
MZ~ 

S.Manoff• 

cool•BHNI 
OllaBANHBHHOro 

IHCTITYT8 
IABPHWI 

ICCIBA018HNI 
AYdH8 

E2-87-679 

ON THE ENERGY-MOMENTUM TENSOR 

FOR THEORIES 

IN (PSEUDO)RIEMANNIAN SP ACES 
WITH TORSION 

*Bulgarian Academy of Sciences 
Institute for Nuclear Research and Nuclear 
Energy, 72 Bou!. Lenin, 1784-Sofla, Bulgaria 

1987 



HaHOB C, 
0 TeH30pe 3HeprHH-HMnynbca B /nceBAO/PHMaHOIIWX 
npOCTpaHCTBax C Kpy4eHHeM 

E2-87-679 

HccneAOBaHw B03MO*HOCTH nony4eHHA o6o6uieHHWX KO&apHaHTHWX TO*AeCTB THna 
6HaHKH AnA narpaH*eawx MOTHOCTeH, 3aBHCA~HX OT KOMnoHeHT KOBapHaHTHWX 
TeH30PHWX noneH /KOHe4HOro paHra/ H HX nepawx H ITOpwx KoaapHaHTHWX npoH3-
IOAHWX I /nceBAO/pHMaHOBWX npocTpaHCTaax C Kpy4eHHeM. OnpeAe.neHW llOHATHA 
KaHOHH4eCKoro, o6o6iiteHHOro KaHOHH4eCKoro H CHMHeTpH4HOro TeH3opa 3HeprHH
HHnynbca KaK noKanbHO coxpaHAIJUleHCA aenH4HHW. noKa3aHo, 4TO ypaaHeHHA 
3Hnepa - narpaH*a AOA HaTepHaObHOH CHCTeMw a /nceBAO/pHMaHOBOH npocTpaHCTBe 
C Kpy4eHHeH /a OTOH4He OT cny4aA I npocTpaHCTBe 6e3 Kpy4eHHA/ He ABnA~TCA 
AOCTaT04HWM ycnoaHeH AOA c~eCTBOBaHHA CHHMeTPH4HOro TeH30pa 3HeprHH-HMnynb 
ca KaK noKanbHO coxpaHAIOUleHCA aenH4HHW . 

Pa6oTa awnonHeHa a na6opaTOPHH TeopeTH4eCKOH 4IH3HKH OHRH. 

Coo6uteute 06'.tAIOletOIOro IOICTKT}'T& IIJlept<Wll HCCD8A08&Kldl . .llyliMa 1987 

Hanoff S. 
On the Energy-Momentum Tensor for Theories ln 
(Pseudo)Rlemannlan Spaces with Torsion 

EZ-87-679 

General lzed covariant Bianchi type Identities are obtained and Inves
tigated for Lagrangian densities , depending on covariant tensor fields 
and their first and second covariant derivatives In (pseudo)Rlemannlan 
spaces with torsion (Un - spaces). The notions of canonical, general lzed 
canonical and syl1llletrlc energy-momentum tensor are Introduced and neces
sary and sufficient conditions for the existence of the symmetric energy
momentum tensor as a local conserved quantity are obtained. The Euler -
Lagrange equations for a material system In Un-space (In contrast to the 
case In Vn-space) cannot be used as sufficient conditions for the existen
ce of the energy-momentum tensor as a local conserved quantity. 

The Investigation has been performed at the Laboratory 

of Theoretical Physics, JINR. 
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INTRODUCTION 

1, In the structure of the gravitational equations in Ein

stein's theory of gravitation (ATG) and its variants in (pseudo)

Riemannian spaces without torsion (Vn-spaces, n:= 4), the sym

metric energy-momentum tensor sTij (:a sTji) of a material 

system takes the role of determining the field sources quan

tity. Its properties are connected with the characteristics 

of the material system as well as with the conditions, re-

quired by the gravitational equations. Among that, the condi

tion for sTij to be a local conserved quantity, i.e. sTij ;f= O, 

8
Tij ~= gjk·sTik • is considered as one of the main properties 

of this tensor, Such a condition, on the one hand, restricts 

the possibilities for a choice of the gravitational equations, 

and, on the other, is determined by means of supplem_entary 

conditions ( existence of a special type of vecto.r ;fields in 

Vn-spaces, e.g. Killing vectors) for so-called global conser

vation laws for the material distribution /1,2,6/. 

