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1. INTRODUCTION

This communication 1s a continuation of paper/l/ where we
have presented integrals used for analytic bremsstrahlung cal-
culations exact in fermion masses in QED /% ., Here, we extend
our results 'Y to processes with an intermediate massive vec-—
tor boson, but take the limit extreme relativistic in fermion
masses (mf, m2r<< s). Additional difficulties are related with
the appearance of a new complex parameter

2 2 .
M?= M2 _iM T, (1)

real and imaginary parts of which are in general not small,
~ S.

We dealt with the completely inclusive situation in the
photon variables 7278/ for the processes:

ee” sy, Z° . ff(y), (2a)

* o
Voo f,6,(y), V= W5, Z°, (2a)

i.e. we calculated the observables integrated over photon
degrees of freedom

do w2 ! 1-x 1 *! 1 27 2
= f xdx——————— — { doosé [déd, 1M, | ,(3
d-c0s6 48 {, 1—x+mf2;/s 2 Rign o ROV &
+1 do
o = [ doosé , (4a)
tot -1 d cos?
1 ! 6w ! d
App= [ doos§ —2— — [ doosd ———1, (5)
T ot o d cosf -1 d oost
2 1 ’ +1 2n
L 1-x 1 1 2
o= [ xdx — f dosy —— [ dgg IMy, | (4b)
voooaME 1-x+ma/M%y 2 2m '
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The isolation of the infrared singularity and calculation
of the soft—-photon contribution have been described in detail
in/4 following the method developed in/? . Hard bremsstrah-
lung is treated by SCHOONSCHIP ®/ in the following way (for
more details see’9 ): with the aid of algebraic identities
between the kinematical variables one produces an expression
which contains the so-called canonical set of Ry-integrals
of Table I, see below. After applying them and additional al-
gebra, Table II may be used, and upon a similar third stage
based on Table III one gets (4,5). The differential cross sec—
‘tion (3) may be derived with Tables I and III only, but now
in Table TIIT one has to deal with integrands yet being depen-
dent on the scattering angle.

All details concerning the underlying ?hysics and the mean-
ing of abbreviations may be found in /2-87 and refs. cited
therein. We only again remark that the tabulations being pre-
sented here are useful in similar contents, too.

Table I
| S(l—x)“ _m

where (911, fR) are the photon angles in the Ry system defi-
ned by'p(f) +p(y) = O.

1. [1] = S(lr—‘x)
2. [-11 - . 1 AL +L,-L_ +2n(l-xc.)l}
Z 8(1- xc. ) e 0 Ty ¥

g2
3. [Z*__] = "27_—(1"1’(0; )(1-x)[1]

4 z_lz+ I s2(21_'x)

5. [XLm] - Ljen, - L, + 2lnx)
6. [X,1 = S (1-02 -]
7. [;1-2——] - S1X {L, + 2Inx}

2

. 1 1
8.5l = 5
Lt mg-S(1-x)
1 1
9. =1 = —= ~
X5 mf S(1-x)
10.[—L - 1
bmz; Se(l-—x) e
11.{—2'5—] - SA-x)e [+ o5 {1}
Xm. + X X
1 1 :
12.( = L.+L :
sz;] S2x(1-x)c;{ e+Lyg+ 2lnc_+ 2Inxl
X Sx(1-%)c+ -
13, [2m = Sx(1-x)cz 1 ]+ Xex . (1]
Zz 1-xez; Z; (1~ch)
y? 1 _ 1 '
14, m2Z:] = S%x0; {L,+ L+ Rlncy + 2lnx}
Z+ .
= 1 - S
15.[m2 ] Sc:t[m2 ]+__1X_X{_T+c¢(2+ er )

16.[ 2% ) =szof(1_x)2[L] +-#cx(cfz(1_x)ci) .

m

3 2
+ M(l_xci)g

2xr 2
1 1 1- xc-
17. L I = . +
m?Z2 - m282%  cyx(1-x)
2 v
Zz 1
18. (=31 - -1 _.s1-x)cf
Xl% m? ¥
Z~
19. (4~ ::—%?.c
Xm : my ¥
2 S SN 1 1 1 . 1 }
(M2 m?) Z2 m?  S¥R-1) 1-x a..
Zz e
210 ———1 = % §[1] —-R. 1 1
M2_p? X (1] - R S[————Mz_m2“+80t[_2:é]
.2
22.[21ﬁ = — 1 1n Sdi
o Memdzg S%a;  mgr,
23— ] -1 g R-my
M® _m? Sx (R -x)

