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INTRODUCTION 

1. In the strueture of the gravitational equation~ in Ein

stein'e tbeory of gravitation (ATG) and its variante in (pseudo)

Riemannian spaees without toreion (Vn-spaees, n:=,4), the sym

metrie energy-momentum tensor (:= T. i ) of a material aTi j a J 

eystem takes the role of determining the field sour~es quan

tity. Its propertiee are conneeted with the eharaeteristies 

of the material system as well as with the eonditions, re

quired by the gravitational equations. Among that, the eondi

tion for sTi j to be a local eonaerved quantity, i.e. sTij;j:= 0, 

s 
T

i 
j := gJ 

"k 
.sTi k ' is eonsidered as one of the main properties 

of this tensor. Such a condition, on the one hand, restrieta 

the possibilities for a choiee of the gravitational equations, 

and, on the other, ia determined by meana of supple~entary 

conditions (existenee of a speeial type of veetor fields in 

V -spaces, e.g. Killing vectors) for so-called global eonser
n • 

vation laws for the material distribution /1,2,6/. 

2. On the basis of the Lagrangian formaliam 'and by means of 

the method of Lagrangians with eovariant derivatives (MLCD)/5/ 

in Vn-spaees for Lagrangian densities, depending on tbe com

ponente of tensor fields and their first and seeond derivatives, 

the so-ealled generalized eovariant Bianehi type identities 

(GCBI) /5/ are obtained in the form: 

P .+-' Qki;i = O , (0.1)
k 

~ i - i - ik "':" sTk = Qk . (0.2) 

where 

: = means "by defini tion"" , 

y1Gó:~.:-:.. _..~.I lIilC7llTJi ' 
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~L 
Fk	 := ~.VA_k (o.)) 

oVA 

SL aL 3L aI. 
~ := --- - (------)·i + ( )·3·1' \0.4> 
oVA aVA aVA;i ' avA;~;j , , 

~L : = f'unctiona1 varia-tiOD 0'K L vi1;)) reapect to VA ' 
oV

A 

L := L(g.. , VA' VA• i , VA••• ·) (0.5)
~J , ,l..,J I 

~ :=~(gijl VA, VA;i' VA;i;j) := t=i.L , (o.6) 

L := Lagrangian invariant (scalar ~tmction)" 

:t : = Lagrangian denaity, 

VA := Vj1j2 ••• jl' A:= j1 •••• 31 := co11ective index. 

1 := N<oo, rank VA := NV 
A 

gij := gji := componente ot: 'the metric 'tensor. g:= det;(~j)< O, 

gij;k := O (Riemannian metric) , to.6a) 

_1 .  covariant derivative with respec1õ 'to tue coordina:teBl 

xi (1 := 1, ••••• ,n, apecisl case n := 4), 

:= VA,i - rJ.vB , r~:= - SAmBj.S~ (0.7)VA_ i
 

A := j1 ••• j l ' B:= i 1•••11 '
 

1 i 1k 1 1 12 i k_1 ~+1 11S
Am

Bi .- - ~ gj .8m -s...gj ••••gj .gj •••••gj , (0.8) 
k=1 k <J1 2 k-1 k+1 1 

S	 Bi • gi e:B.=	 - A·'1IlAro 

rrj := Iji := componente of' the symmetr1.c af'fine connec1ti.onI: 

~9) 

~ := O := Euler-Lsgrange equBtions for t:be f'leld VAI (0.10)
SVA 

9 i := generalized eenonãceã energy-momentum tensor for
k 

the Lagrangian system, 
- i - i-lI - ji1
Qk := t k - Wk ;1 - Pn ·B'lljk (0.11) 