2. On the basis of the Lagrangian formalism and by means of 

the method of Lagrangians with covariant derivatives (MLCD)/5/ 

in Vn-spaces for Lagrangian densitiee, depending on the com

ponents of tensor fields and their first and second derivatives, 

the so-called generalized covariant Bianchi type identities 

(GCBI) /5/ are obtained in the form: 

i\ +: - i 
gk ;i = 0 

gki - i 
eTk = - i Qk 

where 

:= means "by definition11
, 

(kn ....... k ..... 11 lrnCTKTJT I 
IA";)l.!IL'lil lif ,· .,ti:lt>llilllffl 

6Hi.JtH0TEKA · 
'< - --...... sez::..u,<a,,.Y-' 

to .1) 

(o,2) 



- SL 
Fk := Sv .vA;k 

A 

~ 
~VA 

aL _ 
:= av 

A 

(o.J) 

aL aL 
<~>;i + <av >;j;i 

A;i A;i;j 
lo.4-) 

§&.. 
8VA 

:= fllnctional variation of L with respect to VA., 

L := L(gij' VA, VA;i' VA;i;j) ' 

:;t :=.lt(gij• VA• VA;i• VA;i;j) := f.=g.L • 

L := Lagrangian invariant (scalar function), 

:;e : = Lagrangian density, 

(o.5) 

(o.6) 

VA:= Vj1j2•••j1• A:= j1••••j1 := collective index, 

1 := N<OO, rank V := Ny • A A 

gij := gji := components of the metric tensor, g:= det(~j)<O, 

gij;k := 0 (Riemannian metric) , (o.6a) 

;i := covariant derivative with respect to the coordinates 

x1 Ci := 1, ••••• ,n , special case n 1= 4), 

VA;i := vA,i - r~.VB • r.J := - sAmBj-~~ • 

A:= j1•••jl • B := i1•••i1 • 

lo.7) 

S Bi 
Am 

1 
:= - :E 

k=1 

.i 1k i1 i2 ~-1 ¾:+1 11 ~ -~ .gj .gj •••• gj .gj ••••• g 4 , Co.8) 
k 1 2 k-1 k+1 ~1 

S Bi 
Am 

i B 
:= - gA.g;;:. 

½_j := 11! := components of the synnetric affine comxectionT. 

b.9) 

~L := 0 := Euler-Lagrange equations for the field VA• <o.10> 
oVA 

gki == generalized canonical energ:,-momentum tensor for 

the Lagrangian system, 
- 1 - i - il - jil 
Qk := tk - wk ;1 - Pn .R111jk • (o.11) 

- 1 tk := canonical energy-momentum tensor for the Lagrangian 

.system, 

2: 

ii 

~I 

! 

' + 

t i • _ [ aL _ ( 8L + aL ) ] v + 
k .- -- ;j A;k 

avA;i avA;i;j avA;j;i 

w il 
k 

1'. 11 
k 

~11 

aL i + (--'a.=.-. V A;k); j - gk.L 
avA;j;i 

:= _ W li := g .(F ijglll _ 1' ljglli _ A ilgDj) 
k kJ n n n 

11 1 - il - 11 - (11) 
:= .,..k := ~(Vk + vk ) := vk 

·=_A_ 11 ·- lcv- 11 _ v- li) ·- v- [ill 
0 --ic .- 2 k k ·- k ' 

v 1j ·= '/"_ 1j 
k • k + ~ij := pkij - F 11j 

k ;l 

i? ij 
k 

• - aL s Bj V - aL V + •- --. Ak • B O A·k 
avA·i avA·j·i , 

' . ' ' 
8L aL Bj 

+ (--'a.=..-+ ___;=--)sAk .VB·l ' 
avA;1;1 avA;1;1 ' 

F- ilj •= aL s Bj V 
k • 0 Ak • B ...£k_:=---21 

avA;1;1 avA;i acvA;i) 

(o.12) 

(o.1J) 