Integrals with
be taken from 'V
using

-4

m can be traced back to pure QED .and m
° . p A ay
; those w1th|M2—nﬁ|'2may be linearized



1 1

1 T ; )
(M 2_m2) (Mz_mZ)*

2 2 2 L
lM_m,j ZIEVMV

b, (7)

In Table I and below we use the extreme relativistic appro-

ximations: mg, m'% <« S, M% . The following abbreviations are
used:
x:—)é Z =2 b;r=ct+c¢R
H =S-—X+mr‘; Z+=2 e_;ct—ci(l—x)
cxzé_(l:c) Sm=S—m2 R_Mrg

2
c = s Xm= X - € = -l—nS—L

A_ ) ~ S r
Le—lnm, Lr_lnmz, L_=1In . (8)
e f
Dealing with complex logarithms one has teo carefully hand-
le with the rule of decomposition:
In(a-b)=Ina + Inb + 2riE(a, b)

+ 1 if signIma= signlmb = -—signImab = 31

E(a, by =1 (9
0 otherwise
Table II
1=2¢ m2
fA] = [ dcA(e), e = —S—ﬂ ' (10)

(4]

1f the integrand is not singular at the end point, the 1i-
mit of vanishing electron mass has been taken. The physical
origin of the mass singularity is explained, e.g. in /% | The
Li, (z) are Euler polylogarithms, Lig(1) = 7R/6.

1

1. [c¥1.=

2. [Incjr] = “In2-1

3. [ele_1=-1 1,78
v+] 21!12 + 4( { )

, 2 1 1,11
l}. [Cl C_ = T — P —_ 3
n+].+31n2 18(5}
. [cdine_ - _ 15 1 25
5 nc+] 41n2+48(“7)

4 .
lne_] = L 1 (137
6.{c’lnc_1 +51n.2 (47 )

1 e 1.2
7.[5—tlnc;1 =-Li,() ¥ In" 2

I

1, 0
8. [%;glnc,f] (L +Lg)-(_g) ¥ 4In2

-1
3/2

2 0
) - (LE+T

)y

9.12mc ] = (
Ci ¥

I 5/
10.[—-lne_ ) - 5/3) : Bz - (912

r: 22/9 3 3
S o1 _ (-1 2 2
11.[cI1nc_,Fl =(g )L, zm™2

12. [lnzci] = x ln22 + 2in2 + 2

2 7/4 1,2 3
1 .[Cln C = —in 2
3 . (_5/4) * 3 + g In2

14, 1fmPe 1= L (%), LmPe s lgllnz

54 55 ° T 3
31,2 ; 1 415 25 1
15.1¢’n®c_ ] = —— &0 1,2
T g oy ) * prln2 ¢ yli2
fetm®e ]~ 1 (1019 ,, 187 1,2
16.Fc’In"c_1 900016589 )1—-I50 In2 13111.2



1,2 - 1 1
17.Ealn el = 748 ,(5) + 4l T8 (1)

3
8,2(1) = £(3), S1.2(—;-) - _é_ 2(3) ——éln N

1,2 . 2

18. [Z5In"e 1 = 2Li, (1) £ 4In"2 F
s |

f9. [% m%e_1 = Li, (1)+(1){3+2L |+ 4(n2 + m%2) - |
Ct

20. [ n®c_] - 2Li()x B (n2+ln )+ (34 () iLer F)
+

21. [In c_lnc-+] = -Lig(l) + 2

2 i 1
22. [clnc__lnc+} = —é—ln 2 - EIn2 ey

23.[c?Inc_Inc, ] ~——Li2(1) + —%;—

13- (9 + 2In2
24‘[621 = (2 )Le—zn

1 . _ (0,1 2
25.[C§] = ()= + ()

26. [—4-1 = ()4 + €2

3
C_,_:% € -4

27.[Lig(e_)} = %(é Lig(1) 3 11n 2+ In2 - 1

28.[cLiy(c )] = [Ll H(D) - In22 + 2} +—8—(‘3)

