
87-664 
1: 0 0 fi Ill H I I 

Ofi'lll,liHIHH oro 
IIH CTITJTI 

RAIPHbll 
ICCJtiAOIIHII 

AYfiH8 

E2-87-664 

D.Yu.Bardin, O.M.Fedorenko•, T.Ri•~mann 

SOME INTEGRALS 

FOR ANALYTIC BREMSSTRAHLUNG 

CALCULATION. 
0 Photon and Z -Boson Exchange 

in the Ultrarelativistic Limit 

*Department of Physics and Mathematics, 
State University of Petrozavodsk, USSR 

1987 



\ 
,/ ~ 

~, 

/ ' 

1 '-­
J 

/' 
l! 

1.0' " Y 
l" 

!', 
\~.. 

" 
" ' ..: 

,~ ......~ 

../ 

t' 

i., 

• \. 

-, 1., 

j J 

" 

.\ \, 
j.; 

,/ 

I I 
A"' 
~ 

'\ 

. ' 
~ l e 

"~." 

" 
......,J­

J.I 

'V 

I /' 

l.. 

----",1'. 
.~ 

1 

~'; \ 
] 

.." 

. I 

I ~~J 
o ' 

\ 

~ 

,.\ 

l
) '!. 

t 

(/ 

I' 
\ 

I
\ 

-, 
') 

(9). 'Ô6~enHÍl~LIH 
/

~""'\~:v 

miCTHttt H.n:epHLIX lIccnenOBnnlfA ,ny611a. 198t l 

,rt 

I. IN'TRODUCTION 

h'í ... .. f /11 _~'l-T a s commumca t í.on l.S a cont í.nuat t.on o paper wuere ,..e 
have presented íntegrals used for analytic brems-strahl:ung cal­
culationsexact in f-ermion mas se s in QED /21 • Here, we extend 
our resul ts /11 to processes wí t h an intermediate massive vec­
tnr boson, but take the limit extreme relativistic in fermion 
masses t..m;, m~« s) . Additional d i.f f i cu Lti.e s are related wit-h 
the appearance of a new complex parameter 

2
M =: M~ - iMvlv' (1) 

real and imaginary parts of which are in general not small, 
- s. 

We dealt with the completely inclusive situation in the 
pho t on var i.ab Les /2-'6/ for the processes: 

e + e - .... y, zo .... ff(yL, (2a) 

V .... f 1f 2 ( Y). V = w±. Z o, (2a) 

i.e. we calculated the observables integrated over photon 
degrees of freedom 

+ 1 1 211772 1 1 _ 
--- J xd x ----=--- - f dcosO R - r d<PR'IM b r I ,(3) 

'da x 1 2 
, 2 

-d '<lrS-O 4 S o 1 - x + fi r /s 2 -1 2-77 o 

+1 
= f d-eoss ~ (4a)a to t 

- 1 d cos{J 

1 1 1 da 1,
A'FB =: -a-- [ f d coso _da__ (S)- f dmsO d cose 

to t o d rosO -1 

2 1 1 + 1 1 277' 2 
=: _77_ f xdx 1 - x

Iv - f d msOR - r d<PR IM br j • (4b)222 2_ 1 277 o4M v o 1 - x + fi 2 IM v 

1\ @(n~e.iwt~ti~U- tmcnrryi 1 
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The isolation of the infrared singu1arity and ca1culation .R.[ .;:2] = m;. S{1- x) 

of the soft-photon contribution have been described in detai1 
in(41 fo l l owí.ng the met hcd devel oped in 171 • Hard bremsstrah­
1ung is treated by SCHOONSCHIP /81 in the fo110wing way (for 

19. [-2-]
X m 

== 
1

-2­
mr S(l-x) 

more detai1s see /91 ): with the a í.d of a1gebraic ideriti ti e s 
between the kinematica1 variab1es one produces an expression 
which contains the so-ca11ed canonic:a1 set of Ry-integra1s 
of Tab1e I, see be10w. After app1ying them and additiona1 a1­
gebra, Tab1e 11 may be used, .and upon a similar third s·tage 

10. [ 1 
8 mZ± 

Z 
11• [~] 

X m . 