-
t k, 

i 
:= canonics1 energy-momentum tensor for the Lagranglan 

system, 

2 

t i :=[~ - (~ + âL )., j ] VA;k +k avA• • av p.;J• aVA;j;i
 

aL 1


t~ A • 

+	 ( .VAik)ij gk· L (0.12) 
aVA;j;i 

W il .__ wli := g ,(F ijgDl _ 7'lj~i A il~j) 
k k kJ n n n 

7'. il .- ~ li ._ 1(V- il + V- li) .- V- (il)
k .- k .- ~ k k .- k 

A il .= _ ~ li .= l(V- il _ V- li) ._ V- [il)
• -K • 2 k k .- k,k (0.13) 

V ij ~= r ij + ~ ij .= -F ij _ -F ilj
k • k -K· k k;l 

F ij aL B"j 
k .- ------.SAk .VB - ~.VA;k +
 

aVA;i âVA;j;i
 

+ (-ª! âL )S Bj.v t+ Ak,B. 1
aVA;i;l aVA;l;i 

F ilj.= aL s Bj v , ~ :=-ª1k· . Ak . B 
aVA;i;l âVA;i a(vA;i) 

sTk
i 

:= symmetric energy-momentlim tensor for the Lagrangian 

system" 

aL iT i := :ri 2·--·gk1 , (0.14)
8 k k - - gk· L 

ôgi l 
i 'i r ji =7"ij ,= :r jil7'k := gkj7'J , . . ;1 

7"ij ._ :r ijl (r il kj 7' jl ki r i j kl ) 
;1 .- k g + k g gk ;1
 

.,. ijl . _ r. il kj 1" jl ki _ r ij kl
 
J .- k. g + k g k g 

- i ôL Bi 
Qk := ~.SAk .VB	 (0.15)

oVA 
Lagrangian system := a totality of field variables gijt VA 
(with VA;i and VA;i;j)' characterized by means of the scalar 

density ~ of the type 

~ := y=g.L(gijt VAt VA;i' VA;i;j) t VA :1: gijt (0.16) 

called a Lagrangian density /5/. 

The generalized covariant Bianchi type identitics (GCBI) 

contain the connection between the tensors of the ~ype of 
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the energy-momentum tensor and the field equatione of the 

type of Euler-Lagrange equations SL/SVA = O for the tensor 

field VA• Besides, as a local coneerved quantity of the type 

of an energy-momentum tensor for a Lagrangian system a tensor 

quantity ie defined, who's componente eatisfy the condltion: 

Tki;i := O, Tki:= gkl.Tli c gi j • Tk j , (0.17)
 

where Tk
i are the componente of the above-mentioned en~rgy


momentum tensors.
 

Under· local conserved quantitiee for a Lagrangian eyetem 

we wil1 understand in this paper local conserved quantitles 

of the type of an energy-momentum tensor. 

3.	 By meana of the GCBI in Vn-epaces necessary and sufflcient 

as wel1 ae on1y neC8ssary or on1y Bufficient .conditions could 

be found for the existence of the symmetric energy-momentum 

tensor as local coneerved quantity. One can prove in thie caee 

15/ that Euler-Lagrange equations are eufficient cond1tione 

for the symmetric energy-momentum tensor to be a local conserved 

quantit'lI Le. sTij;j = O. 

4. In Einetein's theory of gravitation (ATG) and its variante 

in Vn-spacee, a system of equations ia cODeidered containing 

the equatione for the gravitational field and tbe Euler-La

grange equationa (ae field equationa fo~ tbe material d1etri 
ibution). In tbie caee the requ1roment eTk to be a local con

eerved quantity with reepect to the complete ayatem of equations 

(for the material dietrhution + the grav1tational fie14)(s.c. 