1 . 12 5 1 (3 , )
€(2)L12(1)+ Lin®e + g2, 5 51

Il

29.[c®Lig(c )]

A}

. RO 2 -1
30.0¢%Liy(e )] = LiLiy(1) ~In”2 + Tingl + 2o )87

1
8

1

[cLl o(Cx )].IT

47 1 3739
L — + 20 -
3)1(1)+ 1,29 3001112 { 9)

32, [ ~Lip (ep)) =+2tig(1) v 29 Ligm
Lig) - 14@) - 4m2e@) + Fm®2,  Lig(1) = &Gs)
33.[—;1%—L12(Q¢)] - L —(B)Li, £ 2’2 T 4ln2 4 ()

34 0— Lig(c_ ) ,( )hZL 72—+—i_21n 2 722+ (" 1 )L12(1)+—( )

1
3
¥

21_+_21_§+ 81227 Bing g 4/3)L1 (1)+—*(%) |

35. [——le(c N=()iEL, : .

+

i (== = By -2 JLi(1- L) 7 (2R-DLi, (1-5) +Ly-151n2

36. 12(—T]= 0 12()— R-1 12(—-—R+( —)12 ”2R+v‘+“
C_

37{0L12(1——Rt)] :—2R(RZ- 1)(3 )Liz(l)—2R(R-1)((i )L12(1_%) +%(1—2R)2 %

xLig(-gh) + G -R )Ly (L R(DLE R+ 2] + R-F)In2

8 5

2r ¢z 2 4 1ots (1 1 2 4 .
38. [¢°Li ,(1- )1 - 2(R-2R%+ SR (§)Lio(1) + 205 -R+2R —§R3)(2)L12(1_

_ Jg) - &(R__21)3 Liy(1--L) 7 LG( 11 -10R+8R2)1n2+%(—16—1 -5R +4R®)x

1 1.5 2.0 _4R2,
x(o).Lv+3(6 3R +4R )(I)LV R

11/3: 85
3 ( )—1—( )

08

L 1 22ma- %) - 20 -
39. [ =1 -7 Tl(1-5) - () In(1-x)

F

40. [n(1-xe )] =+ 1-Hma-F) -1+ 201- Hhma-x»

41.leln(1- xe-)] =+ 1
+ X

2 1y (0 ~ 2-%)% x. 1,-3
-1 (Hma x)+ﬁ—L2x2 ln(l—?)+7( 3)



In(1-xc) - dR=1—x1—+R—

b2 g5 - 5 sw'a-5 - L(Hn a-x 2R
_ 4: i
{ LV=1n—2
1 1 Xy, (0 , A} '
43.[d—] = ——{+1nd - )1n(1——)+( 1) In(t-x) R(1-x)+eg(R-1)
- x(R-1) ! Ly=1n R .
0 i € (R -x)
[ln@TF /7-2)} +—2  {In(1-0(-Xy+¥d.- nd, L .} E
di ~X(R-1) R R R ™B N Table IIT
T % 4R 1-x i l2epo
2 X _ _
45.[1nﬁ]=—2—1n(1—x)+1n(1——ﬁ)i2{1n(1——R)—lndR§+ B 1 = X \_ [A]l = [/ dxA(x) (12)
o]
(Myina-2y - ad— (D) n(-x) - nd, 1} R .
*Qgluintimg/ - Grli=ty R All but one integrals are regular in the limit o 0, its
2 singularity is connected with the handling of the IR-divergen-
1 -3yy 2R-x) dg 1, cy.
46[81nv—‘;‘—]~2(1) xR 1) +In 5B )
1.[x%].= 1
o 0 +
+M[l dp (1)1n(1——x)—(1)1n(1—x)]
xR -1)% 0 R 1 25
. 2.1 l=-In + Ly
a2 4. 1-x m,
L Le® (ln— -1In )1 = {ln(l——) -Indg }+ S, .
"z "z . 3.0 ] =-Lg
" a2 R-x
48. {e"(In = - ln—) met Rl edt SULEE SUICES 2SN A
z _ 14
4. [_]. = ? (
'd2
49.fcn 2= ;1 3% ) _ 22+ 2ln(1+R 1%y 1 _
2 7y 1—x 1— R-x 5 [_1 1 = 1
R(R-x)(1 o Sm¥
“Ly- 144X 2")( — %) (2lndg-Ly)l . .
x*(R-1) 6. [x Inx] =- 5
s0.ln% w95y 1 . 4 ~ {In2- 1n(1+R1"x) M(Mnd ~Lg)}
TZ Tz 1-x 1 (R 7 [L ]_ ¢ -1
7
The additional notation is as follows 3
: 8._[XL,]=—%Lf‘—4
§,=2 44 R(1-x) 24 {, (5, 2R0-x),3 (2Indy,-Ly) hﬂ
173 "3 xR-1 R- R™ B 2
. x( ) 3 x( 1) ﬁi 9.1 1 L} = —1.Lf + Liog(1)
(an & T1-x T 2

