea and functions. 

It ia not the eubject of thi~ paper to determine taese quanti 

t~ea in the aenae of a relativistic kinetic theory ae it 

has been done by Chernikov (1963), (1964), Iarael (196J), 

Israel and Stewart (1979) for gasea. It would alao be very 

difficult to extend calculationa like that to aolida and 

liquida. 

2. Neugebauer's variational principle 

The ayatem ia characterized by a set of field functions 

Ve • Por a fluid we cnooae ( V ) -=~ ( ~ a ) f ) ! l- ) • Here0
 

~ ..'" ia the metric, y the particle number denai ty and
 

S ~ = k; /T the temperature vector ( h.' - four veloci ty,
 

~ - temperature). The variational preacription ia the fol

lowing: Along ~- the V are changed to virtual funce
 
tione Ve . Ve '/8 + J\/g
 

d V .fj V (1)
e Sw .e 

i:J'vS ie the Lie derivativa, d W ia an infiniteeimal func

tion with 

&(0 ~ O -vn.U
't ) 

J w I ~ O) (ó"'~ 1 I= O. (2) 

[~J [~J 

~ ie an arbitrary four-dimenaional volume. The Neugebauer 

variational. principIe reada ae follo1l'a: Por any tb.ermodyna

mical eystem tb.ere exista la time-like vector field ~..:= '-<--lT 

auch that the action W in the virtual states '1
0 

C01"rea

ponding to this field ia never amaller than the action in 

the actual state Ve 
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J IN = J JL ~~ ~4 >< >" o . (J) 

lY., 
The Lagrange denaity L consiste of a field-theoretical 

and a thermodynamical part 

R (4)L ( V@) Vo)~ j 'lo) {" e ) = I~ J f 
2-')(" 

(~ - curvatura invariant, ~ = cl.J 'J.-:t.. I, ~o - Einstein's 

gravi tational conatant, f - Iqolar free energy). 

Performing the variation in (3) one gets 

~ ~ ~ «, L ) cf \1
;> -- ~-_. "> (5)~==L-.~ SV:" J8'/0.

e â € 

By the Noether theorem Heugebauer (1977) (1980) aho.e~ 

Z _1_ J(~LJ ·S" (6 )e 'f., J V - iY '- ; .... S':;jO
EJ J 9 

with s; and 6- being the densities of entropy flux and 

produetion. The sum (6) takea the form 

L 1- G Xc- = ~ O (7 )f:r 

e 
w1th th. thermodynamieal currents J G and fore.1i X0 

"1 ó(~'L) (8)J'e 
=~ S~ 

) 

(9 )=Xe ;E.! -: 

fh••• quantities ere conneoted by the Onaager relations 

(10 )1 8 :zé'S2X
.5l 52 

4 
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The symmetric coeffioients L- form a positive defin1te 

quadratie expression suaranteeing cp? O in (7). On the 

other hand (10) with (8) and (9) repreaent the field equa

tione 

cf(L-fi),-1 = V Le~"2;{ V' (11 )~. d~ L-.. !2 
.Q. 

For a medium with the Lagrangi~ ~) one geta (Neugebauer 

1977) 
~:'k. ;i _d"K 

- :i" '6 .:t.. 
+ T-<~ 

-= ,- T (12 )
de.-c l'-ÇV) ("'N") 

T 4'~ 
= .: 

k 
~Ic 2- - S .... f.. (13 )~ eu.. 

(~e"J 

The left-hand sids ia given by var~~tio~,of L with the 

use of the particle number conaervation (J 1J.. Á )j':" = O and 

the relationa for the thermodynamieal potentials (e = ~

T-'OfloT - internal energy, s..:~ - atress tensor). r;~~r) 

ia given by the Onaager relations 

T--<--k s ~ lo + ( í": 'tA.{ t 4{ 1.<.,-: ) / ~ " 
t ; f"r) t"d<) , (14 ) 

r ~e..
.. 4 2 -C" fc J. ~ 'lA. 