selfconeletent eyetem) 1e eatiefiad. Coneidering tbe f1eld 

equations of Euler-Lagrange type for material distrbutlon un

der a given me~ric (and ey;mmetric aff1ne oonnection) in V n 
1;1epace, tbe condition sTk = O ie also eat1af1ed, but in th1e 

ca'ee equationa for the gravitational neld of lIbe dietribution 

.','	 are not g1ven (s.c. noncone1stent case tor teat mat~riâl 

eYBte~~.in an externa! gravitational f1eàd).
, ,	 , 

.;	 4 I 

The generalization of ATG for (pseudo)Riemannian spaces 

with nonsymmetric affine connection (Ij~ :~ !k3) and Rieman

nian metric (g .. /, := 0)(8.C. (pseudo)Riemannian spaces withl.J K 

torsion, Riemann-Cartan epaces, Un-spaces) imposee the intro~ 

duction of the torsion tensor along with the metric tensor ae 

field funetions for the gravitational field /3,4/. In gravi

tational theories from the Einetein-Cartan type in Un -apaeea 

/3/, the problem also arises for obtaining the generalizad 

cova~iant Bianchi type identitiee for Lagrangian eyetems and 

for finding conditions for the existence of the symmetric 

energy-momentum tensor as local conserved quantity by meana 

of	 the MLCD. 

5. In thia papar the possibilities are considered for obtai

ning the GCBI for Lagrangian densities, depending on components 

of covariant tensor fields and their first and second covariant 

derivativas in Un-spacea (Sec. I.). In analogy with the ten

sore of the type of energy-momentum tensor in Vn-spaees for 

a Lagrangian eystem, the notions as canonica1, generalized 

canonical and symmetric energy-momentum tensor are introduced 

(Sec.II.). Necessary and euffieient conditione are obtained ~or 

the exiatence of the symmetr1c:energy-momentum tensor as a local 

conserved quantity. It ie shown that Eu1er-Lagrange equations 

for a material system in Un-space in contraet to the case in 

Vn-space cannot be sufficient conditions for the existence of 

the eymmetric energy-momentum tensor as a local coneerved 

quantity (Sec.III.). 

I.	 GENERALIZED COVARIANT BIANCHI ~E IDENTITIES 

FOR LAGRANGIAN DENSITIES IN (PSEUDO)RIEMANNIAJl 

S~ACES WITH TORSION 

1. Generalized covariant ~1anchi type identitiee (GCBI) can 

be found by means of the 1~CD in Un-spaces in analogou8 way 

5 



with that in Vn-spacea by taking into account the characte

ristics of a Un-space, considered as ao n-dimensional Ck-dif

ferentiable manifold (k = 2,)",,) with a nonsymmetric aífine 

connection and a Riemannian metric with respect to this con

nection, Le, 

dim U n := n (apecial case n := 4), Ij~:# Ik~ ( 1.1) 

• 

iIjk 
gij 

componente of the nonsYmIDetric connection:= 

:= gji := components of the metric tensor g. 

~ , 

gij/k := O (Riemannian metric), (1.2) 

Ik := covariad derivative with reapect to the basic vectQr 

fieId Ek, 
{ Ek} x : = basia in p , x € T (U ),x n T (U ) x n : = tangent.ial epace 

in p , x E U n, (if ~ := ak , L e. Ek i8 a coordinate baais, 

then /k means covariant derivative with respect to the co

ordinate xk ) , 

i 
4uV 

i j
:= v /jU 

i j 
- U Ijv - Tjkiujvk, v := 

i Ev i' u f" kE..= u -x' 

T i 
jk 

i 
Tk j := 

i 
Ikj ~ 

iIjk i - Cj k (in noncoordinate basia), 

:= I1c3 - Ij~ (in coordinate basia), 

~E Ek 
~ j 

:= [E j• EkJ := Ej'Ek - ~.Ej ;::: cjkiEi ' 

~ vi
U 

:= Lia-derivative of the componente of the vector fiaId v 

along the vector fieId u. 

Remark: AlI furtber inveetigatione in this paper will be 

made for the components af tansor fieIds in any fixed baaia 

if the oppoeite la nat axplicitly mentlaned. 

vi/ j := Vi,j + !k3.vk , Vi,j:= E~vi (= aj v 1 
) • I 

I 
I' 

2. Tbe following stepa could be mede in obtaining tha GCBI 

and by their representation ln 80me useful forma: 1· 

A. Repressntation of the Lie-variation of the Lagran

"gian densi ty ~ :::: r=g,L a Long a.ny vector fieId!. by means af 

the Lie-derivativos of the tensor fielde componente and ,. ;1 
, 6 I I I 

their first and second covariant derivatives aIong this 

vector fieId, obtaining ao identity for L. 