1 
sTk := symmetric energy-momentum tensor for the Lagrangian 

system, 

8
T/ := 1°/ _ 

1 ·1 'l' ·= g ..-J k • kj J 

2 • ..Q&_ 1 a .gkl - g .L 
gil k 

1" ji = .7"1j := 1" j11 
;l 

(o.14) 

,-ij := .7"1jl 
;l 

• = (1' 11 kj + 1' jl ki _ r ij kl) 
• k g · k g k g ;l' 

,- ijl • = r. 11 kj r jl ki _ 1" ij kl 
• k g + k g k g 

- i. oL Bi 
Qk •= -.SAk • VB ' 

8VA 
(o.15) 

Lagrangian system:= a totality of field variables gij' VA 

(with VA;i and VA;i;j), characterized by means of the scalar 

density:e of the type 

'J4 := f.=g.L(gij' VA, VA;i' VA;i;j} ' 

called a Lagrangian density /5/. 

VA :" gij, ( o • 16) 

The generalized covariant Bianchi type identities (GCBI) 

contain the connection between the tensors of the type of 
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the energy-momentum tensor and the field equations of the 

type of Euler-Lagrange equations 6L/6VA = 0 for the tensor 

field VA. Besides, as a local conserved quantity of the type 

of an energy-momentum tensor for a Lagrangian system a tensor 

quantity is defined, who's components satisfy the condition: 

T i ·= 0 Ti 
k ;i . ' k := gk1 .T1i = gij.Tkj, lo.17) 

where Tki are the components of the above-mentioned energy-

momentum tensors. 

Under local conserved quantities for a Lagrangian system 

we will understand in this paper local conserved quantities 

of the type of an energy-momentum tensor. 

J. By means of the GCBI in Vn-spaces necessary and sufficient 

as well as only necessary or only sufficient .conditions could 

be found for the existence of the symmetric energy-momentum 

tensor as local conserved quantity. One cnn prove in this case 

/5/ that Euler-Lagrange equations are sufficient conditions 

for th.e symmetric energy-momentum tensor to be a local conserved 

quantity. i.e. sTij;j = 0. 

4. In Einstein's theory of gravitation (ATG) and its variants 

in Vn-spaces, a system of equations is considered containing 

the equations for the gravitational field and the Euler-La

grange equations las field equations fo~ the material distri-
. i 

bution). In this case the requirement 8 ~ to be a local con-

served quantity with respect to the complete system of equations 

(for the material distrbution + the gravitational fiel4){s.c. 

selfconsistent system} is satisfied. Considering the field 

equations of Euler-Lagrange type for caterial diotrbuUon un

der a given metric (and symmetric affine connection) in Vn -

space, the condition sTki;i a O is also satisfied, but in this 

case equations for the gravitational field of the distribution 

are not given (s.c. nonconaistent case for teat tiaterial 

syste~~ in an external gravitational fiead). 
~~·- - I 

4/ 

l 

'f' 

The generalization of ATG for lpseudo)Riemannian spaces 

with nonsymmetric affine connection <:g~ :~ 1k}> and Rieman

nian metric lgij/k : = 0 )ls. c. (pseudo) Riemannian spaces with 

torsion, Riemann-Cartan spaces, Un-spaces) imposes the intro

duction of the torsion tensor along with the metric tensor as 

field functions for the gravitational field /J, 4/. In gravi

tational theories from the Einstein-Cartan type in Un -spaces 

/J/, the problem also arises for obtaining the generalized 

covariant Bianchi type identities for Lagrangian systems and 

for finding conditions for the existence of the symmetric 

energy-momentum tensor as local conserved quantity by means 

of the MLCD. 

5. In this paper the possibilities are considered for obtai

ning the GCBI for Lagrangian densities, depending on components 

of covariant tensor fields and their first and second covariant 

derivatives in U -spaces (Sec. I.). In analogy with the ten-n 
sore of the type of energy-momentum tensor in Vn-spaces for 

a Lagrangian system, the notions as canonical, generalized 

canonical and symmetric energy-momentum tensor are introduced 

(Sec.II,), Necessary and sufficient conditions are obtained for 

the existence of the syumetrio•energy-momentum tensor as a local 

conserved quantity. It is shown that Euler-Lagrange equations 

for a material system in Un-space in contrast to the case in 

Vn-space cannot be sufficient conditions for the existence of 

the symmetric energy-momentum tensor as a local conserved 

quantity (Sec.III.). 

