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Recently covariant string field theorieB have been intensively 
investigated .Thia was ini tia ted b~ Siegel who pe rf'o rmed the covar-í.ant 

second quantization of the free bosonic string using BRST invariance 
of the first quantized theory/1/. After that. the gauge covariant fre~ 
string field theories we:re presented/2-5/ and extensiona to the inte­

ractloDs were proposed/6-9/. The relatioDa between different kinds of 
atring actions were made clear/10/. ~he problem of gauge. fixing wae 
discussed/11- 14/ -and a eetGf Fe'ynman rulea was derived/12/. 

~lterDatively Polykov/13/ proposed an approach to strings in which 
the perturbation aeri,es appears as a aum over two-dimeneional Rieman 
surfaces. An ~xpression for tbe boaonic string propagator waa preaented 
/14/and Loo p caleuletiona w~re intenaively inveati..gat ed, 

In the present paper, starting from the Hamiltonian Tormulation 
of bosonie strjng we calculate the F~ynmar. amplitude D. Invertiag D 
we get the kinetic operat-or and thua the free field a c t on , The gaugeí 

fb:ing procedure wh.ieh leada. to thie action ie dLe cue e ed s 'Ne emphasize 
tnat our ~xpre8sion for tne propagator cl08ely r~lated to that in/14/ 

bu-t at the aame time it ia e.ssentially different.• 

The canonieal coo rd Lna't ea of tbe atring are X !oi (a: t ), where (T 

parametrlz~a the poaition along the atr1ng and ~ parametrizea its 
motion in space-time. The action invartant under .arbitrary o: , ?: 
reparametrizationa, has been written in/15/ 

7' n 

S ~ 1 jzj;"U"jtd l
' d, X''(u; 't:J :;, x, [a; r). (1 ) 

o tJ 

The jl.d.F>. (4; r) is an ind'epend~nt inte-rnal metrie on b t wo- di ­t e Cl 
m~nsional aur-f'ac e -descri bed by X (a-, r) ,7 =det f;;.)3 and ~ ="d~
S = ~cr • 

Let us nefine the canonical momentum ~ (u,~) 

/}, tv: 'tJ = r;; Z • I' r: 'dif /<' 

" .
X "d.2: - .

-oX IA 

(2 ) 

~hen,tbe Lagrangian ~an b~ written in the forro 

--~.~"btIfil1tHlib;l :JRCTtrryy ~ 
~e~nWX &~~:~n~~~RGg I 
~ ~ ~,!"" flJ ;'.-'.. 1
~vz:;,.n., ; ...... I..... 1 \ r

~"~~~.1Caoo._" ..iftI.-..-_ 



z == f~xp - H. (3) 

where the Hami1tonian H ia 

- cf~':f J-4 { ,+- --f..- .-!- (p JA P + fÁ:2x' I X~ ') , H-
-

t?CJo P X~ Fj'cf DO e« / ,.. f< 

XI 
(4 )

= ~X;4
 
.u 'da-


The action (1) ia a180 invariant under Wey1 tranaformat10n of ~fi(~~ 

e ta; 'r) - A (UI "t:)tfot 13 (a; tr).
d iXfS '(5) 

As a rasu1t, on1y two a1emente of ?cJ,./3 [a; ~) enter in the action (1 )anti 

Hami1tonian H independently 

(' .)! (o; 2) ::= !l 0./ /(z (U; r) :::- -ff 
. et°O 

(6 ) 

Varying with reepect to them one obtains the constraints 

~ (O; "c) =- P ,ufa-. 2:) X~ [o; 1:') -;tJ 
(7 ) 

~ f(T, 'i:) == z~ [ p ,ufa; 't) ~ ((T/ te) T eX:lX~ (rr, 'r) X# (a; 1:) ] • 

The dependenc e of .x '"LI and ~ on cr in the open 

etring can be written in the form 

X
;A 15'" jM<r
(o.»] = zL- X» (fé) e x: := X~\t 

\<,-0<" (8)
D).< DI-<..... L '5 o" ikcr

P f rr; 'ti == ,2?- I", /'l') e j"" == r:.~ • 
"'" ~"'()cP 

wbere a- ~ 77 and reBpect1vely, ths' conetraints are tbe- 71 ~
 

following
 

) - J- r
7T 

i'»O"[ , J;lL '\A [t - 12"" J e ,11 (a; 1:)+ ti. x~ (a;1:') d().
 