B. Representation of the Lie-derivatives of the tensor 

fieIds components and their íirst and second covariant de

rivatives only by means of covariant derivatives and the 

componente oí the torsion tensor, using the commutation re

lations between Lie- and covariant derivatives and the con

nection between Lie- and covariant derivatives, Writing tbe 

identity for L in a forro depending on the vector fieId com

ponente and their firat covariant derivatives. 

C. Obtaining the GCBI from the identity for L under
 

the condition of arbitrariness of the vector fieId l.
 

o 
A.	 The Lia-derivativa of a Lagrangian density of the type 

(1.) )~:= v::g.L(gij' VA, VA;i' VA;i;j) , 

where 

g := det(gij) :# 0,00. -g> O • 

VAli := VA,i - Ti~,VB := VA,i + SAmBjIj~,VB' 

aLong an arbi trary vector f'ield l. can be wri tten in the 

following forro: 

li 1.L ij ~ )_
cJ!.::t '" r=g.(L/i + 2' .g ~!gij 

k )yi j i L] = (1. 4)- (=g[(L/ i - Tki ,L ~ + gi'~ Ij' 

k i ]y=g[(Ll.i ) li T E..L ,
ki
 

k k k T j

:= Tki := gj' ki L/i = L,iTki 

If one assumes that the functional variation 8::1 of 

a Lagrangian den8ity~ 

~ ...aL ~ a~ e a:e ·S
8~:= ,SVA +. .O(VA/i) + .O(VA/ i/ j ) + -a-' gij

aVA aVAl i aVA/i / j gij 

(1. 5)
where 

a~ a;e a.e a~ 
:~----: 

aVA/i a(VAli) , aVAli/ j a(vA/i/j) 

7 



i8	 connected with the variation of tbe field functions VA 
(and their first and second covariant derivatives) and gij 

along tbe vector field l, i. e. o: = et!, then the Bo-called 

Lie-variation J.E,::t o f the Lagrangian denei ty ~, equal to the 

Lie-derivative of ~ along l., can be wri tten in the form: 
i 1 ij 

etl.~ = k· (L/t + '2.L •g ::.te! gij)
 

a.:e aJe
a~ = --ett.vA + --ciE{VA/ i) + ciZ(VAli/j) + 
aVA aVA/i aVA/ i / j 

+	 a~ et!gij ( 1.6) 
âgi j 

From the last identi ty for ~ there follows the iden

tity	 for the scalar function (invariant) L:
 

aL
 aL
-.ot.!VA + --ª.L-.ct'l. (VA/i) + av .et (V
aVA aVA/ i	 

A/i/j ! Ali/j) + 

âL 
+	 -~od!l. gij - L/i!. i = O • (1.7)

âgi j 

The variationa of the field functione VA and of the 

metric teneor gij along the vector field ! are given by 

meana of their Lie-derivatives along!, and the variation 

of	 the nonsymmetric aífine connection (and with it also 

the variation of the componente of the toraion tensor) ia 

given implicitly by the Lie-derivatives of the covariant 

derivatives of VA' 