I. GENERALIZED COVARIANT BIANCHI TYPE IDENTITIES 

FOR LAGRANGIAN DE1TSITIES IN (PSEUDO)RIEMANNIAN 

SPACES WITH TORSION 

1. Generalized covariant .Bianchi type identities ( GCBI) can 

be found by means of the MLCD in Un-spaces in analogous way 
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with that in Vn-apacea by taking into account the characte

ristics of a Un-apace, considered as an n-dimensional ck-dif

ferentiable manifold (k = 2,J, ••• ) with a nonaymmetric affine 

connection and a Riemannian metric with respect to·thia con

nection, i.e. 

dim Un:= n (special case n := 4), :r;i~ :r ~3, (1.1) 

i :r;ik := components of the nonaymmetric connection r, 
gij := gji := components of the metric tensor g, 

gij/k := 0 (Riemannian metric), (1.2) 

/k == covarirutderivative with respect to the basic vector 

field Ek, 

{Ek}x := basis in p. x £ Tx(Un)' 

in p. x£Un' (if¾:= ak, i.e. 

Tx(Un) := tangential apace 

¾ ia·a coordinate basis, 

then /k means covariant derivative with respect to the co

ordinate xk), 
i i j i j i j k i k 

dtuV := V /ju - u /jv - Tjk u V' V == V Ei, u != u ¾• 

i 
Tjk 

i i . i i := - Tkj := lij - :r;ik - Cjk (in noncoordinate basis), 

:= Iii - ~i (in coordinate basis), 

i 
:= Ej•lic - Eic•Ej := Cjk Ei' "Elie:= [Ej, Biel 

ji 
,luv := Lie-derivative of the components of the vector field v 

along the vector field u. 

Remark: All further investigations in this paper will be 

made for the components of tensor fields in any fixed basis 

if the opposite is not explicitly mentioned. 

vi/j := vi,j + ~i.vk' vi,j := Ejvi (a ajvi) • 

2. The following steps could be made in obtaining the GCBI 

and by their representation in some useful forms: 

A. Representation of the Lie-variation of the Lagran

gian density.}!:= f=g.L along any vector field! by means of 

the Lie-derivatives of the tensor fields components and 

6 

I 

I 
I· 

1. 

I 

: 

~ 

() 

1' 

their first and second covariant derivatives along this 

vector field, obtaining an identity for L. 

B. Representation of the Lie-derivatives of the tensor 

fields components and their first and second covariant de

rivatives only by means of covariant derivatives and the 

components of the torsion tensor, using the commutation re

lations between Lie- and covariant derivatives and the con

nection between Lie- and covariant derivatives. Writing the 

identity for Lin a form depending on the vector field com

ponents and their first covariant derivatives. 

C. Obtaining the GCBI from the identity for L under 

the condition of arbitrariness of the vector field!. 

◊ 

A. The Lie-derivative of a Lagrangian density of the type 

;;e :: Y-g.L(gij' VA' V A;i' VA;i;j) ' ( 1 .J) 

where 

g :: det(gij) :/; o, 00 , -g> o , 

VA/i :: vA,i - r,.:.vB :: vA,i + sAmBj~!-VB 

along an arbitrary vector field E. can be written in the 

following form: 
.r--= ~ i 1 ij "!.~ "'' -g.(L/{' + 2.L.g oe"!gij) "' 

: f=g[(L/i - Tk/.L)!i + gi.~i/j"L] .. U.4) 

',-g[(LE.i) /i - Tk~ ! i .L] , 

k k k j 
Tki := Tki := gj.Tki L/i = L,i • 

If one assumes that the functional variation 8:t of 

a Lagrangian denai ty J! 

~~ ..]L~ 6;t :• .oVA +. .o(V A/i) + 
av A avA/i 

where 
a;e 

avA/i/j 

a;e a;e 
avA/i =· acvA/i> 

7 

~.8cvA/1/j> 
avA/i/j 

:= ---. 

