
C••••II •• 
l.lIIA.lllllrl 

.ICT.TYTI 
.AI~IWI 

MCCIIAIIII •• 
AY.II 

K48 
E2-87·676 

R.Kirschner 

PARISI - SOURLAS TYPE SYMMETRY 

AND HAMILTONIAN BRST FORMALISM 

1987 




- ...

~~ .1,1. 'I ~, 

,I, 

'/~ ;\" , :~ 

,tt> 

.'jn"li ~
.lr. 

(l'", . \ 
I" 

" 

n ..~ to\ 

ti 

t, 
l' 

"j,.li , I 
, 11 

r 
'~'t 

,,, l' 
,. 

t r 

~_..w-__ _.-----....-:....:...t.-." ----""-"- '-'1 'hl 
, 

,
 

;o. 

1. BRST symmetr.y has been discovered /1./ in connec t í.on wi th the 

quantization -crf non-abéliangalige theories. At pre3ent ti~e it're
ceived mucb attention .Ln c onnec t í.on with string theory. 1t 1'llays a 
central role in the a'ttempts to construct a cove.riant string field 
theory /2,3/. 

Fradkin and Vilkovisky proposed the Bamiltonian BHST formalism 
wDrking in an e~tended phase spac€ for treating systems with first 
class constraints /L~,5/. Extensions of the BRST sYIIL.'11etry in the 
lagrangian formalism have been discussed in a nuillber of papers /6/. 
Siegel and Zwiebach /3/ used the BRST syrnrnetry -extended to the group 

OSP(1,4 2) in arder to reconstruct a ~auge-covari~nt string field 
"theory from the gauge-fixed lie;ht-cDne f'o rraa.l i sm. -The OSP(1,112J 

supersymmetry, rather in the euclidean form OSP-(212}, was encoun
tered already by Parisi and Sourlas /7/ in analyzing the mechanism 

o~ dimensional reducti~n in the criticaI behavlour of systems in a 
s t ochaatí,c background.This r-educ t on mecbanism was used in stochaí 

stic quantizatiDn /8/. Relating different apprDaches to string fiBld 
tbeory Neveu and West /9/ pointed out t11e connection of the BRST 
formal~sm to th~ Parlsi - Sourlas reduction; see also /10/•. 

The OSP(1,1!2) extens~on of the hamiltonian BRST approach has 
been applied to the relativistic po í.rrt particle /9,1,1,12/. General 

systems with fi:rst class constraints have b.een considered under this 
aspect b3 Aratyn, Ingermanson and Niemi /12/. They showed thatfor 

a system wi th an abelian constraint algebra .t he BItST ham.í.Ltonian 
can always be chosen in sueh a form, that .t he symrnetry is extended 
to OSP(1, 1 '12). Then the "Pari si - Sourlas reduction provides a clear 
understanding or how the extended phase space cforrnalism works. The 
generalization to ·the case of a non-commuting set of' first class 
constraints requires a construction which relates these constraints 
to an abelian constraint algebra. 

In discussing tbe relation of the BRST formalism ~o the Parisi 
Sourlas reduction the emphasis in the mentioned papers was put on 
the possibility of extending the BRST symmetry. Especi~lly in /12/ 

the hamlltonian formalism has been presenied in a form to exhibit 
this relation. In the presBnt note we consider more closely the 
otber side of thió important relatian. We point out that i~ is not 

nece~s~y to require the full OSP(1,112) symmetry for the Parisi 
Sourlas reduction. A subgroup directly related to the BRST s~1lffietry 

without extension is enough. In this way V/e are able to understand 
on the basis of the Parisi - Sourlas reduction how the ext-ended"11 
ph~se space formalism works ·also in the general case, ir the BRST~ .' ~.l, "'..._ ....,.,......" 

h -\ro.'- J't ~'~ " 

C+te~;"UlJ;, ~J'~U RilcnrryT ~l"© ·<oq'L~~.~~~ HHCTH,Ty;r. ~ep'fthIx HC~e}J;OB8fndí .:ny6Ha~ 1987 " 
t' ~,~ I
 

f \. f 11I.1, '} I
I, ua-':~)i.!>itJIX HCCM~.I10B,. ausO j'. 
,1'1 

" r 
" ,I, 

I ( 6HSH~iCTEH.A--- ---~~ ...........
 



symmetry is n~t extended. Sta~ting from the reduction based on the 

subgroup o~y it becomes simpler, éompared to ref./12/ , to treat the 

case 01' non-con~u~ing constràints. Only the BRST and the fermionic 

t~host char-ges have to be constructed from the subgr-oup generators. 