B. Using the explicit form of the Lie-derivative of the ten

sor comporients VA and the commutation relatioDs between the 

Lie-derivatives and the first and secand Qovariant deriva

tives af VA' the identity for L can be expressed in the form: 

ar, aL	 aL . --ªIt
-.rie,VA + --.ota{VA/ j ) -l- .JE.{VA/~/k) + .of-!gjk
aVA ôVA/ j avA/ j / lc agj k 

i	 - j i 
- L/iE. (Pi + Pkj·Tijk)!i + Pi é. /j :::& O , (1.8) 

s: 

where 
j Ek i Bj i 

oE!G. VA = {VAli'" Tki ,SAj .VB)é. - SAi ,VB'~ /j 

Bk 1- li ietc: (VA/ j) (VA/ j / i - SAI ,VB/j·Tik + VA/l:Ti j )! + 

i Bk i 
+	 VAfi é Ij - SAi ,VB/j·é Ik 

Bm 1 hl ttl!t.(VA/j/k) - SAI ,VB/j/k·Ti~ + VA/l/k·Tij + 
I	 

{VA/ j/k/ i 
1I 
, 

1	 i Bl i iJ + VA/j/l·Tik)~ - SAi ,VB/j/k·t II + VA/i/k · ! /j + 

+	 VAIj /i . E.
i Ik 

The componente pij can be written in the following fOTnl: 

-	 j - kj - kjl m aLpij ti - Vi /k + Fm .R lik	 +aVAl 'VA/l·Tokl
k/j l. 

j aL - . 
+	 gi. L + ----.g.k - Q.J t 1. 9)ag l. l. 

jk 

where 

- j .=[~ (aL aL
 
ti • aVA/j aV aV / Ik VAli +
 

+ )] 
A/ j/k A k/ j 

+	 ( ôL 'VA/i}/k - gr. L (1.10) 
aVA/ k/ j 

-	 kj - kj - klj
Vi := Fi - Fi /1 

-	 kj 8L Bj 8L 
F1 : =--oSAi •VB - •VAIi + 

aVA/k aVA/ j / k 

aL + aL ) s Bj V +	 ( • Ai • B/l
aVA/k/l aVA/l/k 

F kjl. aL S Bl V - j. 8L Bj
i'= • Ai • B ' Qi .= ---,SAi .VB,

ãVAlk/j 8vA 

2&.. := ~ (.....Q..k....) /k + ( aL )/l/k (1.11)f 8vA aVA aVA/k aVA/k/1 

~ : ... functional varia~ion of the invariant fnnction L,': SVi 
wlth reepect to VA• 

9 



nli
 
t 

- k'After transforming Vi J by meana of a combination of 
fsymmetric and antis~etric parta in	 k and j, i.e. 
1 

- kj ._ ~ kj A kjV	 li	 .- Ti + i 

I
~kj .= l(V- kj V- jk) ._ V- (kj)
'i . 2 i + i .- i .~ 

A kj .= 1(V- kj _ V- jk) '= V- [kj]
i	 . ~ i i . i Ii 

j	 \the	 componente of pi can be obtained in the form: 

p j .- Qj T. j Qj (1.12) ! 
i i S 1. i 

where 
- j ._ - j jk - kjl m aL 1 ( 1.13)Qi	 .- ti - W /k + Fm .R lik - .VA/1·Ti k ' i aVA/ k/ j
 
- kj jk j

Vi	 /k:= Wi /k + ri 

jk kj jl mk ~mklgmj _	 ~jkgml)W = - W := gil(~m gi i
 

8L
 (1.14)gTij := 7" j - 2·----·gik  gr· L
i ag j k
 

~ij	 := ~ijk/k = (gil(7mjkgml + ~mklgmj - rmjlgmk>l/k ' 

+ ~ kl mj _ ~ jl mk).1"i jk : = gil ("mjkgrnl m g m g
 

i j .,...ijl _.,... ji
s: jk gil·,.l jk , :r : = J /l, - oi.i 

,.ijk := , ik mj ,. jk mi ~ ij mk 
m	 g + m g - m g 

Tbe	 componenta of Pi , having the forro 

- aL aL aL
P := ---,VAli + ------.VA/ j/i + .VA/k/1/ i - L/i'
i aVA aVA/ j aVA/ k/ 1
 

j
can be expressed by meana of the termo introduced in pi in 

the fol1owing form: 