S(,);",) II (<')s) 
+ ~1L 'h u.r- j r (15 ) 

(';''-'(-I)r T- Ü- r T(c")IA. -d< (16 ) 

r ~ "j9'" - heat eurrent; h.,..: =~.
~ 

r1{;l{ C
z, 

j ->Z:r:)~Ji:).x... 

coeffieients of viaeosity and heat conductivity). 

3. Modification of the Lagrangian of the Neugebauer pr1neiple 

3.1. Pree energy 

In the usual thermodynamica and fluid mechaniea the 

molar free energy i8 a function of g and T 

5 
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3.2. Var1ational principle and field equationa(11 )t =o f(~\T). 
W1to toe variablea (~Ak) S ) .s .... ) toe equat10ns O)

In thia section we postulate a weak dependence of + on 
and (5) take thé fom 

~~ • In the Append1x Dome ideas are diecussed ..hich poasibly 

could explain a etructure af this kind. Hera ~e investigate SScl~><.ç; ~ - -R - ~ -r «(-')) T ) A ),]3).tJ ) O ) (22 )
L ~Ko 

the consequances of that ansatz. In toe toeory of elasticity 
._1_ ( óGLsuch structures are inv8stigated concerning the derivatives ~ ~ L f ) =- lã"~ O (23).;-~ .r ~" .tl'J' li +- r, j)'

!of the deformation variables (Bressan 1918). .... d:r 
Being an invariant, f ohould also depend on invariant _1th th. Lie der1vat1ons 

expressions. The simplest invariant is T = ~t. k t,. • But r tt j i r ;f Q. = (~) t("U't..), =f-:~s 4 , . -+ 
J<1~;" T;{ T;' f< TL 

Lbecause i: 1 = O , ror convenience we use ~ L as var1J 
ables instead of ~~ • In (11) the _hole variational tem 1a -( (t"" ~ 

- T'- h~ u~ T- {to ~-<- )-(~r +- 4:_ T) (24) 
Cvanishing therefore. Porm1ng the simpleat invarianta oui. of 

t- 2 u...: -tA.. k t
'3':I..} !..:. and ~ ic one geta c" T 

T ~~ (18)A )~ ~ T/T 
l.I. 

-f. -{ ( f;,) • p ~ - f'-' ,j; ~.....L-'U.,J} (25)
.;fJ·f §'), T T -' T)""(19 )

..:fcTT:B ~ .: J ~ • 

{ -1 -k -1 h-:'f.......L
is g1venTl1en toe 8IlOunt of the spatial gradient -R.,..:. ~..l T (~'4 )j ~ - T ~ . oC-1 d":' . 
by 

Beoauae of toe part1cle number conservation,L~ ~ T:.: --ç-~ J3 t- TLAL I c.<. '( 19)
 

(~1..<..":Jj":= O
 (26) 

and f oas tne soape 
~lJ ia expreased in terms of -d::- }<. and (23) reads

J 
(20)t = F ( 5J TI A J3). _1(8-GL -i t;'( S'l/~ L) (21 )I 

2. s S'3' .i?J}1.. ~ O~ S3..:~
Sincs !':=u>/r J Tia' expressed through the variableaJ":
 

wito the f1eld equat10ns

and ~.;.~ 

c (21 ) _1_ ( 6v;L C -: t; ~ ~ L_ )' ~ L.i.~""" í' o . (28)T -. ..::L 5' -h - ~ â '" "

~s'-~S Y~ l S' ()-Ic fj':2-. 

6 7 



A longer stra1ghttorward calculat10n prov1das . { ( ., "'ó F -\..:. lt.. )
 
+- p 'l.-<. j t. - 1..-(;.. l L. f '-0 E I T ; Ec.
 