Lp=In(1-x) + In(1 - %)



10.

1 -
Jd—1 L -

1

1 2
{ —?LR

R -x

_ o1
L,]=-L.Lg - Liy=)

—{L¢-Inc, + %lnzci + Lig(c )l

1—xc:L e1
lZ.[ln(l—%')] = (- R)Lg -
In(1 - %)y - L¢1_R? 1 R
18. [xln(1 - P =5 (1-R™)Lg - 7 - 3
14. [x%In(1- ) ~1_-rL, 1 _R _R?
U R 3 R-9g 6 3
1 .
lS.[Yln(l—_;‘{)] :_ng(%)
1 X 1,°
16. In(1--=2)] =- =L
[R—x n.( Rl 5 LR
| _L . _2R ¢
17.[dR1n(1 )] T R q
1 X\ 1 [7
18'[E1n(1_ﬁ)] b_% (Inc, + L) + .fiz
_l_ . 1 1. %
19.1[ xln(l—x)] =—I_.12(_R) - 3%
1 2R 1+R
20. [-==1n(1 - = L
an (1-x)] TR 12\1_R)
21, [4-1n (1-0)] = il%(lnci +Lp)?
F

22.

d—
[In—+] =-1 +In(1-R) R (Inc, + Lp)
C+ b -

T

R 1 R 1
23. [Xll’l—'L] = 2b [ln —] + 2—(1—b—1)1n(1—R) — T
dz 1 R%® [ d: R 1
—+ 1 = = - = (1- - _ =
24 [%° In o 1= —l;z—[ln " ]+ (1 —E)ln(l R) 5.0
10
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el

25.

26.

27.

28.

29.

30.

3T.

32,

33.

34.

d-
L ey L
ER——X nLCJr ] Unc1 Inc, +1In(-R) + ZLR¥

L'R*“K;

d.. 2 24
[d—l_l-n—(f] - Eb__{LR—m Ty + 2(ney +Lp)In(-R)}
+ = F
1 1
ot - e + e :
¥ ¥
{ 1 ]———lnci
1-xco (s
1-xc_ 1
[lIf——*+ 7 =—1~ —1Inec,
Ci C? -
1-xc_ 1- xc_
[xIn— ¥ ] ---L, 1 [(m—=1
C4 4 2c— C+
+ T +
1-xc_
1 .+ = _1_.1n '}
{l—x _ln o ] 20_ +
I-xe_ 1,.2
1 - T — Li = 1In“(ey)
A ln—=F] 1 (C_) + +
[I—x C+ 2F 2
1 g, Liy() - Ligiys L0 Lo
byoxbw} = Lig(D -Lig(gy+ 5Ly - Lykyg
42 m%
1 T o Ti oy _Ts (Ly_ 1 2 Loo—
[1._..)( in STZ C+2 ] = le(l) Ile(R) 2Lt +L R

’—I_. .?Ll[

The new notation implies: e

P - i1  (Re1y R+1 1
D - Liy( R)+L12(Ri‘1) Liy(1) + In Rtl ln(—E)

Lg

¥
+

K

¥

= 1n(1 i
. c -
= le(-RTl_ le(c: (1-R)) - lnbx (ncy + Lg)
Li 1-R b
= Liy (—c el Li, (C_ —) - Lgln =4
b- (I
+ + +

¥ ]
¢y (1-R)

]

(13)