8L - j	 (1.15)Pi	 := ;--,VA/i + 9i /j + Wi , \ 
oVA '(,l

i- - - j kW	 := Si - Sk .Ti j i 

"-	 • jk - jl _k 11
Si	 .= Wi /k/j + Vk '~-lij {I

I
I 

10	 :1 
:i 
I 

'í 

1'k 1 'k m T n T m)
'2[w i 

J 
/1· Tjk wmJ (T<ij /k> + <ij • nk> 

ik 1	 1 ]- WiJ + -	 )(T j k	 /1 Tk/ j Tj / k + T1·Tj k 

m rn mm • T T TT<ij /k> .= ij /k + ki /j + jk /i
 

.- T 1 .- -ID T 1
Tk·- kl .- ~1' km 

s j 8L (a~ )	 ~,VA/l/k 
k	 := [ avA/j aV / /1)·VA/k + avA/l/jA/ j	 1 

Therefore, the identity for L can be written in the forro: 

- j k' - j i
(Pi + P )~1. + Pi .! /j = O , (1.16)

k .Ti j 

where 
- .- ~ - j
Fi .- Sv ,VA/ i + Qi /j + \Vi
 

A
 

p j	 .- - j T j "Q) . (1.17)i	 .- Oi - s i - 1. 

c. The componente of the vector field ! and their firet co

variant derivatives !i/ can be considered ae arbitrary in
j 

dependent fUnctions of the coordinates in Un-space (e.g. in 

a coordinate syatem /7/, in whicb in a p , x E Un Ij~ /x = O, 
i i	 . 

~ /j /x !. ,j)' If the identity for	 L ia aatiafied forB 

arbitrary lai and ! i /j ~ then the tensor	 components in tbe 
. i i 

expressions eitting as coefficients in front of ~ and l /j 

muet identically vanisb, i.e. 
- - j kP = O,	 (1.18)

i + Pk .Ti j 

Pi j O. (1.19)== 

Pram the secona condition it follows that the first 

condition would have the form Pi = O. In thie way the gene

ralized cóvariant Bianchi type identitiea lGCBI) for the in

variant L are obtained in tbe form: 

- - j - SL -
Fi = Or Fi + Oi /j = O , Fi :=	 ---,VA/i + w.i ' l1.20)

8vA 

pij O: Q j - T j = õ.j •	 l1.21)Q 

i e i " 

11 



/ 
I 

The componente of a covariant vector field W dependi 
on the componente of the toreion tensor Tikj and their co

variant deriva~ives in such a way that in the case of T k = Oi j 
there followa W = O, i.e. the GCBI would have the forro fori 
Vn-spaces /5/ mentioned in the introduction. The quantities 
-	 -j j -j k . 
Fi' Gi ' sTi ' Qi for Ti j = O are ident~cal with those de

fined in Vn-epaces and these notationa are retained also 

for the case of U - epaces.n 

lI.	 TENSORS OF THE TYPE OF THE ENERGY-MOMENTUM TENSOR 

IN (PSEUDO)RIEMARNIAN SPACES WITH TORSION 

1. On the baais of the obtained GCBI and in analogy with the 

tenBors of energy-momentum tensor type, introduced for La

grangian Byétems in Vn-epaces, teneors of the sarne type can 

be defined in Un-spaces. In accordance with the structure of 
j, t i

jõij,	 eTi one can introduce the following notations: 
- j
ti .- canonical energy-momentum tensor for a Lagran

gian system, 

Qi j := generalized canonical energy-momentum tens~r 

for	 a Lagrangian aystem, 

sTij := symmetric energy-momentum tensor for a La

grangian system, 

~.~ O := Euler-Lagrange equations for the fields VA,SVA 
j 

:= O := equations of motion for a Lagrangian 

syatem. 

aTi	 /j 

2. By means of GCBI and after direct computations some pro

positions can be proved, expressing the connection between 

the severa1 kinde of energy-momentum teneors and their ana

logous forma in Vn-spaces /5/. 