] _ 1 L 
- S 2(1- x) e 

. 1 
== S(1 - x) c_ [--] + 

+ Xm 

e­
-+ [1 J 

x 

based on 
·tion (3) 

Table 111 one gets (4,5). The differentia1 
may be derived with Tab1es I and 111 on1y, 

cross s~c­
but now 

12 [_1_] 
• AmZ± 

= 1 
S2 x(1-x) c± 

IL e + L f + 2In c., +2In XI 
+ 

in Tab1e 111 one has to dea1 with integrands yet being depen­
dent on the scattering ang1e. 

A11 detai1s concerning the under1ying rhysics and the mean­

13. [~] 
Z± 

= Sx(1-x)c± [_1_] + 
1- xc:+: Z:+: 

xe± 2 
(1- xc:+:) 

[11 

í.ng of abbr ev í.at í ons may be found in 12-6 and refs. cited 
therein. We on1y again remark that the tabu1ations being pre­
sented here are usefu1 in similar contents, too. 

IL•. [_1_] == 1 1L e + L f + 2In c + + 2In x I 
m2Z _ S2 x c + -
. + -

15. [ Z2+ ] = Sc± ( _1_ J + ..1..=..JL 1­ ~ + C - (2 ~ 
m m 2 x r + 

~) I 
r 

Tabl.e I 
2 

16.[~] 
Xm 

== S2C 2( 1 _ x) 2 [ _1_] 
'F Xm 
3 2 

+. S (1 - x) c (c + _ 2 ( 1 _ x) c_) 
X 1= - + 

+ 

[:A] 
+1 2TT 

S(~-x) .r dooséf 
R 

r d<p}{A(éfR' <PR)' 
4TTr -1 o 

(6) 
1 

+ S (l-x) 
2xr 2 

1 1 ­ xc± 

(1- xc_)2 
+ 

1. [1] 

where (éf R , <P R) are the pho t cn 
ned by -'I) (f) ;+- P(y) = O. 

S(l ­ x) 

ang1es in the Ry sys tem def i­
c±x(1-x.)17. [m2Zg,]. == m 2S 2 

+ e2 • 

18. [ Z+ ] = _1_ . S (1 - x) c; 
X2 m2 

m ( 

Z± 1
19. (~] == -=-r . c+ 

X m mr 
1 12. [--] == ,----·IL +Lf-L 
.2_8(1­ xc, ) e . r 

+ + 

+ 2In ( 1 - X c., ) I 
+ 

') 
....0. 

[ 1 
(M2_ m2) Zi ] '­- _1_ . 

m; 
1 

S~R-1) 
1_1 _ 
1- x 

+ -_1_1 
d+ 

3. [4.-]
+ 

= 8 2 
-2-(1-xc- )(l-x)[l] 

r + 
. 

2 1. [ 
Z± 

2 2 J 
M -m 

=: 

e± 
-

x 
1[1] 

1 1 
-- R· 8 [ 2 2 ] I + SC+ [2 2]

M -m - M - m 

4. r 1 ] 
Z_Z+ 

5. [ im ] = 

== 

S~ 

2. L 
S2(1-x) e 

{2L f - r., + 2In x I l 
- t 

- -~ 

1 1 Sd~22. [ ] == - -'- • In-­
(M2-m~Z+ S2d+ m~ 'z 

. 2 
~'t3. [ 1 ] == _1_ . In T R - m f 

M2 _ m2 Sx r(R-x) 

_1_1 r., + 2Inx I 
Sx 

7. [_1_] 
m2 

's S6. [X 
m

] = 2(1- x)(-r - 1)[ 1] 

J 

I 
í 

I 
; 

3 

Integra1s with m­4 can be traced back to pure QED ·and may 
be taken from IV ; those with IM2- m21-2may be 1inearized 
using 

2 



--

----1 1	 1 (7)f~ --I 
2 2 2,*·

lM2~m~12 2i FvM V (M 2 _ m ) (M -m } 

In Table I and below we use the extreme relativistic appro­
ximations: m;, ni1« S, H~. The following abbreviat í ona are 
used: 

x	 Z; = z b- = c+ + c- R=~ +	 - +S 

8"_= c+-c_(l-x); =S-X+m~ z, = z + - + 

M2 
2

Sm= S - m R = --s­e ; = l(l 4= c) 
+ 2 

2mr
 
c fiSO x 

m 
= X - m i'f-=g
 

2 

. 2	 m2 = _ ( p +p_)2
T

Z 
= R(R-x}(l-X)+t fel-R),. ~= xb+--R ~ r f 

S	 rSL = In --2-- , L = In -2~' L 
'T 

=ln m-2'	 (8) 
e me f fi f r 

D~alíng with complex logarithms one has to carefully hand­
le with the rule of decomposition: 