+ ~----6gij 
agij 

( 1.5) 



is connected with the variation of the field functions VA 

(and their first and second covariant derivatives) and gij 

along the vector field !. , i.e. o : = .t4 , then the so-called 

Lie-variation .I.E~ of the Lagrangian density ;;t, equal to the 

Lie-derivative of ;e along I!., can be written in the form: 
i 1 ij .ii~= 'Fi,. (LJf + 2.L.g ~l gij) 

a~ a11e a.ie 
= --.JE.VA + --rtt,<VA/i) + -------.tE.{VA/i/j) + 

av A avA/i avA/i/j 

a.ie 
+--J!gij 

. clgij 
(1.6) 

From the last identity for :t there follows the iden-

tity for the scalar function (invariant) L: 

clL 
-.ci,!VA + 
av A 

8L ., ( clL --·""! V Ali) + ---=--.,Jc! (V Ali/ j) + 
avA/i avA/i/j 

+ 8L ., i a;--l gij - Lil· = 0 • 
ij 

(1.7) 

The variations of the field functions VA and of the 

metric tensor gij along the vector field Z are given by 

means of their Lie-derivatives along!, and the variation 

of the nonsymmetrie affine connection (and with it aleo 

the variation of the components of the torsion tensor) is 

given implicitly by the Lie-derivatives of the covariant 

derivatives of VA• 

B. Using the explicit form of the Lie-derivative of the ten

sor components VA and the commutation relations between the 

Lie-derivatives and the first and second covariant deriva

tives of VA, the identity for L can be expressed in the fonn: 

aL dL aL ....aii_ 
- • .tE. VA + --.ctt (VA/j) + ·-'e.<v A/j/k) + .clzgjk -
av A avA/j avA/j/k agjk 

i - - j k i - j i 
- L/ie c <Pi+ Pk .Tij )! + Pit /j • o, <1.a) 

s· 

J 
t 

~ 
ii 

~ 

where 
j Bk i Bj i 

ctE.VA=(VAfi+Tki.sAj .VB)E. -sAi .vB.!/j 

Bk ~ l• i 
ctl(VA/j) = (VA/j/i - 5Al .VB/j~Tik + VA/1:Tij )E. + 

i Bk i 
+ VA/iE. /j - SAi .VB/j•E. /k 

( ) ( Bm 1 lo 
~t. VA/j/k = VA/j/k/i - 5Al .VB/j/k•Tim" + VA/1/k"Tij + . 

1) i Bl i i 
+ VA/j/l"Tik ! - SAi .VB/j/k·E. /1 + VA/i/k"E. /j + 

i 
+ VA/j/i"E. /k 

The components jij can be written in the following fonn: 

- j - j - kj - kjl 3L 1 
pi = ti - Vi /k + Fm • R1\ik - ...::.::,__ __ V A/1 • Tik + 

avA/k/j 

j aL - j 
+ gi.L + --.gik - Qi ' 

8gjk 

where 
-t j • _ [ clL _ ( 8L + aL ) ] V + 

i .- -- /k A/i 
avA/j avA/j/k avA/k/j 

+ ( aL .VA/i}/k - gf.L 
avA/k/j 

V- kj •= F- kj -p klj 
i • i - i /1 • 

- kj at Bj at F1 := --.Su .VB - ---.vA/i + 
avA/k avA/j/k 

+ ( at + 8L ) s Bj V 
• Ai • B/1 

avA/k/1 avA/1/k 

p kjl := at .silB1.vB' 
i avA/k/j 

8t ,,.·QL - (~)/k + 
8vA av A av A/k 

- j •- 8L Bj Qi •- -.SAi "VB 
8VA 

( 8t J . 
/1/k 

avA/k/1 

( 1. 9) 

(1.10) 

(1. 11) 

~:•functional variation of the invariant function t 
8v· · 

A with respect to VA. 
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- k" After transforming Vi J by means of a combination of 

symmetric and antisymmetric parts ink and j, i.e. 