"1Y'''~ 1... ~t T:>
 
" - 2. ~
 r" 

+ .S { e +-T ( t·d 'F ). +- p~-'-p-t..s +- )_
X ~Ao L/r'h -I... 'l..-I.. c...:; t. ) '4 ( {' J S ) - II ('lA.. j' 

• ~F -I~_(~ . e:.e _J.., I ( 'à ~ T 1€) J~.: o A"''' I'/.<...{, I+-p'h +- -<"'JóB - d<- ({ (lu. +- Lte: TI,->"));," - x.w.r (~.- t- t.... f T/c'-) = O, ()2)
g f ôB . je c'" 

O) D:"'~ {t s ~ ~4 
,<.., Y} _ 'h1A.. ( ") +-- '17 'U. ~ r The largest oontr1but1ons are g1ven b,y .f ('d e /'dT) '/=yc.,.T

l~ ,.., II }
 
p-l:e

and - ~ h ',-'.;e ' the tema oí ihe usual heat equa
d<.. (r:"'~ { o{.- ~) ( T c., T) "'1-+- -~ 1-... 1.-<- +- h '1..<.. lr t-~ (29) tion. The propagat1on veloo1iy of the t1rst s1gnal ot Bn1 event, 

howaver, 1e g1ven a,y ihe character1st1cQ. To form the cha


The lett-band 81de tollows irom (~8) b,y var1at1onal der1va racter1st108. oDe needs only the terma ot the h1gheat order.
 

tion; the r1gbt-hand 81d8, by the Onsager relat10ne us1ng W1ih (18) and (19) one gata
 

(14), (15) and (16). -1 ( ~ p~e T )

~ Pc I - -:H:n. D +.. +f5 J \t ) laJe. 

e F - T~F/dT (0)
 
õ~F T ~>"F nT T
 

:z.. '"' '-/~ c I'f"s r c 5' . + -- . -~ + 4- d 11f (1) "lA" T ~AdB
 

1 "F {.e -r "dF -,~ I t •
• or our problem lt 18 not necesS8r,y to det1ne new expres
+ .2 T· ~E . ~. /,C:,t +- 4- T 'dBI. I T ~iJ~ 

..s1ona for e and f
 

~t U81ng. bes1des f !...:. and ~ a ) T as an add1t10nal t- O, ()))
I 

Tar1able with the 8ube1d1ary cond1t1on (21) 1n the torm
 
Prom (JJ) the equat10ns for the character1st1cs tollow
 

Tl..~..:~!iS(. + cL.= O • one can 8impl1fy the calculat1on.
 
1 'i "F l+ 7- F r-~ T .
Also (26) (~fT ~ ~ )) ,~ = O can be tuen as sube1d1ar,y con ( T dA~ . f

. a, 

+- ~A'JB ~ IS11-r f 
d1t1on witha Lagrang1an mult1pl1er. 

).). Heat conduct1on equat10n 
»r ee - ~"'F v":" ). • = O 

and characterisi1c8 + 2. T ôB 'à 'f,&'f,l + 'tI ôBI. r; I: Cf, c 'i' . (4) 

'4. 
\1 

The heat conduct1on equat10n tollowa trom u .TA. . ~ = O.
 
Ao ) fhe second factor


U8ing (29) one gats 

.. [ T (..i- ~ F Y 2T ( 'd"F TI () ]. '1A....:~ 1.-1,4- {~ Cf ;-- 4'" (x") >(")~ ro< } = OS e. ~ T'dA +- f f~B j €., Cf== () ><~ o)(''t 1..{ 't CJ)(' 
(5) 

9
8 



I 

could alao be functionals containing ~va-where the 'Fr
defines a oharacterietic 'ti-1) c« i) = O • The velocities 

tivea XQ.ji as well (aee the Appendix). 
1..t;" (xl..) are aaaumed to be 11mi ted and continuous differenti- Following the procedure of the preceding sections the 
able in a certain region. Then by u.~ k' = _ at leastC. 2. variational principle providas (6) and (7) rsp. (23) and (27). 
one t~.: i8 non-zero (e s g, u.'t ) and a eolution of (5) exists 

By (6) the' aecond la. of thermodynamica is fulfilled. The 
(Kamke 1979). For the propagation velocity giv~n b,y the shape of (J7 ) has to guarantee ~~ O , generating a quadra
oharacteriatic 'Pc.) ( >(") = O i tic, form in (7). Ueing an expansion of Je with reapect to 