In ( a, b) = In a + In b + 271 i E ( a. b ) 

1= I if .sígn Im a =sígn Im b = -'sígn Im ab = :;: 1 
(9)

E( a. b' = f 
O	 otnerwise 

TabZe II 

1- 2t	 2 
fi _ --e.	 (10)[,A] r d cAt c ), e - S 

o 

If the íntegrand is'not singular at the end point, the li ­
mit of vanishing electron mass has been taken. The ~hysical 
origin of the mass singularity is explained, e.g. in /W • The 
Lik(z} are Euler po1.ylogarithms, Li 2(1) = 71

2/ 6 . 

1. [c
'\ 

k ] ,, ::: 
1 

k = 0.1 •..• 
k + 1 

4. 

2. [lnc_l ::: +ln2-1 
+
 

. 1 1..,.8

3. [-e.1n c., ] == - -In 2 + -{ 1 )

+ 2 -4
 

2 1 1 11
4. [c In c _ J ==:+ -ln~2 - -( -5 )
+ 3 18 

5 [ c 3 ln c ] = - .1.'ln-2 + .L C25 }• +: 4 48 7 

6 {c 4'ln c_] == -+ L In2 --1-( 137 )
• +, fj roo 47 

2
7. [L In c., j = - L1 (t ) 4= In 22e± +
 

.t O
 
8.	 [ :-rc In c+] ::: (1 + L e ) . ( -:.2 ) +4 In 2 

± 

1 ( -1 2 O9. [-3ln c_] 3/2 ) - (L~+ -;-) {I ):+= 4In2 
c± +­

10.I-1--1nc_ ] = {-5/3 } - ...!L1n2 _ {() ) t ±- L -+ i + _1_1cl + 22/9 + 3 1 3 e( e 2
 

== ( -1 \ L 2 + I 2 2
11 • '[-.Lln c O ' e - nc+ :t= 

12. [In
2 

c _] == ± In 
2

2 ± 21n 2 + 2 
+ 

J3. [ c In2 c ] = ( 7/4 ) -!ln2 2 + 2.. In 2 
+ -5/4 + -2 2 

J 4.. [c
2

In
2 

c 4= ] _-!.,-( 85 ) + .1. In2 2 ± !!.In 2 
54 55 - 3 9 

15, {c3 1n2 c ] = _l_{ 415 ) + 25 ln 2 + -iln2 2 
4 1= 288 --241 24 4 

f c'4 ln 2c _ ] =: _1_:< 1.0019 ") + 131 In2 + ..!.-ln22 
) 6 • . + 9000 6589 - t50 - 5 

5 



r12 _ 1) (1}17	 [-In c_] = + 48 1 2 (--o:- + 4 ° 8 1 2 (1)

• c+ + • r::- • 

32

8 (1) = t.:"(3}, 8 1 2 (-1.) = i- ~(3) - ..1.ln


1 2
 •	 '2 8 e 

122

18	 [-2 In c- ] = 2 L i 2 (1) ± 4ln 2
•	 c +
 

±
 

1 2	 o' 2
r9. [3 In c:+] = Li 2 (1) + (1 ) t3 + 2L e} ± 4 (ln 2 + In 2) 
c± 

20. [~ln2 c_] =~Li2(1)± 1!L.(In2+ln22)+.( 2:/3) + (O ) {L e+ i-}

c± + 3 3 1 2 e
 

21 • [In c_In c+ J = - Li 2(1) + 2
 

22. [c In c In c+) = i in 22 - 1- In 2 +.1­
- J 2 2: 4
 

2	 1 '. rI 
23. [c In c_In c+) = - "3L 12 (1) + Z7 

24. [...L 1 = (0 ) L e ± Z In 2
 
c+
 2
 

1 (0)1..+(2)25. [-2-] 2 f -4c± 

( 0).-1- + ( 3 ) 26. [-i-] 1 (2 -4c± 

2
 
27 • [Li 2 (c+ )] = ~ (~ ) Li 2 (1) + ~ In 2 ± In 2 '- 1
 

22

28.[cLi }] = ~ - In + In21 + -}(13 

)
2(C+ 

ILi 2(1) 