It is not necessary to construet a relation to an abelian constrainu 

algebra. 
~.. .. 
I 

2. Farisi and Sourlas /71 discovered that the mechanism 01' dimen :\lJt 

sionai reduction by 2 units in the criticaI behaviour of systems in• 
a stochastic background is pased on the supersy~netry OSP(2J2} rota

ting two bosonic )('11 'Xl and two fermionic g, e coordinates. ,!he essen

tial point is that the integral 01' a f"~lnctian of Xi} X'~, f9, t:l depen

ding on ,th~se variables only. via the combína"t-ion 'X,/ + x}- + gf
 
( and tending to zero for x,,"-+ '1;.2. ~ 06 ) reduces to the value 01' the
 

function at argument zero. There is a cancellation in the sum' over 

alI configurations such that only the one with X1 = Xi = & , 9= §.; O 
remáins. The same holds if we choose in the bosonic part 01' the qua

dratia form the pseudoeuclidean metric, i.e. require, the function to 

depend only on the combination X·,C + eü , )(± ==-)(, ± ><1 • 
Our point is that in both cases the reduction works for func


tions depending on x+>C ~ e- in 'a more general wa:y. Consider a func


tion depending on the~e 'variables via x+X-+ ee and X + :
 

.~ ['X"' y...x-+ e&) . We assume that the depéndence on the second argu
J 

ment can ~e represented by a Fourier integral which converges uni


f'or~ly
 

J -F1 .. + -,isyf()(+,~) 11( {K ,5'1 e ois 
(1 )--e 

Calculate the integral 

f cix<rd"X'-JtJdfJ f (x+/ x4-y- + flé) = 
,.o1:_[ oh fJ,K" Tex', » J"I~-f dElde e-is(~+"-'FliJ) 

(2) 

- .. 
A non-vaní.sní.ng contribution to the integral over e ,f9 i5 obtained
 

on1y f'r-om vthe: term in the decomposition pr-opor-t LonaL to f) i . ~he
 
integral over x- yields the d-function. We have
 

2~ IJs f ,h' -is 111' lcn+) T{x', s} '" 
1'1 

2", 

00, 

f.ris F (OI- 5 } s. I (01. D) : cn-lO 

- ..o 

Th€ integration interval over ~+ should include ~+= O, but it needs 

not tn cover the whole axis. 
'I'hus we have shown that also with less restrictions. on the 

function 01' >(+J X- (), B the sum over a l L cerrt'Lgur-at.Lons. r educ e s to the 
l 

contríbution at )(~= )(-:. () r () ~ é~o. A. further generáliz-ation Ls possible,. 

allowing for an additional dependence on ei tofler e or e . 
3. ThEil restriction on the function to de,~end on ,,+, x-f- B, fi only 

via X"X- + e. e can be expressed by the c ondâ t f on- oi Lnvar-í.ance with 

respect to OSP(1 ,,1/2), acting on tihe se variables as- follows. 

J 4- - '\+
~ )( + :::: )( + d ;(- )(-1 J+-() = :J+-Õ:=.OI 

JBéJ -
Jee o -::. e ) f) :: -9 Jeex:t=O 

)

!- e~ J
± 6>  J±-éf ± Q I±fJe= o)(± x -::: ~J x~ -= - eI fi I_ r 

... J±ê
J:f9x'i:= e J± e() ::: ><- Jf '-: ~ D 

/ 
fJ~::=. 0/ 

. ~ § '\:, ê'-e. . r - OJeÕD~ ~ e J. e = rI. :(- - l 

'" BfJ - J8f) )(~ ::: O;yee e= f-) cJ f}::: (4) 

-r t - 'í8e 
cf and cf generate 'fi( 1) subgroups and define. bosonic and fermionic 

charges ( (f • e , x± haver fe-rmionic char-ge s 1; -1 " Ot respect1vely). 