V- kj ·- ,..kj + A kj 
i .- .,.i i 

1' kj 
i 

A kj 
i 

:= ½cvikj + Vijk) 

·= 1cv kj - v- jk> • ~ i i 

:= V (kj) 
i 

:= V [kj] 
i 

the components of P1 j can be obtained in the form: 

- j 
pi 

where 

:= Q j i -
T j - Q j 

s i i 
(1.12) 

- j _ - j jk - kjl m 
01 :- ti - wi /k + Fm .R lik 

clL 
av---.v T 1 A/k/j A/1 • ik ' ( 1. 13) 

- kj jk 
Vi /k := Wi /k + 1'1 j 

W jk W kj (~ jl mk ~ kl mj A jk ml) 
i = - i := gil 'm g - 'm g - -,n g • 

sTij := r j i 
aL - 2.--.gik -

agjk 
g{ .L • (1.14) 

:rij := f'ijk/k = (gil(1'mjkgml + ,-mklgmj - ,-mjlgmk}]/k • 

:rijk := gil('Fmjkgml 

:rijk • gil•~ljk' 

+ ,-mklgmj _ ,-mjlgmk:) , 

..-ij .,.ijl _ ..,ji 

., := " /1 - " 

~ijk • ,. ,- ik mj + r jk mi _ r ij mk: • mg mg mg 

The components of Pi, having the form 

a1 a1 a1 
pi:= -.vA/i + -.vA/j/i + .VA/k/1/i - 1/i' 

av1 avA/j avA/k/l 

can be expressed by means of the terms introduced in Pij in 

the following form: 

- SL - j 
pi:= -;--•VA/i + 01 /j + Wi ' 

oVA 
(1.15) 

- - - j k 
wi := Si - sk .Tij 

- jk - jl -k 
8i := Wi /k/j + Vk .irlij 

10 

1 [ jk 1 jk m 
= 2 wi /l"Tjk - Wm (T<ij /k> + 

n m 
Tdj .Tnk>) 

jk 1 l ] - Wi (Tjk /1 + Tk/j - Tj/k + Tl.Tjk) ' 

T m •- T m T m T m 
(ij /k> ·- ij /k + ki /j + jk /i ' 

T ·- T 1 ·- ...m T 1 k .- kl .- ~1• km ' 

[ 
a1 _ - j ~-

sk ="' avA/j 
8L 1 clL ( · ) /1 · V A/k + • V A/1/k • 

avA/j/l avA/l/j 

Therefore, the identity for L can be written in the form: 

CP1 + 
- j k i 
pk .Tij )E. + 

- j i 
P1 .E. /j = 0 ' (1.16) 

where 
- .- §1_ - j + wi P1 .- S .vA/1 + o1 /j 

VA 

pij := 
- j - T j - - j (1.17) Qi s 1 Qi . 

C. The components of the vector field! and their first co

variant derivatives !i/j can be considered as arbitrary in

dependent functions of the coordinates in Un-space (e.g. in 
i 

a coordinate system /7/, in which in a p. x E Un 11k /x = O, 
1 i ! /j /x • i. ,j>• If the identity for Lis satisfied for 

arbitrary E i and ti/ ;j ~ then the tensor components in the 

expressions sitting as coefficients in front of !i and !i/j 

must identically vanish, i.e. 
- - j k pi+ pk .Tij • O' {1.18) 

P1j. o. (1.19) 

From the second condition it follows that the first 

condition would have the form Pi= o. In this way the gene

ralized covariant Bianchi type identities (GCBI) for the in-

variant Lare obtained in the form: 

P1 • Or 

pi;l - 0: 

- - j Fi+ o1 /j • 0, 

g j - T j • a_j • 
i Si --i_ 

- SL -Fi := -• V A/i + w1 , l 1.20) 
SvA 

(1.21) 
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_/ 

The components of a covariant vector field Wi depend 

on the components of the torsion tensor Tikj and their co

variant deriva~ives in such a way that in the case of Tijk = 0 

there follows Wi = O, i.e. the GCBI would have the form for 

Vn-spaces /5/ mentioned in the introduction. The quantities 
- - j j - j k 
Fi' gi, 

8
Ti, Qi for Tij = 0 are identical with those de-

fined in Vn-spacea and these notations are retained also 

for the case of Un - spaces. 