-71 (9 )
 

Tben tbe Lagrangian (3) admita tbe representation
 
a:­r ('t) '::=" Z- ~mX\l~('r:) +L ». ('l:) L., (ft) , 

)1:0 \11=-00 (10 ) 

2 

..'~ .:> ,,. L 
-where' ;r\f tn -=./l'-lf 11:) ;a~d L,-}f{7:}'= --n ,{tJ 

It is c onverrí ent to introduce tbe -real and imagináry parte Df

l \11 and fi )4 , ,
 

1 l: 
.' _,H =- L... -·i J ( 11 õ.l/..L~ : L: +i L: L 

J . J~ . J,z ) .,..) 1 '. z 01 ~ f} (11) 
/{"'\.1 =-fi\t of"'(.,./l .. /1 - \'\ -;/I .... -.I. .,,1.... 

.1'- í" . 

J~ -=;r: L~ =: iJ .. · 
Tben tbe condi tiona that fix ''theconformal -gauge are/H:, 16,171. 

ti
1Iz: /lo I"C) = O (12-8) 

Â",'Í. tr) =:;1~~.ft) ==~. (12b) 

Prom tbe explici t form of t ne- metrl'C j?-,;(p, in confOrmaI gauge 
/14/ and trom Eq.. (6) follow -that .Ln thia gauge ..;?c.=:t {t2 , 
-where e .conet. We checae tbe oSign mã nua to fuIf1l the FeYllman 

analyti;c .cond t.í on (--01' in EucUdean -epaqe to make the integral overí 

íloçnnvergent ,-. Then, one -can perform the integr~t·i-on over ;(0 (t) . 
ando .:1.. ('t'J 8nd the reaul t ia 

117 ri,IH' It)d;lo ft) /7S'(r?,:·(~/) {7S{:;ct?1) RI 17.. i , /lo) = 
~'~r' ",".2"',1 't.­

00 (1)) 

Ide .Rlo, -e). 
~ , 

Fo1lowing the etandard procedure/1e! , we introduce ghoe'ts GJt7, ~ tel 
'l - -, -.z

Gv. ("tJ (n ~,) -and arrt í.ghus t a G (r). & 11) I Cu {tJ (n *- 1 ~ • Taktng 

into account Eq~.(12) and {13) we wr1~e the gauge fixed acti~n in the 
form 

r 

5 =,jdtIt f" M XJr) -e!f t/Mr1i.r p"f't) T )12;{: ('CJJl 

(14 ) 
- ~ 11') cI~ Co Ir)

c/l':/. 

3 



-J.rc:('tj{ft c:('1'/ + 11 e c: ('1')) -r C,.:'h/r;; c,,:{t-} - 11 e c..' 11:}nJ 
, .( 14) 

For the sake of oonvenienoe we put ~.1. 

Equivalently the sotion can be written as 

r 
S = Nte!J. Xo 2(1-) -r- -2-1 i [X"~ (7:) - ­e<}1.2X lo" (1')] 

o e e "l'I=1 

oe - . c1:Z (15)- f fio ('t')170 tr) - ; fu fl.. 11') n~ (r} - G> ('1:)dt:l. c.») 

-t [1(&~ ('1:) G", 11:) - e'I1'§..It j fl.J t) ) - e %1'1:) %(1:)J). 
where the boundary conditions c: (O) ... c,..:{ (r) -o are used and 

new var1ables are introduced 
.....("f' 

~"('t) ::: C.,z(rr) -t- t é./{tt) 

f\1 {'I') ~ nC:L 
(t') - t ~ (I'() 

~ ~2 (1:) := ~ / 't') ) c: l t') =:; (},.. tr) 

/-' o " I' ~ ;< .IJ R ;<

fi \4 tr] = IV. (~) - e x.. Ir} ) no (1:) =;; ('t') - e Xo h:/. (16) 

The transition amplitude from the string state witb coordinates 
Xi , X""', 6(", .9i \A at '2::. =-0 to .tbe string atate wi th 

ooord1natea JV, x.,: 191'''' • ~~ • at '2::..T has the follow1ng path 
integral representation 