29.[c 2Li = ~ (1)Li 2(1) :+=' ~ln22 ± 1~ln2 -r: 158 ( ~l2(C+)] 

22
 
30.[C 3Li = ~ tLi 2(1) _ln + ~ In2} + sf'6 (-1r2(C+)] 

6
 

4Li	 22 
31. [c = 1~ (; )Li2 (1) 4= 1~ In ± ~ In2 - ~' { ~:2(C+)] 

32.	 [ c~- Li2 (c+)] =::!= 2Li 3 ( ~ ) + 2 (~ ) Li 3 (1) 
. + 

. 1 7 )' 1 1 3
LI 3 (2 ) = "8 «;,(3) - 2 ln 2 (2) + (fln 2, Li 3(1) = '(3)
 

22:+=

33.[ c

1[ Li2(~+)] = (g )Le-(~)Li2(1) ± 21n 4ln2 + (t) 
+ 

34.{ c; Li 2(C+)! =(~)l{-Le-i-+} 1::!=2rn
22 +'2In2+(-~ )Li2(1)+ ~ (~) 

-,: 

[_1	 L' ( )] _ (1) I~ _1 1 I + -ª- 2 - 16 (-4/3). 5 ,..4.~)35. c~ 12 c+: - ° 9 L e + 2f + 7 - 3 In 2 + 9 In 2 +2 1 LI 2(1)+~ "'1~ 
+ 

36. (U
2(1-

c + )1= (~R)Li2(1) - 2(:1)Li2(1--k):+=(2R-l)Li2(1-~)+Lv-l+ln2 
R


37 rcLi2(1- -i-)] =- 2R(R- l)(ci ) Li 2(1) -2R(R-l){~ ) Li 2(1 - ~ ) + ~ (1- 2R) 2 x
 

xLi2('l-2~)+(~ -RHt)Lv+(-~ +R)(~)LvtR + ~ (-J) + (R.- :)ln2
 

2	 2
38. [c U 2(1- ;r.-)l = 2(R-2R + ~R~(~ )Li 2(1) + 2( ~ -R+2R2_~ R~(~)Li2(.1-

.a. 1 3. 1 - 1 11 2 1 11 2
- L ) ~ (R-J-) LI 2(1--) + -(- -lOR+8R )ln2+-(- -5R+4R )x
R '3 2 2R 6 3 3 6
 

_-±-R 2+B..(11/,3·)
x( l)L +-.L(~ _3R+4R 2)(O)L __1_(85 )

O' v 3 6 1 v 3 2 3 108 55
 

1	 1 - 2 x 2 (0
39. [-- = + - ln( 1 - -) - - ) In (1 - x)
l-xc+: x 2 x 1
 

40. [In ( 1 - x c., )] = ± (1 - ~) In (1 - --.! ) - 1 + 2 ( 1 - ~) ( °)In (1 - x)
+ x 2 x 1 

2
 
41.fcln(1- xc-)] =± ~ + ~ 2(x-l) (0) In(l-x) + ~ln(l--!.) + -.!.(-3 )
 

+ x x 1 2x2 2 4 1
 

7
 



In (1- xc_)	 d = 1 _ x 1 + R 
1 2 x 1 O 2	 R42.( ~ :f] + - In (1 - -) - - ( ) In (1 - x ) 2R 

- xC=F x 2 x 1 S 
Lv'::: In M"2v 

43.[-i-J = 2< {±lndR-(01)ln(1-...!}+(Ot)ln(1-x)!:+: x(R-l)	 R 

t 2 )ln(i-'- / T 2	 x ' 
44.[ +	 .z }=±--lln(1-x)ln(1--)+ln2d 

R-IndR.L Bld=t	 x(R-l) R 

• d..?	 x x 4 R 1 x45. [ln"""'±-] =-2-ln(1-x)+ln(1--)~2fln(1--)-lndRl+ __ ---x 
T R R R-l 

o

xZ 

1 x ° x t( °)[ln(l- R") ---In dR} - ( 1)[ln(l-x) -lndR n 
2
 

d- 1 -3 2(R-x) . l L
46 [cln~]=-( )±---+lndR-- B + 
•	 T 2 1 x(R-l) 2

Z 

+	 4R(1-x)(R-x)[ln d - (01) In(l- x - (~) ln(l- x)]
 
x 2( R _1)2 R R)
 