II. TENSORS OF THE TYPE OF THE ENERGY-MOMENTUM TENSOR 

IN (PSEUDO)RIEMAnIIAf! SPACES WITH TORSION 

1. On the basis of the obtained GCBI and in analogy with the 

tensors of energy-momentum tensor type, introduced for La

grangian systems in Vn-spaces, tensors of the same type can 

be defined in Un-spaces. In accordance with the structure of 

Oij' sTij' tij one can introduce the following notations: 

tij := canonical energy-momentum tensor for a Lagran

gian system, 
gij := generalized canonical energy-momentum tensor 

for a Lagrangian system, 

sTij == symmetric energy-momentum tensor for a La

grangian system, 

~; .. 
6VA 

j 
sTi /j 

0 := Euler-Lagrange equa_tions for the fields VA• 

:= 0 := equations of motion for a Lagrangian 

system. 

2. By means of GOBI and after direct computations some pro-

positions can be proved, expressing the connection between 

the several kinds of energy-momentum tensors and their ana

logous forms in Vn-spaces /5/. 

PROPOSITION 1. The necessary and sufficient condition for the 

generalized canonic~l tensor Qij to be equal to_ the symmetric 

12 

energy-momentum tensor sTij 

-Q j •- ~ S Bj 
i .- ~ • Ai 

oVA 

is the condition 

= 0 .• 

Proof: 1) Necessity: follows from condition Qij 

the identity (1.21). 

(2.1) 

sTij and 

2) Sufficiency: follows from the condition Qij := O 

and the identity (1.21). 

PROPOSITION 1.1. If VA :=Y, is a scalar field (NV := 0), 
A 

then condition gij = 
8
Tij is always valid. 

Proof: ~j = O for a scalar field (Nv = O), because of SAiBj.VB= 
. A - . 

= O for NV := O. From the identity (1.21) and QiJ = 0 it 
A - • j 

follows that giJ = 
8
T1 . 

PROPOSITION 1.2. The Euler-Lagrange equations 6L/6VA = 0 

for the field functions VA are a sufficient condition for 

the equivalence of Oij,and sTij• 

Proof: follows directly from the identity (1.21). 

Under the interpretation of Euler-Lagrange equations 
as fieid equations for the fields· VA (i.e. as field equations 

for the tensor field components v4 ), both tensors g1 j and sTi j 

will be equal and their different forms can be used in solving 

the problema,which require an appropriate form of the energy

-momentum tensor for founding their solutions. 

III. CONDITIONS FOR THE EXISTENCE OF THE SYMMETRIC ENERGY

MOMENTUM TENSOR AS A LOCAL CONSERVED QUANTITY 

By means of the GCBI the following propositions can be 

proved: 

PROPOSITION 2. The necessary and sufficient condition for sTij 

to be a local conserved quantities in Un-space for a Lagran

gian system with field functions VA of a rank NV ::/. O, i.e. 
j A 

sTi to satisfy the condition 

8
Tij/j a O, (J.1) 
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/ 

is the condition 

Fi+ Qij/j = 0: 6L - -
6vA.VA/i + wi + Qij/j o. (3.2) 

Proof: 1) Kecessity:,follows from the requirement sTij/j := 0 

and the identities (1.20) and (1.21). 

2) Sufficiency: follows from the conditions (3.2) and 

the identities (1.20) and (1.21). 

PROPO_SITION 2 .1. The necessary and sufficient condition sTi j 

to be a local conserved quantities in Un-space for a Lagran

gian system with scalar field functions VA= 'f (of a rank 

Nv := O), i.e. sTij to satisfy the condition 
A 

sTij/j = 0 

is the condition 

Proof': 
- j 
Qi 

- j 
Qi = 

SL 
Fi= 0: s;-•'f/i + Wi = 0 (3.3) 

1) Necessity: follows from the condition sTij/j = o, 
0 (for scalar field), and the identities (1.20)-(1.21). 

2) Sufficiency: follows from the conditions Fi:'= O, 

0 (rank VA= 0) and the identities (1.20)-(1.21). · 

PROPOSITION 3. Sufficient conditions for the existence of 

the symmetric energy-momentum tensor sTij as a local conserved 

quantity, Le. 8 Tij/j = 0, are the conditions 

~ := 0' 
6vA 

wi := o. (3.4) 

Proof: From conditions (J.4) and the identities (1.20)-(1.21) 

follows the condition for sTij 

sTij/j = 0 • 

It turns out that (in contrast to the case in Vn-space) 

in Un-space the Euler-Lagrange equations cannot be sufficient 

conditions for the existence of' 
8
Tij as a local conserved 

quantities. The condition Wi = O is in this case also necessary 
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:m omer s~jj /;jj = CD ta, be satiafie:di.. Th:iLsi paint-a, au:t; that 

t:he t.arsricmi 'ltem!o:r a;p:p-,eara; as Bill adcli t.fonru. tensor fieI.dl,. 