00 

D(~ .. Zf; r) o=./tIe~ e 1$,I 
(17 )o 

"here 2!. ( )( • x~ fl ..... e"') and 

•d.J-t ~ f1dx, (I) d f7" Ir) dc,{rjdc, It) ilclt.lr}dll,. (r) dfl.(r)dtJ:,ltJJP. df.. 
~ ""::, 

4 

,,6 7xo(oj -J-,{;)5{xol'T'} -j .xl') S D(/lo lo)) Ji>(/10 tr;) Ó(Q;!Cl) ól4J/'rj} 8lto lo;) 

.:lo.

F( {i Ir)) !ld{X,JDj - Xl~)SD(x~ ti) - x_/J 6'(&.. lo) - &,...) S(~ I T) -~Y) 
.... :., 

S(0'-1 (0)- 6l-// b(~ (r) -~ JS('?1A lO!) E(?!~ (T)) 8/% IO))S(?jyfTJ). 

To perform the integration we mske a change Df variab~es 

O)("\A (t1 = dIA {z) + Xv,() t r} \.t ~ 

n~.f{J", Ir} = 5'V1 ("Cf + tJ.~ !~)
 
h~i ,
9t. (r} :=- ~V< {1:} + 9\A l"t) 

(18). 
-o 

where .x~ {t-) , &",,0 f't) and ()"" l"t) are the aolutiona of the 
clsss1cal equations of motion with th~ following boundary values 

x': loJ 'z: )( l ! X': I T) ::co .x/') ,X/ lol : .t Xl') X/ (T} := 1 ti 
C) . "" o\.(- o - ~ 3" ~ /f ~ 

(J..... (O' =-~. ) O'A {rj = &t! I 8", (01 = ~ (7.... (I) = Cf"I . 

The result ia 

]) i z., :3/, T) ;jJe e'..s;, (Z;, Z,' e.T') 1)(e, 'T). 
o (19) 

where 

I /So /Zi, Z.;', f?, r) ~ fe í (Xi - xí):l -r: 

+ li- s-11 'T jrx~II.).~ X':4 :l) cose r; -, Z)( i 4, f..'; ] ­
\,4 '=-1 111 e >1 /

-ij{ sm"'er,,/f§....6l,. r 1''6rJC05 e Th - (qkq~+ 1"6',"l]. 
(20} 

The function D(T.e) can be repreaented by the íunctional integral 
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D(T,e) =/eiSd~' (21) 

where S ia obtained from S' r~placing X'" ('l) -'l!> ~ tt) I ftrtj..., .5.)t} 

,9... (r) -- J..... ('t) and the integration ia over tbe functiona which 
are zero at the parameter interval boundary. 

Tbe integral meaaure for the matter fields ~(o-I r) ( '1"((Jj "r) ) 
ia generally defined uaing a complete set of basis fielda {~ I~ ~Jj 
( I 'f~ {rTj (-Jf) • To define a meaeure invariant under the general coor­

dinate traneformation we uae weight 1/2 field variablee/ 191 aubjected 

to the conditions 

J/~ [c; r) 7';. [o; 'C) V-j'd?:ticr S-)(:.~ ,,­z: 

(22a) 

In conformal. gauge V- <:1' • e VS (a-. 't:/ ,where g (ir, v) > O 
ia tbe third independent element of the metric ~~p (~~) • One 
can make a tranaformation to the baaí.a (~f ({~ t) 

fi ~ ter. rr) 'rt, (CJ", 't') e clt do .. d~.K' I. 
(22b) 

Tbe Jacobian Df thia tranaformation ia nontrivial and dependa on the 
fie.ld B (Oi. 1:') 113,20/. Wben tbe apace-time dimenaion ia d.26 
tbe Jacobian of tbe transformation of bose variBbles (atring coordi­
natas) and that of the trBnsformation of tbe gbosta cancel each 
otber and one can use the basie I ~ 1.(I ~ f) to define the 
invariant measure. We expand tbe variables do., ir], n.. It),6?",Il-J,g... tr},'2,F 

in terma of baeis function I {li:. Si>? ':rn t f . Tbe only exceptions 
are the zero modea ç (t) and c;, (r ) • We expand them in 

terma of functiona IC: ('t) t and (C;: (e) f witb 
r 

(_/ (_I

J4tr't) c: {t)dtt ::- b\c:.~, 4t;"lo) = C.,/('T') = O . (23 ) 
o 

The neceesity of tbis follows from the gauge fixing (128) that hBe been 
imposed. 