PROPOSITION 1. The neceesary and sufficient" condition for the 
\ 

generalized canonical tensor 9. j to be equal to the symmetric 
~ 

r 

energy-momentum tensor sTij i8 the condition 

- j ._ ~ Bj_ (2.1)Qi . - ÔV •SAi - O " 
A 

j
Proof: 1) Necessity: follows from condition Gij STi and 

the identityl1.21). 

2) Sufficiency: follows from the condition Q.j := O 
~l' 

~ I and the identity (1.21).
I, 

PROPOSITION 1.1. If V :=~ 18 a scalar field (Ny := O), 
j 

A
. A 

then condition g. = ~T.J ia always valido 
~	 .. 1 

- j	 . Bj
Proof: Qi = O for a scalar field (N y = O), because of SAi .VB= 

A - . 
= O for NV := O. From the identity (1.21) and QiJ = O it 

A -' j
follows that GiJ = T. •

8 ~ 

PROPOSITION 1.2. The Euler-Lagrange equationa SL/SVA = O 

for the field ~unctions VA are a sufficiént condition for 
j•

the equivalence of Gij,and eTi

Proot: fol10we directly from the identity (1.21). 

Under the interpretation of Euler-Lagrange equations 
as fieid equations for the fields' VA (i.e. ae field equationa 

j
for the tensor field componente V.), both tensors Qi and sTij 

w111 be" equa1 and their different forme can be ueed in aolving 

the problemB,wh1oh require an appropr1ate forro ot the energy

~momentum tensor for founding their eolutions. 

III.	 CONDITIONS FOR 'lHE EXISTENCE OF THE SYMMETRIC ENERGY

MOMENTUM TENSOR AS A LOCAL CONSERVED QUANTITY 

By meane of the GCBI the following propositione can be 

proved: 

PROPOSITION 2. The neceeaary and ·sufficient condition for aTij 

. , to be a local oonserved quantitiea in Un-apace for a Lagran

r · éian afetem with fie1d funotions VA of a rank Nv ~ O, i.e. 
j" A

T4	 to eatiaty the condition 
\ . 8 "" 

. sT i j Ij = O , o. n I. 
~. 
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is the condition
 

8L - - .
Fi + Qij/j = O: s;-.VA/ i + W + QiJ/j O. ().2)i
A 

Proof: 1) Necessity: follows from the requirement sT j / := O 
i j
 

and the identities (1.20) and (1.21).
 

2) Sufficiency: follows from the conditions ().2) and 

the identities (1.20) and (1.21). 
• 

PROPO?ITION 2.1. The necessary and sufficient condition sTij
 

to be a local cODserved quantities in Un-space for a Lagran


gian system with scalar field functions V = ~ (of a rank

A
 

NV : = O), i. e. sTi j to satisfy the condi tion
 
A 

sTij/ j = O 

is the condition
 
- 5L
 
Fi = O: 8~ ·~/i + Wi = O ().)) 

Proof: 1) Neceasity: follows from tbe condition T.j = O,
 
- j a 1: /j
 
Qi = O (for scalar field), and the identities (1.20)-(1.21).
 

2) Sufficiency: follows from the conditions j.~= O,
 
j 1.
 

Qi = O (rank VA = O) and the identities (1.20)-(1.21).
 

PROPOSITION J. Sufficient conditions for the existence of 

~he symmetric energy-momentum tensor sTij as a local conserved 

quantity, l.e. sTij/ j = O, are the conditions 

~:= O, W := O • i <3.4)8vA 

Proof: From conditions ().4) and the identities (1.20)-(1.21)
 

followa the condition for sTij
 

sTij/ j = O •
 

I: turns oüt that (in contraat to the csse in Vn-opaca)
 

in Un-apace the Euler-Lagrange equations cannot be aufficient
 
I' 

conditiona for the existence of oTij as a local ~onaerved ,  != Iquantities. The condition W O ia in this csse siso neceesaryi 
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