.	 2 2 
2 d. d+ - 4 I x) I d 1 S47. [c (In --=- ...,. In -) j = - l ln (1 - - - n R S + 1 

T T Z 3 RZ 

2' d~ d 2 
48. {c (in ~ - In ---±..)_1_] = _1_ {..i. In 2 - A..ln (1+ R 1- x ) + S I 

T Z TZ 1- x l-x 3 3 R- x 1 

•	 2 2 r d_ d+) 1] 1 I	 1 - x49 ol c (ln - + in - .-- = --1- 2ln2 + 2ln (1 + R --) + L f -
T Z T Z 1...,. x 1 - x R - x 

-L . - 1 + 4 R( R - x) (1 - x) ( 2 In d _ L) }
 
W x 2 ( R _ l ) 2 R B
 

2 2 
50. [(ln~ -ln~)_l_] = _4_ lln2-ln(1+R l-x) _ R(1-x) (21nd - L ) I 

T Z TZ 1- x l-x R-x x(R-x) R B 

The additional notation is as follows 

'S ::;~+.i.. R(1-x)_~{_1+(1+2R(1-x»3}.(2rnd -L ) 
1 3 3 x(R - 1) 3 x (R _ 1) R B .. 

( 11) 

L B = In ( 1 --: x) + In (1 - ~) 

L =	 In R(1-x)+ff(R-1) 
w 

ér(R-x) 

t\ Table III
lil 

1-2f W
f\; 

[·A 1 = f dx:A(x) (12) 
o 

AlI but one integraIs are regular in the limit (;j -to O, t sí 

singularity is connected with the handling of the IR-divergen­
cy. 

1• [ 'xk ] ,=	 _1_
 
k + 1
 

1	 2­
2.	 [--J = -In ~ + L r 

1 - x m r 

r 1
3.l--] ::; -L R


R-x
 

4.	 [_11 = _1 L 
T S r 

11	 ] = --25.	 [--2 Sm ] 
T 

k 16.	 [x lnx] 
(k + 1) 2 

7.	 n., ]=L f-1 

8. I X L T ] = ~ L f - ~ 
~. 

,l~ 
1 2

9.[_1_ L ] 2,L r + Li 2 ( 1 ) 
1 - X T 

98 



1	 e., I' 1 I K10. [_1_ L ] = --L rL R -- ~L ~ - Li 2(-.!.) 25	 [-ln..3....-] =- lnc_-lnc++ln(-R) + -L R L R+ _TR --x	 2 R •	 R-x c± + - 2 + 

1 d- 1 2 2rs] ] . [ 1 L T ] = -~ IL r' In c + + ~ In 2 c ± + Li 2 (c _ ) I 26. [-ln~] = '---"=-- {L -In ~+ + 2(lnc+ + L ) ln(- R) l1- xc c., - 2 +	 R Rd+	 c ± 2b=+= - ­:+ + 

:1 
I 2.	 [In (1 - ~ J] = (1 - R) L R - 1

R 

x	 l 2 1 R1.:3 • [ x In (1 - R)] = 2 (1 - R ) L R - - ­4	 . 2 

2 1 3	 2
I4.	 [ x In ( 1 - ]L) l = - ( 1 - R ) L R - --.1 - X - X 

, R 3	 9 fi 3 

15. [	 ~ In (1 - ~)] = - Li 2 ( ~) 