To perform the integration in (21) meana to integrate over tbe 
coefficients in the expansions, which are c-numbers for tbe bDB~ vBri­

Dtt;«) = f.1.i;;rI:f1/..1(::;:-n<Jj-:!!(~~:!!!7(:~';.'- )1')' 

Uaing 25 -function renormalization we obtain 

oe·:I f7 (..,,~ I( l_ J1'~) -= ClJJ1.s f siM;{ 11 ,.8 (~., r = CBHsl)( '~=I 

O<:>

XÃ. YI ' 

(24 ) 

wbere the conatants are independent of X and n and can be deter­
mined for the aake of convenience. The final expression for ~he 

tranaition amplitude does not depend on tbe length of the parameter 
interval T and the result ia as follows 

00 . :z 
/ . (Xi - X~J 

Diz." 2 1 ) = JcI/3 ~ e t fp 
, o (1flij3) ~ 

nf( n ])-2 f ­.~! f ZlTiSinj3n tT eXP1t'Si"; ",j(x:<" x; ') C<JSj3>! -;?;(". xi ] + 

+57"'13'" frG,'"9,"+ q'br)UJ.5j3>! - (rJ;'G; .. ~-6{J]J 

(25 ) 

00 

(.xi - xi:) ~ - _.. '" \OI"Id'j} t 

Dtz; 2/) '!r.fi7i,B);< e +1' 17 K.... («; e,·~B,·;~I'~I~;P), 
l't=1 (25a) 

wbere dai6 and the new variBble ft -eT ia introduced. 
Inverting D( 2,., 2-1) one gets the kinetic operator 'in tbe 

string field theôry. To obtain tbe free field LBgrangian let· ua 
introduce bosonic (fermionic) raiaing and lowering operatora a:.M I Q ... w 

(c: Cv. ev.'c- a...) whicb as tisfyI I I . 

(26. ) 
-'4 ?;}AV)1 [a Q + v] :: b i< LJ z: s.;fC'4~'~}

'" \ "'" "',...... (." I 

(all tbe othera are zero).ables and GrassmBnn values for tbe gboats. Tbe reault ia 

7 
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For give-n n wé introduce tbe "vacuum" function 

ill/~r	 D"2 ­
To	 (» ....... t}y t 8" ) ::/ ~)7 exp/- J )(·IA:l- -i VI GC.... &....J
 (2-7a) 

and determine the following functione 

c CI,q· ... o O Rs. + ~ ( .. r__ •ep(H(~',";:, ~t4) " '" To 

.,A.(<;,CD(... t~ ... ·	 Q\A~S I- c:ii.+ ~ fI.< ]
1 (XlA, (JI-t. ~).:= C a:·+·· 
t	 (21b) 

'-f! {toJ IA." .....5 M +- - + m /111
 
J (X""gV.,~}=- CQIA'-··a::SfCv. Ió
 

IJl i ll / M . " -"5 Ji l. (j?, /k.'1T~ - _) ,; . "",I; t + 
i? (X"" 8", B'4 J - C. Q\-\ .. ' Q.... c.. o , 

where C are normalization constante. Tbey are eigenfunc~ione 

of the "Hamiltonian" H 

- Á + t'- + .. -) ])-2 
\.t -= rc G-\.\ alA~"" n c: c... c... ~ 7 rI- (28)T -1'H 

witb	 the eigenvalues n(d/2-1+s), n{d/2+1+a), n(d/2+s} and n(d/2TS). 
The foIlowing relation holdB 

K", (2/-t , 21"'" ; í3)-=
 

=L (pl"'J.4.I.... ,Lt~ -I >1/ D.;2 -rsJ;3 9>.(1)11
 
s (Z;. ) e	 "... .... ,M!> 

f z.,/'J ­
(29 ) 