·t(6)
d (O = ~fu. d >< .c.. o) !I X~ and X2.ir.. (instead of (10» one can discues several 

l") Clx: R 
l' aimple anaa tzua (providing G'"~ O ) s 

through the Bolution procedure (Kam~e (1979). Courant Hilbert IcL 
(1962» one receives the same velocity u. ' as in (5). Le~ X te2CTT)X 08a)Je '9, +- ) Jr ~I
Being a time-like veetor inside the light cone. ~Á can Ae
only provide a propagation slower than that of light. 16 

= L~ Xs. -t- t e S2 CT ) XS2. . e-b<p { r XÁ/L} = 

The firet fector in (34) providea obviously a quadratic 
À e S2. v {"1 s:e X t- ,.. J

form which is indefinite (hyperbolie) if the coefficients +-L (T) AS{.' + lÇ .ê.,l ) 08b)
~2f(2 

have appropriate valuee. While the old parabolio heat con

duction equation W8S in contradiction with the principle 
1. €) Le9-X L"'eS2.(rl")(~<j) X LX) eX) 08c)
J = .2... +- 2. r .:.r ~ " of rela,tivi ty, i t can hera be conaidered to be va.l1d, pro:v1ding 

only some restrictions on the coefficients. 
The coefficients V-A e, ~ ~Q L""<35'2. have to be very

fo.' ,) ,If only a dependenee of F on ~ exists, one geta 
small. The forma of the latter are positive defini te (atcP = O as in the case considered first. If al1 second de
leaet together with l!'.QXe~). 08a) leads to a second order 

rivatives of ~ are 8ufficient1y amall as compared to 
equation. By the factor X~ (=f j '},) the signs in the quadra

!.T'óF)?B , the (hyperbolic) term ~f..e<B~ ~'e dominatee. 
tic form, ho.ever. depend on the variábles and its deriva-

Its onl7 presence would provid~ c aa the heat propagation 
tives (e.g. on T , 0: 1.A.~j':' ). Por" speoial processes (special

velocity. 
initial valuea) one can generate elliptic forma. Thus one 

cannot use (J8a). (J8b) and (J8c) provide similar third 
4. Hodificationa of the Onsager relations 

/.1 order equations- We consider (J8b) more in detail. Here (11) 
There was neve r any doubt that the Onsager relations 

rsp. (28) takea the form 
(10) are linear approximationa of a genera~ phyaical law con

'\ ~..:r..T'lÁ~ 1- p e ~.(necting thermodynamical currents J6 and forces Xe "-.LAa-n
r-, ..L-- 1.<- U. +, + F 

')Cc> 

~ ( J e) )(Q.) = O, 07 ) I 
c~ 

11 
10 



L.... ~· ... ~ r LA.<c. ....."'(L)
XJ~"""" +- .-A.J~"'"' 'eJxp 

Por the uaual coeff1cients L:~'~~ 

{.,...5 f (L' )}t . <:Lj~1"í jl 

(39 ) 

= - 'T~{ 
-- (A<q	 • 

and the ansatz 

,..~ e. Oro 11 (Ore S ose e-) 'r s er = c 1 i1. k +- c1 1,. 'IA. + t, 'U.. - C. J 1..(. ~ 1.<. (40) 

formed covar1ant,ly out of the var1ablea u..~ and Kf'1 

one- gets with 

~J 1""'~ = (-l<..~ IT)j~ "t' C"'J /T);.,. 1. 1..<..( ....;') 1i - 2. u.(r ~s)T>': 
(41) 

t.-seCi.Irg.-J\1l 2_CLC.. T-z-e....,~,.;5 -lc
3
c' T -z- r- t. 

2c l C"T-1.[ i1t -(Cj/c.)T 1 +... 
(42) 

$á L_c, ('T-
1 

DuT +- ... 

where only the terma with the higheat derivatives are writ 

ten down. Theae are also the highest derivatives 1n the 

_hole equation (39), which provides the heat conduct10n equa
-Lr.t 10n wi th	 Lt....: f j l = O : 

(~(~ T - Â	 T ). t _ = +

- '4...: (L·.:l· ... ~.i:J ~_ ) ~)..f rrr, ('(~3,.Jjt}·-?-c.i,(..'LT-L •.QlJ T,k .(43) 

~ ~ l . - ~ ..c
The factor 1..-<...: L .I.....~ ~ .. is a vector and can be 

gueased 8S ,a covariant expression formed out of ~ ~~ 
.	 LJ ) 

...... ,.:r.·-... f' A • f..
 