1 x 1 2
16 • [-- In ( 1 - - )1 ~ - - L R 

R- x R 2 

17 •1_1_ In (1 _..!-)] ~.:n
uR R i . R 

r 1 x )] 1 I 1 2 cf18. t - In (1 - - = - - (In c + + L R) +.­
d=+= R b+ 2 - + 

1	 1 1 2
I 9	 [~ln ( 1 - x)] = - Li 2 ( -) - - L R

•	 R-x R 2 

20.	 [_l-Ih (1- x ) ] = ~ Li (~) 
d R l+R 2 l-R 

1 1 1 2 b, 
21. [- In (1 - x)] = - I - (In c ± + L R ) + Li 2 ( + )I 

d~ b+ 2 

d-	 R
22.	 [ln-±-] = -1 + ln(l- R) - -. (ln c , + L R)

c± b+­

1 t27. E-}	 = -. (lnc+ + L R )
d.,	 - b_ ­

+- + 

1 128-. [--I = --lnc± 
l-xc=+ c=+= 

. l-xc:+:. 1 
29 .	 [In ] = - 1 - -In c + 

c ;	 c_­
- +
 

1- xc 1- xc.,
 
30.	 [x In =+= ] = - _1_ + _1_ [In . + 1 

c , 4 2c- c , 
-	 + 

1 1- xc 
_1	 In 2 c±ar, [--In =+= ]

l-xc_	 c., = 2c-+ 
.+	 ­

1 1- x.e.,	 1 2­
32.	 [-"ln + ] = Li 2 ( c .,.') -Ir - In (c+)

1- x c + + 2 ­

33. [l_l	 L w 1 = Li 2 (1) - Li 2( ~) + ~ L~ - LfL R x 

d 2 m2 
34. [_l_In =+= '2 1 = -Li

2(1) 
- Li2.( R1 ) - ~ L~ + LrL- R ­

l-x ST c ~ v..
Z	 + 2 u 

- -L - 2Li [ + 1 
~ 2 c± (l-R) 

The new notation implies: 

j)	 = Li (_l) + Li .( R+'l ) _ Li (L) + In R+ í 'ln(_L)
2	 R 2-R -'1 2 R - 1 R 

1L R	 == In(l-'R) 

(13)
' I	 c_ 

d- R d=+= 1 R 1	 :f_ = Li 2(- R-+-) - Li 2 (c - (1 - R)) - In b - (In c., + LR )23. [xln--="±'-] = -[ln-] + --(1- -) In(l- R) - -	 ( + c+ + +­c ± 2 b=+= c ± 2 b=+= - 4
 

2' d­ R2 R2 . 1 -R . R b.,
1 d - 1 , R 1 K-	 == L12 (-c --) - L12 (e., -) - L Rln ..3....­24. [ x In --±..- ] -. ~[ln-±-] + -(l-~)ln(1-R) - - -- 11 -I- =+ b- + b., c_
c± 3 b+ c ± 3 b=+= 6 b + 9. 'i + + +


I
 .,
 
'1JO 

'lI
·1 



35. [In dR] =-1 + l-R (L R - In'2} 49 •[ x In (1 - x) In dR ] = - ~ Li 2 ( ~ ~ ~ ) - ~ [ x In dR ) - ~ [In, dR1 + 
1 +,R . 

R 1 3 R
36. [ x:ln .d ] = - ~ - _R_ + (1 - R)(1 + 3R j (L _ In '2) + ---E-,-In(l-x)l+- +-­

1.+ R d R 8 1 + R R 4 1+R 2(l+R)2 R 
'I 
, í x In d In(l--!. )

37 • [ _1- In d RJ = - L R (L R- In 2) - :D - [In (1- .!.)] - [In d R] + R[__R] + [ R JR-x J 50.[ In (1- -) In dR] =(LR-In2)L RR R R- x d R 

2 1-R2 . x 1 1 R~8. [In dR) = -.-.-' CLR - In2) - 2·lln dR ] 5 1.[ xln (1 - R )In d R) ="2 (L R-In 2 ) L R - P x In d R} - 2" [ In d R] + 2R 2
x1 + R 

In d R 1 x R x R 1 x,2 tl - R) (1 +-3 R) . 2 2R x [--I --[xln(l- -)J - --[.ln(l- -)1+. --[-ln(l--)]39 .l x In d R] = 2 • (L R-in 2 ) - [ x 1nd Rl - -- [ln d R1 