.4f: If'·· D·. 

a» r'tIA.o •. "us", -/ J.1 (D;'-< ~s)J3" CD (... , I z·..... + 
TL (2;. ) e r:t ~." ,M s +) 

. J/j,M''''''',''Psl.< _i.n{;? ~.s)j311/1J11 ~)
 
·f I t, (2, j e ~ /f, .. ..u.s (Z-I­

_ JJ,'l1t~.' P50 .... ) -; Y1 (~ -to S)j3 ii/ ínl t». ,:)'c 'tZ ( s, e 7.L p,' f'JAs 

8 

V/hera Z ...... CII ( X...., éJ '" / & \A ). Then 

H. K (2/, 2; j J3) ~ I'J~ K. (Z,", 2./ i J3) OOa)(1 

i1 and tberefore 

'j{ fi1(\1 [z,", Z;~; 1') ='/~~ /llrk IFi~ Z-I ~i J3)r 
OOb.)

10:1 .	 k-. 

o.­
• From (25a~ and (30b) ~o1low thatwhere 1t -== ~ H", 

( -,P~ - 1t) Diz,e']> S{X"- /") it~'tx::-x::')'Si8.-R')'ó/tt -&.'J. 
.'	 . ~:I (31) 

O<>	 , ... ) 

Let ua introduce the vacuum Cf; z: f7 ~ and the functiona 

r: 
"':/
 

\M,;:~,"IÜll: "u, + /-I. ;. + + _ -+ - + ~
 =a '0' a, ~ ." C'k( Gu ." CJi4 o • 
e,p, l _o. ~.'pc' e, (7; "'I ;j I 'J (2) 

They are eigenfunctiona of the Hamiltonian '/l, of the gboet number 

operator 
&>o 

r; -i Z- ( Cv.+ ~ - C\A,+ c, ) 
<!	 (3)~ 

and form the orthonormal basia. The integral 

j rp {" ) / 
. f_o) (lx",IJe~fJ8..Ur;...~"-)(/X .. I,IB.. I,le... t) d.'JA. 

(J4 ) 

o.-. D d d- . 
"here & rz: ':"'! d X... i ~17 B... , ia nonzero prov1ded that the sum of 

1 

the ghost numbers of the functiona ia zero. 

Let us define the str1ng f1eld cp (X I {x ...... 11 {().... i', {õ... i ) 
as a linear combination of tbe functione (32) 19'1th coeffic1enta, "bicb 
are c-number or Grassman values functions Df x, choeen so that tbe 
string field to be Grassman oven. Tben, the Green's function (the 

l' propagator) of the etring field \ Çl' in a field theory "ith an 

action 

9 



:1 j' cp L 'cp JOx d)A ,5 (35) 

wher~ L ::-?-<- Jt, ia .equal to D( e , 2'). Thi~ act'Hm 1'8 
tbe 3iegel'a gauge fixed 'scti<>n /1/, and tbe string field .q::> 
contains a11 the pbyaical relevant flelds in th~ theory (gauge 

fiel1:lagboat and -antigbost fields). 

ARpend1x'We ahall el~rify the sauge fixing and quantization/
12/ 

~hich Lead to tbe 3iegel -action .and reapectively to the proj)aga'tor 

-(25 ). 
The gaugestring fleld A ia aefine 88 a Graasman even field w1th 

ghos t numbez -zero. It ia c'onven1ent t o introduc"8 an auxiliary gauge 

f1eld ~Which ia a Graaaman odd and ha8 a .ghost number-1. Then, 
t"be Bction oan be w'ri tt-en in theform /2,5,6/ 

5'0" ~jJ~o/(lALA' sOA -ZSH'S}. (J6 ) 

where Q i8 ghost ~umber'on~ an~'M'Ehost number.two·operatora defihed 
by Kato and Ogawa /20/. The actioh la invariant under the gauge 

tranaformationa 

A - Ai 
=: A "'aA-t +Mt.~ 

cn)
:3 -- 5" :=. :5 -lA-t -+()[-,e 

where the g-auge parameters fulfil 

i CA_ , := -.11_, i -Gl_ ~ -Z é-z2 (J8) 

and are Gra8Bman odd an~even.AreBP~ctivelY. The generators R1,R2
 
of The ~ranaforma~ion8 {37) (R1aQ R2-M ; R~2-L, R~-Q) are linear
 
dependent. One can find the vecto~(Y1' Y2) which satisfies
 

RI ~ + R.z t --= () . (9) 