bTalking tm =mli:ticm. s;rr::i? fj, = O m. the case af' S:r;t,&vi' A. = a. 
'lllns; ::fra:ct; cm:r: he m.il:ecpret-ed ar:r a:r;r. e:x:iatenc:.e af' = :f:c:te.rac:t.fon. 

w;i tEn tl:te tenao::r fie]_<ful V! A. tars:fon -tensor fi.eidl. 'lI':lijj ~,, via!a::ting; 

t;l'te ]ccail. =aerra:tiarii of' -the eymme:trf.c: ene.rgy-momen:twm t-en-

sc:r ::fra:r tm kg;cang;f..aill syat:em:. It could not; be igµ.a.rerl:. in: the 

~c:ticn:n a::fr l!llldeTur,. desc:r.f.bing; varlaus; fnt:e.ractionr:r fj:n

e'h:tdi:Eng t:he ~ta:tianal.. inte.rac:tian}; in: tr'm-spac.ea;. Same 

m:irthare /J,,lf,/ make a cannec:ti.on betweern the t:a.rsi.on. t-enaor 

an.dl. tJ'Ie ep,m a:!r tl:te 11151!:e.rfa:]_ diat.rf.bu.tion, Capp:ea:ring; aSJ a,. source 

af' -tl'te ta:cs:i.cml t:elltsnr· fi.e·l.d},, but; in the p:t'eaent c.ana:id'e.rat.fons; 

' sucfll B. ~thes:li.s l'taBl not i.ts mathematical. anrli phyai.ca:l. ~ .. 

beemrae m our c:aae m:» e~t.fons c:a=ec:t.fng: the, curvature 

an.d! tnnr:icmt t:erum:r a:li: the trn-spac.e wi.thl the c.ha.rac:terla:ti.c:s 

of' mat:er.faJL ~ C'.kgrangian dens;i.cy,, and. fieid: :rtmctiond 

are mt.radm:ed.. 

cxm~ 

11. '.!:he deveJlo.ping of' dfine.-metrf.c. field. theories·., describing; 

the ~dta:t:E.cmall. mt:e.ract:ion .on the, bash o:f' mad:ab:: in (pseuda>l'

R.ilemannfB1li spaces 1di.thl non-vaniahfng; curvature: and torsion ten

sar,. :ceqo;fras; tJ:r.e sp:acffication not on:Iy- o:f' the, fieI& eqµatians; 

bu-t; dso of' tJ:r.e I.aca]. conserved tensors a:f' the, energy-moment= 

type. 

2. I:t; t?n!!:rs aui; tfm.t; the s;ymmet:ric: energy-momentum tensor f'ar 

& :tag;rangflm. s:y-rlem: iDJ trn-space is: not: a Iocd conservecf qua:n.

ttty- wlimll the ~lagrange eqµa:tions; f'i:tr this system: a.re: 

sattafi.d. ~Cl%e,. ii" the condition: f'or the genera!. symmatrlc 

enarg-momentmm tanso:r a:f' & Qatem. .,.materia::t d.is:ttlbu.tian: +-

i. ts: g:m.rl-ta.f.farml. fieli.d."' i.s posed ta be a Ioca:t. conserved. qµan

Ut,-,. tliel:ll 1.1; mtta-t be posldble f'or one tao abta:illl by means: a:f' 

, IS. . 



the Lagrangian density a symmetric energy-momentum tensor for 

the gravitational field, which alone ie not a local conserved 

quantity, but the eum of both teneore {of the material dis

tribution and of the gravitational field) ie a local conserved 

quantity. In the opposite caee {when the symmetric energy-mo

mentum for the gravitational field ie a local conserved quan

tity or identically vaniehee) the material distribution (the 

Lagrangian system) must obey equations different from those 

of Euler-Lagrange. 

The search for suitable equations for the gravitational 

field in Un-spaces requires a careful approach to the problems 

of the energy-momentum of material systems described by mo

dels in such a type of spaces. 
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