11



35, [Indy] =—1 4 1=R 1 _ 1,
R ¥ 1+R'( R n2)

1
36.[xlndR]=_T _ _R

1-R)(1+3R) :

xlndR] =‘_LR(LR—- 1H2) -— @

1
37.0%2

38. [1n2 dR] =

— R (Lg-12) - 2.{Indg)

u-ma +3R)

39.0xm%a, ] =
R 2(1+R)®

(LR—in2) —f xInd R] -

2R
R[lnd rl

00— n(tsRI=Xy opiqly_ 1% 1 (1s+R
O[l—xn(1+RR—x)] sz(R) 2LR—L12(1_R)

41, (In(1-F)] ~~1+m2

42. [x1n(1-i)l —T+%ln2
4307 ma- 2 - Tuyw -l gme

4. (0¥ (1~ 21 - 2- 2m2 - w2

(1 - Xy -e-me - Lrig
45.[1In( x)ln(1 3 )] =2-1n2 3 Li, (1)
46.0n(1-x)In(1-2)] = Lig L) + —LR -ln(1- 9] + 14 R{BA=D))

b _ 1 47 2
47.0xn(1- 0 @- 81 = Lini, Ly TLgt - l[xln(l—%)] - Slin(1-

R = t—"ll—*l1+'7+§

: y . (1+R 1
48. [In(1-x)Ind ] = _L12'(1+_R') +1-[Indy +[-dl—ln(1 - x)1

R

12

v mmmtr v ————— —

17: (1+R 1
49.[xIn(1-x)Indg ] = -L i (12K _E[xde]_%[de] +

R (1 - 3 R
P R['dRm(1 X)]+T+ 1+ R
X % Indp ln(lfT’é)
50.[1n(1—7R~)1n dR] =(Lg-1n2)L - [ln(l——ﬁ)]—[lndR] +R[R—x] +[ % ]

¢

[xin¢l-2)nd.] - L@ —m2)L. - Lixind.} - Rind.]s B
51 .l xln —ﬁ)n R *’5( R‘n)R_gx“R—E ndgl + 5- x

lndR R 1 X
x (] - {xIn(1- )] -*—[1 n(1- 2 SRl - R
APPENDIX

Many of the integpals of the Tables are trivial, a lot of
them may be got from integral tables of general use. Particu-
larly useful are tables’/10/ | Some of the integrals require
definite efforts to be calculated. In the Appendix we list
some auxiliary formulae often used.

1 1 1
f dxln(1-ax)In(1-bx)=-[dxln(1~bx) ~ [ dxln(1- ax) +
[¢] o] o

1 -
+ [ dx In (1 3;)(x)

o}

+ R_(2.b),

1 1 1
2f dxxIn(1-ax)In(l-bx) =~ f dx (x + L)m(1— bx) — f dx(x+1—)><
[¢]

(a.1)
xIn(1-ax) + L fdx—l-l:hxhlfdx—“llﬁﬁ)+ R (ab),

I

1
Ri(ab)=In(1-a)In(1-b) +glr f dxll—“(%‘l
o - DX

Ri(a,1) = - Lip(—27).

1 Inx dx
X + C

o

= Liz(—%) where C is complex. (A.2)

13



The Euler dilogarithm,

1

Li S - :
i,(x) £ ; In (1 - xt), (A.D)
has the following Taylor expansions:

Li ¢ . - ek 1
ig(1-¢) = Lig(1) + & —S—(-= +Ine), 0<e <1, (A.4)
. k=1 K k

. - k
Lig(x +¢) :kE (%;) cdys Ix] <L, fx+el <1, (A.5)
=0 .
K k-2 0k
b= T ma-0 + 3 fhH S
f=o k—0~1 (I_X)k~8—1
The first terms of the expansion (A.5) are

b = Li, (%), 8
¢, =-In(1-x),
by -3 ln(1-x) + 21, (A.6)

1 X(3x~ 2)
¢, =—f{-In(1-x) + ———=1.
8 " 3 ( ’ 2(1-x)%

On the unit circle the real part of ‘the Euler dilogarithm
is a simple expression:

ReLiz(eid).) =—%L12(1)+%(n e DE. (A.7)

The following general integrals have been quite useful:
b Li2(x)