The remaining generators are nilpotent. . + fJ . {j e 
Consider tihe subgroup generated by 1, anel J ' . It Leaves. )(+ 

anã x"C -f" e~ invariante There are more ínvariant comuí.naírí ona ; but 

they reduce to functions of these two. Therefore the cóndition on a 

functian to have the form {()(; >rr+ (te) e an be expressed by the con

d-ítd.on 01' invariance with respect to this' subgr-oup , f-f) 

11' we would demand invaríance with respect 'to J only but admi t 

the fermionic chargedC~ to have non-negative values, we would aIlow 

for an addítional dependence on e. _ 
"r '* G ;r()()The subgroup generated Qy a and works equally wel1. The 

'r-e 'r~o '"-~ 't60subgroups (o' ,(j ) or (C! ,u- } play an analogous role for )(4

replaced by X- • 
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I. 

i . 
In the framework of hamiltonian formalism we introduce variables 

~ 

I ~n the case of commuting constraints the corresponding operators 
p:T 'P l'	 conjugate to -x ~, § I f} with the Poi sson bracketsJ .J 1 

f P*I x: j ~ I P-, x' I 1 ) 

l f e} ~ i f 
I 
eJ -= 1,	 

(5) 
I 

and represent the action of thegenerators t by Poisson brackets
 

with operators R•
 

J A8 i AE J•	 . xc ~ R} xC .1 (A /15, C ~ +1 f)
/ 
ê ) 

I (6) 

where +~	 ~e - 1< :: x·p--x- p+ ) R ~ or- e 'fI
 

~ 6·e ~ e15 'R e(}:: el' (7)

) .) 

, +9	 ± e - 
'R- =~±f-GJp±-1 R::: )(r?+FJp± 

4.	 Consider a hamiltonian system with first claSB constraints fi. 
i=- 1,"'7"'. The action including the constraLnts via Lagrange muLti 

plyers	 ~~ i8 givep by
 
T
 

S	 = f dt { pQ qu - 'Jf(PL, 9b) - À.< (l>i (PlnQ6 )) J 
o (8) 

aJ.b = 1J ... /l ;;>n· 
In general the constraints do not commute strongly with each other or 

with the hamiltonian 

~ [f~l~j} ~ ~'j 1>~ { ~. 
(. I 

~D.j =' u.i"J<P .'. 
4(' 

(9) 

We restrict ourseive; "to '1.:; , U/ Lndependerrt of' ~t • The treatmerit 
of ~he general case is known /4,5/ and there is. nothing to be added 

from the viewpoint of Parisi - Sourlaa reduction. 

Following Fradkin and Vilkovisky we introduce for each ~ the 

momentum ·71" (f) conjugate to :tAt1 and anticommuting variables ,~.{{), ~(t) 
with their conjugate momenta ~.(t) and 1jO,!. For aach (. and time t 
the constraint and the additional variables ~)t:). a. (J: ) e· O) ii.(t) 

, 'I /, I & I D'of 
and their conjugates shall be related to, the above variables x+, J(-, 

e ,e andtheir conjugates, respectively. The BRST operator Q. 
restr~cted to the subspace of variables of a given t shall act just 

rf--9 r ,..~~ 
-as O , whereas the fermionic ,charge is ;coun!ied by rJ • 

a~e represen~ed by the sums /12/ 

(01 ~ +/9	 êlt 
-(i = L. R, T ..= + nL;	 1\. 

;(=., -( -('", 1 (	 (10)\) oAB RAK	 where the /\) are obtained from in _(7) by r.eplacing x: x~ (3, f)' 

and their conjugates QY f ..·ÇfJ/ ítiUJJ e.. fiJ J ~,(i) and their ·conjugates. 

ln the general case Q~' has to be modified since('\ 
{	 Q(OI I Q~) t ~ z: ~.~. 'l,t if> fq =1= O (11 ) 

-",1, ,. 

and therefore i~ does not generate a supersymmetry transformation. 