I R - x 2 R 1 + R R 1 + R R2(1+ Rr 1+ R d R 

2
40.r _1-In (1. + R 1 -- x n =_Li '(.L) _ 1-L _ Li (1 + R ) , J'
 

l-x R-x 2R 2 R 2 l-R
 

4] • [In ( 1 - ~ )] .~ - 1 + In 2 APPENDIX 

Many of the integ~ls of the Tables are trivial, a lot of 

42. [x ln'( 1 - '2)] = -: + ,~ 'In2 them may be got from integral tables of general use. Particu­
larly useful are tables/ W/ . Some of the integraIs require 
deflnite efforts to be calculated. In the Appendix we list 

f 1 x 1 _ 1 some auxiliary formulae often used.43-.{--In (1- -}J = -L1 (1 ) - [-1- ~ In 2 
l-x 2 2 2 -x 

11144. [In: (1- f H = 2- 2ln2 - In 2 ? f dx In (1 - ax) In (1 - bx) = - r dx In (1 - bx ) - f dx In (1 - ax) + 
o o o 

4S.[ln(1- x)ln(1 - ~)] = 2 - In2 - l.-L~ (.1) + } dx In (1 - bx) + R (a ~ b ) • 
2 2 o 1 - ax 'o 

1 1 1
4'6.[ln-(1-X).ln(1-~n= Li 2( ~) + ~L~ -[ln(l- ~)] + l+,RrlnJ~-xx)J 2 f dx x In (1- ax) In (1 - bx) ~ - r dx (x + ..L) In (1 - bx ) - f dx (x + 1)x 

o o a 1 o 1 (A. 1) 

xln(l-:-ax) + 1.- f dx ln(l-bx4..Lrdx ln(l-ax)+ R (a b) 
47 [xln{l-x)1n(l-..!-H=1.-t'Li (--1)+ 1...L2

· I -1..(xln(l--!.)J -1..[ln{l- a o 1- ax b 'o 1 - bx 1"
• R 2 2 'R -2 R 2 R 2 

1 
2 R, (a, b ) = In (1 - a) In (1 - b) + --L f dx In (1 - ax)

- ..!..)] + R [ InJl-x) 1 + lL + ~ 'I 
1 b 1 o 1 - bx ' 

R '2 R- x 2 8 lI, 
R ==-Li ( a.).i(a,l) 2 .. . (l+R 1

48. [ In (1 - x) In d R] = - L1 --.) + 1 -, {In dIJ + {- In (1 - x)] II 
2 l-R d 1 ln x dx

R f- , Li 2 (- ~) where C is complexo (A.2)t. , o 

! 
12 :I 13 



The Euler diloearithm, 

Li 2( x) r -ºtln (1 - xt),	 (A. J),	 t 
o 

has the fo11owing Taylor expansions: 

k 1 )Li 2 (1- f) Li 2(1) + ~ _f_ (_ _ + In f , o < f < 1, (A.4)
•	 k = 1 k k 

oe k 
Li 2 (x + f) = ~ ( f x) . cP k' 1x I < 1, I x + f I ~ 1, (A.5) 

k=o 
k- 21 k 1 l]I.r/>k	 = k 1(-) in(l- x) + ~ r k-1) ·[~1+ k-f-l 
e= o (-) (E . k-E~l . (l-x) 

The first terms of the €xpansion (A.5) are 

r/> O = Li 2 ( x) , O 

cP 
1 

= -ln(l- x), 

r/> 2 = ~ l ln (1 - x) + _x_ I,	 (A.6)
2 1 - x 

cP 3 = ~ t -In (1- x) + X (3x -,2) I. 
2(1-x)2 

On the uni t circ1e the real part of ,the Euler di Loga r i thm 
is a simple expression: 

Re Li (e ir/> ) = - -.L Li (1) + .-1 (TT _ I cP I) 2 (A.7)
2. 2 2 4 

The fo11owini general integra1s have been quite usefu1:
 

b Li ( x)
 
2 1 1	 1- b l-af dx-~- = - Li (a) - - Li (b) + In b - In a + - In (1 - b ) - -In (1 - a ), 

a	 2 b 2 b aa x 

1 a- b. a a i b - 1f dx Lh -b-Li2(a+b)-bLi2(a) + . In(1-a-b)+2(a+bx)= 
o
 

1- a
+ -b-In (1 - a') - 1, (A.8) 