[dx—s— = —
a X2 a

1 1

. ; 1-b 1-a
I_.12(a) ——b—le(b)+1nb~1na+ —b——ln(l—b)—a—ln(l—a),

1

arb. . o
fodeisz(a+ bx) = %Liz(a+ b) - L Lig(a) + arb-1 4, _apys

b

i-a

b (A.8)

+

In(1-a) -1,

14

1

1

2,2

2 L
[ dxxLiy(a+ bx) = _"E-E—Liz(u by +gLip(@) +(3a-b—1)l4—§-2b—1n(1-
‘0

b

‘L1-a 1 \
—-a-b)-(3a-1 In(l-a) + —(6a-b - 2),
) - (Ba-1) - In(1-a) + oo )
3 .3 3
+

b +a . a . 2 )
£dxx2L12(a+bx): ™ le(a+b)——3—t)3L12(a)+(—2+7a—lla—2b~5ab~

1-a.
In(1-2a)+
1813 ( )

—a— . 2
—2®)x 22 i (fea-b)-(-2+7a- 11a)
1Bb

. 2
1 (Ca®ii5ab-66a° —6b + 42a - 12).
108 b2

At the end of this Appendix we would like to correct some

misprints of 'V : the corresponding equations should read:

’

1. t7= (kl—-pl)? ~ definition of t’, p.l.
2. L 1y - [tI: — first line p.4
A 7 . s Pt
1 i . .
3. le—1 = —L, - eighth line, p.4.
ZXM SX\/At
2
bodx= Xy - 4m? 4 ? - last line, p.5.
5. d = uzsz - m®x? - dafinition of d, p.7.
F 2 .2 2 2 TR F
6. Ag=ASpc p*)=8-4u~8 - definition of Ay , p.8.
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Bappuu [.0., ®epopenxo O.M., Puman T. E2-87-664
Hurerpansl, BcTpedalomyecsa NPH BbMHCIIEHHH TOPMO3-—
HOTO H3JIy4eHHus B nponeccax ¢ o6MeHOM GOTOHOM U
2°%-6030HOM B YJIBTPAPENSATUBUCTCKOM TIPHOBIIDKEHHH

MpeficTaBneH HcYepibBawmui Habop MHTErpanoB, KOTOpHE
COBMECTHO C CHCTeMOM aHaMMTHYECKHX BbuuciaeHuit SCHOONSCHIP
6bUTH HCIOJIb30BaHk IJisT NOJIyYeHHsT WHTEeTrPHPOBAHHMX no GOTOH-
HMM cTemeHsAM CBOGOAM Habmopmaembx miia npoueccos ete™ » vy, Z°%
a?f(yj s Vo flfz(y) , V=W% Z°o Npu sruucienusx mcnomns-
3yeTcs ynbTPapesATHBUCTCKOE NpubmwkeHue 1o MaccaM depmuo-—
HOB (m¢ ;<<s). MpuBoguMbie TabauHIbl NPEACTABIANT JOCTATOUYHO
obmHH HHTepec AJifA BLIMHCIIEHHA BKI1aAa TOPMO3HOI'O H3JIYUeHHA
B KBH, KX1 u TeopuM 35eKTpOcnabnix B3sauMogeiicTBHIl.

PaBoTa BhIIOJIHEHA B J1aGOPATOPHU TeOpeTHUEeCKOH (GH3HKH
OWsH .
Coobuesine O6BenMHEHHOro MHCTHTYTA ANEPHBIX Hecenonanuil. Ny6ua 1987

Bardin D.Yu., Fedorenko O.M., Riemann T. E2~-87-664
Some Integrals for Analytic Bremsstrahlung
Calculation. Photon and Z°-Boson Exchange
in the Ultrarelativistic Limit

An exhaustive list of integrals is presented which has
been used together with the system of analytic calcula-
tions SCHOONSCHIP to obtain observables inclusive in the
photon degrees of freedom for the processes ete™ =y, Z°-
> f1(y), V» T,f,(y), V=W5,2Z° The extreme relativistic
approximation in fermion masses is used. The Tables pre-
sented are of general interest for calculations of brems-
strahling contributions in QED, QCD and electroweak pro-
cesses.

The investigation has been performed at the Laboratory
of Theoretical Physics, JINR.
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