The proper BRST operator ia 

(o) -1	 0 1/ ~. 
(12)Q = Q - T J" J j v'q 9k · ' 

The	 extended action invariant under- Q and t:' is written in the usual 
/4,5/.way 

::: { pQ (I~ + 7r. À· f Jj ê: +S.M f
T

cJ. t 
..( ( ~.~ 

v	
t (13) 

j -,1f (1\ ,qb) - 114, ~. aI' t / Q, -rI ) 
":r is an	 arbitrary function of the variabl-es with fermionic charge 

-1	 . 
Consider a trans~tion amplLtude calculated with this actionQet

ween states ínvariant wi th réspect to Q. and T • We insert a com

plete set of intermedi~te ~tates a~ time l ,O<f<T, characterized by 
the values of a complete set of commuting variables including ~. [t) , 
·e·(t), À;Ct) '( A.': 1,...,.,.) and ~ [f> • We show that in the sum over alI' 

>l • 'ti	 " 
intermediate states only ,the ones obeyi-ng the co.nstraint fj., (f~'= O 
contribute. Consider the integral over alI -varí.ab Le a but (}" 9.t,;L, • 

(o) T	 J+-6 ,\","9 Fi 'Q and act on the latter as 'aI).d d on o. r7, X - in (4). The 
action of Q on these variables deviates from that Qf Q(o) only by 

terms involving 8, . .B:8P.eci,al~y, tp.e invariants f(J/ ~ Land {ei, ;le Gi } 

c oLnc í.de wi'th 4>~ and 4>{l, + :e1~ up to terms involving 6} • The ad~
tional tii terms are projected. out in the integral· 'over alI t4. .!.. B.e. 
Bec ause óf' the condition r-=-o all ~. c~me' in pairs with some ~ • 

Performing the integr~l over ).1 , f2t, ~ we .obtraã,n. the i-fun~ion of 

'J
 ;P1 • We are left with a set of int'ermédiate stat:es with ,t, ~ tl ::: O ,
 
1 - 1I' 9, =- e. =- O • This se~ can be paraIDetrized by the values of commuti'ngI	 ' 

variables i-ncluding ~. , ~" Âj (i=2'''~1 n..) and f 2.• The above argument 
can be repea1ieü. 
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In this way we undl::3rstand on the basis of the Parisi - Sourlas 

:eeduction caused by a subgr-oup of OSP(1. 1 [2:) generate.dby the same 
algebra as Q and T that in t.he extended phase- space formalismo 

I: 
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KHpwHep P. 
CHMMeTpHH THna ITapH3H H Cyprnaca 
H raMHnbTOHOB ~OpManH3M BPCT 

E2-87-676 

CHMMeTpHH BPCT B ~opManH3Me pacwHpeHHoro ~a3oBoro npo
CTpaHCTBa ~agKHHa H BHnKOBHCKOro CBH3aHa C nogrpynnoft 
rpynnw OSP (1, 1/2). 3ToT ~opManH3M Mo~Ho noHHMaTb Ha 
ocHoBe pegyK~HH ITapH3H H Cyprnaca, He pacwHpHH anre6py 
BPCT. 0Ka3bJBaeTcH, qTo HHBapHaHTHOCTb OTHOCHTenbHO cooT
BeTCTByro~eft nogrpynnbl gocTaToqHa gnH pegyK~HH, KOTopaH 
o6ecneqHBaeT B3aHMHOe COKpa~eHHe BCeX BKnagoB, KpOMe 
ygoBneTBOpHID~X ycnOBHHM CBH3H, 

Pa6oTa BbmonHeHa B Jla6opaTopHH TeopeTHqecKOM ~H3HKH 
OIUU1. 

Coo6~eHHe 061>e.n;HHeHHOro HHCTHTYfa R.D;epHbiX HCCJJeAOBaHHH. ,lly6Ha 1987 

Kirschner R. 
Parisi - Sourlas Type Symmetry 
and Hamiltonian BRST Formalism 

E2-87-676 

The BRST symmetry in the extended phase space forma
lism of Fradkin and Vilkovisky is related to a subgroup 
of OSP (1, 1/2). Without extending the BRST algebra we 
understand the formalism on the basis of Parisi - Sour
las reduction. This is because invariance under the cor
responding subgroup is sufficient for reduction, which 
guarantees cancellation of all contributions besides 
of those satisflying the constraints. 

~ 1 The investigation has been performed at the Laborarory 
of Theoretical Physics, JINR. 
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