1..t..,.: L ;Cf CJ-..~ = ~T·'1:.<.
 (44) 

" .:. r. ... ... .{~....
prov1ded by L = Q /..J. • l.< 1.<" • Th1s leàda to 

12 

(fcvt--.C~,S)+'" = ... -1clc1.(AITl)e~p{{'((fj'rJje}D"t (45) 

with the ssme atructure of character11ticB as in (34). 

Appendix 

'1 In a ama11 region of tbe med1um the ihermodynamical va

I 
J. r1ab1ea ~ (e.g. tbe temperatura) _111 be nearly conatant
 

but in fact they are apace~time funot1one. One can define
 

a mean value w1th a certa1n d1str1bution funoti~n }«(X)~/)I 
being re1evant only for amall d1atancea trom tbe oone1dered~ 
point 

(.1.1 )VeC~) f K ( )( ))( /) Ve c- + x ') 01 't »: I) 

(A.2 )Sk (I<, x') ep><l -1-eec 

Such expressiona could also be prov1ded by statiatics. 

Developing Ve in the neighbourhood of X one geta by a _ell 

-known technic 

Ve ( >< ) '=7	 Ve (x) +- f k C-. x I ). >/ l.. of \<' . V , C«)e
) 

~ r	 " e ,e f~ ( \ ) (+ 2 J k (....., "" ) lo( x C( x . VgJ 4, e x) + . .. (A.) 

V (><) = \/8 C><) + c ~c><). \~ {eX') + c'HCX) ~i e(><:)t- .. , (A.4)e ) , , 

1 .1th (omall) coefficientl!l c.~ c{~.. . If tbe free energy 1a formed 

w1th thia mean v81ue one gota an expreesion conta1ning the gra

Ir dient of T in the firat approx1mat1on 

F(T j » ) = "F(T-t-c"('<)~,+. jf)' (j.• 5>) Another poasib1l1 ty _ould be to cons1der r as a funci10nal 
I
:	 formed in the opir1t of (A.1). Then similar to (A.4) ono _ould 

receive 

13 



Meler W and Sa11é N 1980 Abotraato 9. Int. Coni. Gen.Rel.Grav. 

FCTjJ) +- c{{xJ t~T;~)}t. +- ..f ·(A.6) 

T Cí I ~) + c t (;, ) ~
F 
T . ~ (. t-
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3anHe H. 
BapHa~HOHHbiH npHH~n Ho:Hre6ayepa H npo6neMa 
llpHqHHHOrO ypaBHeHHH TennonpOBO~HMOCTH 

E2-87-886 

lloKa3aHo, qTo BapHa~HOHHbrn npHH~n Ho:Hre6ayepa He Be
AeT C He06XOAHMOCTbiD K napa60J1HqecKOMY ypaBHeHHID Tenno
npOBOAHMOCTH; TIPH He60J1biDHX H3MeHeHHHX CB060AHOH 3HeprHH 
HJlH ~eHoMeHonorHqecKHX ypaBHeHHH 0Hcarepa nonyqaeTCH 
npHqHHHaH CTPYKTypa. 

Pa6oTa BbiTIOnHeHa B lla6opaTopHH TeopeTHqecKo:H $H3HKH 
OIUIH. 

flpenpHHT 06'Jte.ttHHeHHOI'O HHCTif'I'YT& ~epHbiX Hccne,llOBaHQ. ,lly6aa 1987 

Sali~ N. E2-87-886 
The Variational Principle of Neugebauer 
and the Problem of a Causal Heat Conduction 
Equation 

It is shown that Neugebauer's variational principle 
does not necessary lead to a parabolic heat conduction 
equation. By slight modifications either of the free 
energy or of the Onsager relations a causal structure 
is produced. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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