14 

~ 

'\ 

1 2 2 2 ' 
f dxxLi (a+ bx) == ~ Li 

2(a+ 
b) + bLi2(a) + (3a-b-l)!# In (l ­

o 2 2b 2b	 4 b 

') 1 - a ( 1 ' 
, - a- b) - (3a-l --In 1- a) + -(6a- b - 2)',


4b 2 8b
 

I 1	 3 3 3
2 b +a a	 2 

I 
f dxx Li 2 (a- bx) = --3- Li 2 (a + b) - --3Li 2 (a) + (-2 + 7a - lla - 2b - 5ab ­
o	 3b 3b 

2	 1-a-b" ( 2 1 - a " 
-2b)x ' In(l'-'a-b)- -2+7a-lla )--ln(l-a)+

18b 3	 18b3 

1 . 2, 21
\	 

+ (- 4b + 15 ab - 66a -6b + 42a - 12). 
•	 108b 2 

At the end of this Appendix we wou1d 1ike to correct some 
misprints of / V ; the corresponding equations shou1d read: ' 

- definition of t ", p v l , 1.	 t ' '= (k 1 - P 1 ) ; 

1 -1 
2.	 [y} = [2-] -. first 1ine , p. 4. 

13.	 [_1_] - eighth 1ine, p.4.= - L t
ZX M S t\/ À t
 

2 2 24.	 À X = X t - 4m f1 1ast 1ine, p.5. 
t 

-
5 •	 d - f1 

2 82 - fi 
2X2 - dêfinition of d, p.7. 

F 
6. À s = À (S, f1 2, f1 2 ) = S2_ 4f.L 2 S - definition of À ~ ,p.8. 
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c:t 

BapAHH ~.ID., ~eAopeHKO O.M., PaMaH T. EZ-87-664 
liHTerpa.Tibi, BCTpetla.IOmJ1eCH IIPH Bbi'IHCJieHHH TOpM03-
HOI"'O H3JiytleHHH B JipO~eccax C OOMeHOM ~TOHOM H 
Z0-6o30HOM B YJibTpapeJIHTHBHCTCKOM npHOJI~eHHH 

TipeACTaBJieH HCtlepJibWaiODtHH Haoop HHTel"'pa.TIOB, KOTOpbre 
COBMeCTHO c cacTeMOH aHaJIHTHtleCKHX Bbrt~HcneHHH SCHOONSCHIP 
ObmH HCOOJib30BaHhl ARH JIOJiyqeHHH HHTerpapoBaHHbm 00 ~OTOH­
HhlM CTeneHHM CBOOOAbl HaOJilOAaeMt>m AJIH JipO~eCCOB e+e--. y, zo_. 

- - + -. f f ( y j , V-. f l f 2 ( y) , V = W -, Z 0• IlpH BhltiHCJieHHHX HCOOJib-
3yeTCH ynbTpapenHTHBHCTCKoe Jipaon~eHae IIO MaccaM ~epMao­
HOB (m ~ << ·s). IlpHBOAHMbie TaOJIH~hl opeACTaBJIHIOT AOCTaTO'IHO 
OOIItHH HHTepec AJlH Bbi'IHCJieHHH BKJIB.Aa TOpM03HOrO H3Jiyt~eHHH 
B K3~, KXn a Teopaa 3JieKTpocna6hlX B3aHMOAeHCTBHH. 

PaooTa BbiOOJIHeHa B naoopaTOpHH TeopeTHtleCJ(OH ~H3HKH 
owrn. 

Coo6weHHe 061oe.tlHHeHHOrO HHcnrrynl JUtepHbllt HCCJie.llOBaHHil • .Ily6Ha 1987 

Bardin D.Yu., Fedorenko O.M., Riemann T. EZ-87-664 
Some Integrals for Analytic Bremsstrahlung 
Calculation. Photon and Z0-Boson Exchange 
in the Ultrarelativistic Limit 

An exhaustive list of integrals is presented which has 
been used together with the system of analytic calcula­
tions SCHOONSCHIP to obtain observables inclusive in the 
photon degrees of freedom for the processes e+e- .. y, zo-+ 
.. ff(y), V-+ f1f 2(y), V = w±,zo. The extreme relativistic 
approximation in fermion masses is used. The Tables pre­
sented are of general interest for calculations of brems­
strahling contributions in QED, QCD and electroweak pro­
cesses. 

The investigation has been performed at the Laboratory 
of Theoretical Physics~ JINR. 
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