As a reault, the number of conditiona required to f Ix the gauge ia 
'8maller than thoee of tbe gauge parameter8. It ia evi-dent from (6) 

that the c~nditjon 

H) 

s =0 (40 ) 

which correspondo to the parameter 11-/ fixea tbe gauge. Following 
'f!I the atandard procedure/181 we introduce Nakanishi-Lautrup (NL) field 

13
1 

wbich ia GraaBman odd'and haa ghoat number 1. Correapondingly, 

'1 we introduce the antighost which ia Graasman even and has the aame 
~ ghoat number. Tbe ghoat L:-J and ~_~ correapond to the gauge 

parameters. They fulfil (38) and are Grassman even and odd. The 
gauge fixing apd Paddeev-Popov terma are 

Z~F-fJ:P = B, :5 -r ~ Lc; -+ C, a ?Z-z . 
(41 ) 

Aa a reBult Qf (39) tbe Lagrangian (41) is invariant under the gauge 

tranaformationa 

C-J - C-I 
I 

= C-i -I- {l/I_~ + NE-.z 

"2-.< - 1?~ = 1'-.< - LA -.1 + ()é-z 
(42 ) 

The abov6 transformations are the aame as tho8e in (37), so that 
the Bebeme Df quantization must be repeated. Reiterating the proeedure 
to infinity we obtain tbe gauge fixing Lagrangien 

~.z li~v +LI13-v, p_~ -t ~ L C- M -+ C", af-/)J+')]) 
'\A."-J (43 ) 

where P-, = J . 
Finally, integrating over tbe NL fielda l)~ and over the auxi­

liary tields ~.~ one.geta the action 

5 = Ja'~ d/,Ij AL A + ~ c, L c.: r (44 ) 

Introducing the string field 

IC<:J o.,. 

I 
~ T =: A + Z- G.. -t Z- c.; 

')o =, \O~ I 

we obtain tbe action ()5) trom (44). 

11 
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After thiB paper was submitted for publication we Te~eived the 

work/22/ in which an analogous representation for the string propa­

gator is ubtained by a different approach.	 I 
.1 
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~apqen H.~. E2-87-739 
OT rrepBHQHO ~BaHTOBO~ KO BTOPHqHO KBaHTOBO~ 

TeOpH:H 00ge-CTPYHbl 

~CXOAR H3 rSMHnbTOHOBOM ~opMynHpoBKH 603e-CTPYHbI MeTO­
AOM KOHTHHY8JlbHOrO HHTerpana BbNHcnHeTCH 1ileH:HMaHO'BCKaH 
aMnnH'I'YAll ncpexona D(Zi ,Zf). Ilorrysren oõpaTHbIH K D onepa-j 
TOp, a TeM caMb~ H CBoõOAHoe Ae~CTBHe B rroneBOH TeopHH 
CTpYHbl. OOcyn{ASCTCR rrponezrypa $UKCaIJ,HH KanHõpOBKH BO BTO­
pHtIHO ItB8HTOB8HHOA TeopHH, HpHBOAH~aH K 3TDMY AeifcTBHIO 
H TeM caMh~ ~ nonyqeHHOMY nponaraT~PY Õ03e CTpYHW. 

Pa50TS BbmonHeHa B JIaõ-opaT-OpHH TeOpeTHqeCKO~~H3HKH 

OIDII1. 

Tlpenpnnr 06'bo.nHHalHoro HHCTHTyra HJJ.epHbIx HccneJJ.oBaHHH. .2ly6Ha 1987 

Karchev N. I. E2--S7-73.9 
From the First to the Second Quantized 
String Theory 

Starting from the Ramiltonian formulatión Q~ bosonic 
string we calculated the Feynman t-ransition amplitude D. 
Inverting D we get the kinetic operator and tbus the free 
field action. The gauge fixing procedure which leads to 
this action is discussecl. 

The investigation has been performed at tbe Laboratory 
of Theoretical Physics, JINR. 
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